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The idea of matrices was given by 
Anbu Cayley. an English mathematician 
aftineteenth century who first developed, 
“Theory of Matrices” in 1858. 

Qi. Define the following terms. 
(} «= Matrix 

“A rectangular array or a formation 

sfacollection of real numbers, say 0, 1, 2, 


sf 3 
4,4 and 7, such as: , > and then 


enclosed by brackets ‘| ]’ is said to form a 


matty i ; ; 
another matrix. 

The matrices are. 
coventionally by the capital 
ABC...M,.N etc. of the 
alphabet. 


Similarly (3 i is 


ot 


denoted 
jetters 
English 


. (i) Order of a Matrix 


The number of rows and columns 
ina mattix specifies its order. If a matrix 
M has m2 rews and n columns then M is 
sid to he of order, m-by-n, For example, 
fiz : sis order 2-by-3, 

(to 2] 


(ii) Equal Matrices 


Let A and B be two matrices. Then A 
is said to be equal to B, and is denoted by 
A=B, if and only if; 

(i) The order of A = The order.of B 


7 Their corresponding entries are equal. 
J 


Gye tacts | and p-| | | 
|-4 2] ~4 4-2 


are equal matrices. 
We see that: 
(a) The order of matrix A = The order of 


matrix B 

(b) Their corresponding clements are 
equal. 

Thus A=B 


(ii) L=|? >| and M=| 


: 
are 
& 2 
not equal matrices. 
We see that: order of L = order of M 
but cntries in the second row and second 
column are not same, so L # M. 
ih ‘g 3 2 3 4 
ji Px | and Q= 
( ) 1-1 2\ i 2 3| 
are not equa) matrices. 
We see that order of P + order of 


—Q,soP#Q. 


Exercise 1.1 


|. Hird the order of the following . 
matrices. 


3! 


Ae eae 
A= order of A is 2-by-2 


5 6 


order of B is 2-by-2 


oe (2 4) order of C is.1-by-2 
4| 
D=| 0), order of D is 3-by-1 
6 . 
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bet A oss Reed? 
26 bar sco al 
oh WS ees eS heli fi” 
Sette st et 
SS Loeteifer 4 Ate pepigy] as 210" £ yutde Sey PDFS te % 
ee OF te GF Gui J SUNT 
SAU? fret Ve So Sia SoG bl pari tf Ln Be yip test & 
BEb Sx HES EH 
SEE SWE LS iSd peut be LP WE LULA ESA ES & 
UF FAS Ses Se IAL te EU un & 
Eo ef Mer StF ye SOS I Lat IITA “ 
nelle 
Five? gine ies liken nyrva dup dyes tet 
(ete eS bt 2 PN be Pd ie PY ubfe > que 
POSSE Lite Hi dbuL whut” His, Se Lyin ed pes 
Bb Seti dnp ple SESS Ree FE Sve 
Sere Lib Mabe TF tee! tos L SHG) Free IEE 
elt S tons pect be dus ier tur ded 
ert cif are pe ly col “~ 
~— Ss ott peLEy* eRe xf J. my Ge Lyh “So 
AAPM NISMS bse rel HAL Ln tee SEL cof | Gus “ 
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a d 
ER=)b e], order of Eis 3-by-2 
cif 
F=(2] order of F is 1-by-1 
4 3 «90 
G=|1 2  3),order of G is 3-by-3 
2, ae 
106 
2. Which of the following matrices 
are equal? 
A= [3], 


R=([3 5],C =a 2] 


=} 


H=|¢ )I=B 3+2] 


pa[242 2-2 
{Red 240 


Ans. Equal matrices are 


AsC B=! 
E=H=J F=G 
3. Find the values of a, b, c and d 


which satisfy the matrix equation. 


ate a+2b} |0 -7F 
c-1 4d-6] 13 2d 


Ans, BS ccs xan (i) 


234 , 
H -| order of H is 2-by-3 


eS. ol cn (41k) 
4d-6=2d...... (iv) 
From (ai3) 
c= 3+l1 

c=4 
From (iv) 
4d-2d=6 


Put value of ¢ = 4 in (Dj 
at+4=0 

Put value ot a = 4 In (ii) 
4+2b=-7 


Types of Matrices 
(ec) Row Matrix. 

A matrix is called a row matrix if it 
has only one row, 
e.g; the matrix M=(2 -l 7] is 2 
row matrix of order 1-by-3 and 
M=[1  —1] is a row matrix of order 1 
by-2, 
(ii) Column Matrix. 

A matrix is called a column matrix 


1 
if it has only one column e.g., M (5) 


2 
ad N=! 0{ are column matrices of order 
l 


2-by-1 and 3-by-1 respectively. 


(c) Rectangular Matrix. 

A matrix is called rectangular if, 
the number of rows of M is not equal to 
the number of columns of M. 

1 2 
ofA=!]1 ] 
2 3 


abe¢ 
n| | C=fl 2 3] and 
[7 
ia 8 | are all rectangular matrices. The 
[0 
otder of A is 3-by-2, the order of B is 2- 
by-3, the order of C is '-by-3 and order of 
D is 3-by-1, which indicates that in each 
inatrix the number of rows # the number 
of columns. 
(ce) Square Matrix. 
A matrix is called a square matrix 
if its number of rows is equal to its 
number of columns. 


sag HD ( Yee 23 
Rips al) a B=/-1 0 -2} and 
: 0 1 3 


C=[3} are square matrices of orders 


,2-by-2, 3-by-3 and |-by-1 respectively. 
(v} Null or Zero Matrix. 


A matrix M is called a null or zero 
matrix if each of its entries is 0. 


ve [oof © 9) [2h [22 7 


0 0 OQ 
and |Q QO QO] are null matrices of 
On Chel 0 


orders 
2-by-2, 1-by-2, 2-by-1, 2-by-3 and 3-by-3 
respectively. Null matrix is represented by 
O. 
(vi) Transpose of a Matrix. 

A matrix obtained by 
interchanging the rows into columns or 


columns into rows of a matrix is called 


transpose of that matrix. If A is a matrix 
then its transpose is denoted by A‘. 


1 2 3 

e.g., (i) If A=} 2 1 0 
-l 4 -2 

| ee | 

: then A‘=/2 1 4 

3 0 -~2 


Note: [f a matrix A is of order 2-by-3 
then order of its transpose At is 3-by-2 
(vii) Negative of a Matrix. 

Let A be a matrix. Then its 
negative, —A, is obtained by changing the 
signs of all the entries of A, Le., 


pale: ree es Oa 
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(viii) Symmetric Matrix. 

A square matrix is symmetric if it 
is equal to its transpose ie., matrix A is 
symmetric if A'=A, 


I 22... 
eg. i) If M=i2 -l 
_ 3 4 9O 
is a square matrix, then 
hs ~ 22> 3 
M'=|2 —-1 4j=M. Thus M is a 
3 4 O| 
symmetric matrix. 
2a ees 
qi) =i‘If A) PPI 
me 
2 -i 3 
then Ab=]/1 2) [eA 
3 29m | 


Hence A is not a symmetric 
‘matrix. 
(x) Skew-Symmetric Matrix. 

A square matrix A is said to be 
skew-symmetric if A'=—A. 


0 1[2Iie4 
eg., If A={-2 @ = 1/1, then 
3 -1l 90 
0 \-2 -3 0 2 -3 
A‘= : i : = 9 0 
3 I\oli-o 
0 2 ; 
Belay iG ‘ie 
3 -1 QO; 
Since A‘ = —A, therefore A is a 


skew-symmetric matrix. 
(x) Diagonal Matrix. 

A square matrix A is called a 
diagonal matrix if atleast any one of the 
entries of its diagonal is not zero and non- 
diagonal entries must all be zero. 


1 0 90 1 Q O 
eg, A=|0 2 om 0 2 0 
0 0 3 0 0 2 
0 0 me os 
and C=/0 1 1; are all diagonal 
0 60 3| 


matrices of order 3-by-3. 


2 0 } O 
M= and N= 
lol aI : il 


are diagonal matrices of order 2-by-2. 
(xi) Sealar Matrix. 

A diagonal matrix is called a scalar 
matrix, if all the diagonal entries are same 


k 0 O 
and non-zero. For example |Q0 k 0 
Oo Od &k 
where k is a constant 4 0, 1. 
2 0 90 
3 60 
Also A=|0 2 O|, B= and 
0 3 
010 2 


C=[5] are scalar matrices of order 3-by- 


3, 2-by-2 and 1-by-1 respectively. 
(xii) Identity Matrix. 
A diagonal matrix is called identity 


(unit) matrix if all diagonal entries are | 
and it is denoted by I. 


1 0 @ 
eg, A=|0 1 O|; is a 3-by-3 
oe 


identity matrix. 
a as Sie nepal 
B= Ge di is a 2-by-2 identity matrix. 


Cc=fi| is a 1-by-1 identity matrix. 


1, 


From the following matrices, 


identify unit matrices, row matrices, 
column matrices and null matrices. 


0 0 : 
Ans. A= ? Null matrix 
0 0 
B=[2 3 Aj, Row matrix 
4 
C=}01, Column matrix 
6 
1 O ; ; 
D= , Unit matrix 
O°] 
E=(0], Null matrix 
5 
F=/6 Column matrix 
7 
1. From the following matrices, 
identify 
(a) Square matrices 
(b) Rectangular matrices 
(c) Row matrices 
(d) Column matrices 
(e) Identity matrices 
(f) Null matrices 
Ans. (a) Square Matrices: 


~ iii) re | 


13-2 


we fe 2 
; 0 11: 


Exercise 1.2 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


(b) 


{c) 


(d) 


(e) 


(f) 


i 2 3 
(viii) |-1 2 0 
Oo 0 1 


Rectangular Matrices: 


iia 7 7 
1204 


3 
(ii) 0 
i 
12 
(v) 3 4 
15 6 


Row Matrices: 


wi) = [3.10 1] 


Column Matrices: 


3 
(ii) 0 
Ld 

= 
(vii) | 0 

0 
Identity Matrices: 


( j 0 
a 0 1 


Null matrices: 
00 

dix) [00 
00 


3. From the following matrices, 
identify diagonal, scalar and unit 
(identity) matrices. 
4 0 
A= : 
Oo 4 


—f2 Oo 
B= . 
nigel 


ees a 


Lo 4 
care o} 

[9 0 

(5-3 fae 
E= 

| 0 1+1 


Ans. Scalar matrices: 


5-3 0 
E= 
0 1+1 


4. Find negative of matrices A, B, 
C, D and E when: 
1 
A=| 0], 


-l 
Ans. -A=| 0 |, 
|! 
f3 1 | 
Ans. -B= 
,* —! 
[2 -6 
Ans. -C= 
i 2 
a 2 
Ans. —D= . 
4 -5 
-J 5 
Ans. E= 
—2 -3 
5. Find the transpose of each of | 
following matrices: 
Ans. (i) 
0 
A=|11,4 at=[0 1 -2] 
—2 
5 
B=-[5 1 -6}=> Bre] 1 
~6 
E-2 
el 2 
C=|2 -1 => C= 
2 -l 


Ans, 


Hence 


Ans, 


Hence 


(i) 


(AY =A 


Gi) (BY =B 


(i) 


(A= A 


LHS =(A‘y 


(it) 


(At =A =R.HS. 
LHS =R.HS, 


(BY =B 
L.H.S = (B')' 


ie a 
eho 
ree 
[iol 


or-(t | 


(B')'=B 
=K HS 


LHS =R.HS. 


if 


Addition and Subtraction of Matrices 
Define Addition of Matrices. 

Let A and B be any two matrices 
with real number entries. The matrices A 
and B are conformable for addition, if they 
have the same order. 


21380) 234 
Cent — i and B= are 
i 0 6} ee 


conformable for addition. 

Addition of A and B, written A+ B 
is obtained by adding the entries of the 
matrix A to the corresponding entries of 
the matrix B. 


2/330 234 
eg. AtB= + 
Lf) 6M |) j2 3 


he 24+{-2) 34+3 04+4 0 6 4 

-| 1+1 042 ole 2 | 
Define Subtraction of Matrices. 

If A and B are two matrices of 
same order then subtraction of matrix B 
from matrix A is obtained by subtracting 
the entries of matrix B from the 
corresponding entries of matrix A and it ts 
denoted by A — B. 


234 O° 2.2 
e.g. A= and B= are 
1590 -143 


conformable for subtraction. 


; 209: 4) oe 23 
i.c., A-B= — 
150 eye 


_[ 2-0 3-2 4-2] [21 2 
ah 6404319. 1:8 


Multiplication of a Matrix by a Real 
Number 

Let A be any matrix and the real 
number k be a scalar. Then the scalar 


multiplication of matrix A with k is 
obtained by multiplying cach entry. of 
matrix A with k. It is denoted by KA. 
I -1 4 
Let A=| 2  -1 QJ} be a matrix of 
at a: Se 


order 3-by-3 and k=—2 be a real number. 
Then 


kA =(-2)A | 
i -i 
=(-2)}2 -1 
1 7 
(—2)1 (-2)-1) (-2)(4) 
=| (-2)2)  ©2)4-D (20) 
(2-1) (-2)3) — (-2)2) 
2 2 -8 
See Tey 
2 6 -4 


Commutative and Associative Laws of 
Matrices 
(a) Commutative Law under Addition 

if A and B are two matrices of the 
same order, then A + B = B + A is called 
commutative law under addition, 


~ 3 0 
Let A=15 6 JI, 
a a. 
3-2 «5 
B=/-1 4 | 
A. 9-0 veg 


Then 
2. vO) 3s eS 
A+B=|5 6 TLit/-l 4 4 
2 1 3) fe 2 «4 
2+3 3-2 O45) [5 1 5 
=|5-1 6+4 Il4fl=l4 10 2 
2+4 +2 3-4) 16 3 -1 
Similarly 


3 42 . 5 Zo 3. 
B+tA=|~-1 4 Pj+i5 6 1 


» ae | 5 
=!4 10 2 
6 3 =I 


Thus the commutative law of 
addition of matrices is verified. 

A+B=BHt+aA 
(b) Associative Law under Addition 

If A, B and C are three matrices of 
same order, such that (A+B)+C=A+(B+C) 
is called associative law under addition. 


243 0 
Let A=|5 6 1 
Y 1 3 
3 —2 5 
B=! -1 4 I 
4 2 —4 
and 
i 2 38 
C=|/—2 0 


addition is verified: 


‘Then 
2. 3 Ji pa: +2. 
monee| 6 I|+/-1 4 1 
we i 2 4 2 —4 
a ees 
4-2 0 4 
[Te <2 10 
2+3 3-2 0+5 I ee 
=|5-1 644 I4+1/+/-2 0 4 
2+4 [42 3-4 1 2 
2 ol 5 | i] a 
=14 10 2/4+/-2 @O 4 
G3 18a Z --) 
6 3 8] 
=]2-10 6 
ie tes! & 
243.40 
At(Bt+QC)h=|5 “61 
241 3 
3-2 § 1 2 3 
+1-l 4 1 j/+/-2 0 4 
4 2 4 I 2 0 
2 0 341 -2+2 $43 
=5 6 il+}-1-2 4+0 1+4 
i 3) [441 242 -4+0 
2 3 9 4 0 8 
=|5 6 1j]+4/-3 4 = 5 
Zz .1 3 5 4 -4 
[6 3 8 
=12 10 6 
E 5 -! 
Thus the associative law of 


(A+B)+C = A+(B+C) 
Additive Identity of a Matrix 

If A and B are two matrices of 
same order such that A+B=A=B+A 
then matrix B is called additive identity of 


matrix A. : 


For any matrix A and zero matrix 
O of same order, O is called additive 
identity of A as 
A+O=A=O+A 


0 0 
e.g., let A= and O= 
B § 0 0 


then 


Sol i 
O+A= olL3 sI+13 5-4 


Additive Inverse of a Matrix 

If A and B are two matrices of 
same order such that A+B=O=B+A 
then A and B are called additive inverse of 
each other. 

Additive inverse of any matrix A is 
obtained by changing the signs of all the 
non zero entries of A. 


1 2 I 
LetA=|0 -1 -2 
3 1 0 
then 
] 2 1 ~1 —-2 -] 
B=(-A)=-|0 -1 -2/=l0 1 2 
3 | 0 -32 +] 0 


is additive inverse of A. It can be 
verified as: 


1 2 H -l -2 -1 
A+B=|0 -E -2]4! 0 1 2 
3 I 0 -3 -l O 


(+(-D (2)+(-2) (I) +-1) 
=| 040 © I+) | (-2)4+(2) 
(3)+(-3)  )+CD 6+0 
0 0 0 
=|0 0 O/=0 

{0 0 0 


jl 2 ee eee, 


[D+ (2)+2) (+0) 
=| O+0 Q)+C  (2)4+(-2) 
L[-3)+@3) (D+) 0+0 
[oO oO 0 
=|0 O O]=0 

DOs. () 


= 
Since A+B=O=BH+A 
Therefore B is additive inverse of A. 


1, Which of the following matrices 


are conformable for addition? 


1 0 . | 
2+1 
C= 2 —] > D= f) 
3 
1 —2 
—1 QO 
E= : 
3 2 
F=/14+1 —4 |Ans. (i) 
342 2+1 


2 1 | 0 
A= , and E= 


are conformable for addition, 


3 241 
B-| | | 
(ii) 1| 3 


are conformable for addition. 
1 0 Ss? 2 
C=|2 -Liand F=; 1+] —-4 
(iii) 1-2 342 241 


are conformable for addition. 


2. Find the additive inverse of following 
matrices. 


Ans, 
: 2 4 
© aslo tl 


Additive inverse of Matrix A is 


A= i] > [3 oi 


Additive inverse of Matrix B is 


l 0 =f 
~B=-|2 a 3 
3 =o 1 


Additive inverse of Matrix C is 


fied 


1 0 
(fv) D=|-3 -2 
2 1 


Additive inverse of Matrix D is 
1 0 =I: <0 
=>-D=!3 2 
—2 —] 


-D=-|-3 -2 
Additive inverse of Matrix E is 


2 1 
1 90 -1 0 
anf) oa!) 


(vi) F : : 
¥i — 

ei 2 
Additive inverse of Matrix F is 


(i) 

(ii) 
(iv) 
(vi) 


_ (viii) 


Ans. 


(iii) 


Jo ofa 


c+[-2 1 3] 

5 b i ‘| dy 2A 
250.4 

(-1)B (vii) § (-2)C 

3D - (ix) 3C 


(i) asl 1 


2),f1 1] [-I+1 1+2]_[0 3 
b}'[y af {241 i+t} [3 2 


c+f2 ! a 


= ES cee | 


=|1—2 


136 
—-14+2 040 241 


(v) 
(vi) 
(vii) 


(viii) 


—I+1 2+3] =[-1 0 5) 


2 
0 


- 
| 

1 
(-2)C= ec -2) {1 -1 J] 
=[2 2 4] 


01 0] [0 30 
owe ae Bee 


fo 1 at 
201 


241 mi) 


pane TE 
“ol 


| 


| 


4, Perform the indicated operations -l -1 -l 2. 2 
and simplify the following. 0 1 2 333 


(Gx) 3C=3f1 -1 2]=[3 -3 6] : F 2 E 1 i 
(iv) + 


I 
(i) 1 0 2 2 3 1 1+] 241 341 
Sar 3.06 (OO 1 O = -14+2 -—14+2 -1+2 
- 1 0 0 2 1 1 , 04+3 1+3 24+3 
Gi on - 
Oo 1 36 1 06 23 4 
te = t i 1 
(iii) [2 3 1] 345 
+({t 0 2] Stee) 1 2 31f1 0 2 
s 23 [eat (v) j2 3 tl+/2 -1 0 
(iv)|-1 -1 -1}/+]/2 2 2 ae ee o 2 4 
0 i 2 Saad. oS 


T,10N ~~ w 
— 4) | ee | 
of 
_..C*C~*~“‘<;7SC 
o == Ley 
he 
+ 
re Oe ens | 
— tet 
I 
Pn 
|__| 
i] 
i ie 
‘ad ND ee 
+ 4 4+ 
Qn = 
—iwN 
a ors | 
won +t1 + 
NE oO 
When Ww 
| ] 
— jt jt 
SH aN, 


1 1 
; are 2]. f2 17 fii 
p 4 tv) lo atr oft 
7 14+0+1 04+2+1 r 2 3 14241 24141 


@ fo lta] [> 2 


bee ied 


at 


0+3-1 140-0 §, For the matrices 
_ 0 1 1 2 3 
7 E 1 | A=|2 3 11, 
(ii) [2 3 +((t 0 2]-[2 2 2}) 1 -1 Oo 
= [23i}+[1-2 0-2 2-2] to o-) 1 
= [23 +-1 2 9 | B=|2 ~2 2! ana 
= [2-1 3~2 1+0] 3 1 3 


{1 1 4] 


-1 Oo @ 


31 verify the 
1 1 Z 


following rules. 


(i) 
(ii) 
(iti) 
(iv) 
(v) 
(vi) 
(vil) 
(viii) 
(ix) 
(x) 


A+C=C+A 
A+B=B+A 
B+C=C+B 
A+(B+A)=2A+B 
(C—B)+A=C+(A—-B) 
2A+B=A+(A+B) 


(C-B)-A=(C-A)-B 


(A+B)+C=A+(B+C) 
A(B-C)=(A-C)+B 
. 2A+2B=2(A+B) 


0 [i232 
=|}0 -2 3{+/2 3 1 
, 1 2 i oa 


—2+3 3+1 


042 043 
0+2 


i+] 


02.3 
=|2 1 4 
2 0 2 


L.H.S = R.H.S 
(ii) ; A+B=Bt+A 
L.HS=A+B 


le 25 1 -l 
ape” 3 Lit] 2 -2 2 
i -1 0 3 1 


1+] 2-1 3+1 
=124+2 3-2 1+2 


143 -14+1 06+3 


i ~—l 1 i2r,2 3 
=|2 -2 2:+/2 3 ! 
3 1 3 1 -i O 


1+1 
xl 242 


a+] 


21 
=j/4 1 
4 0 


L.H.S. = R.H.S 
(iii) 
LHS =B+C 


] 
2 
3 


3+ 


i--1 
2+0 


_ —-2+3 241 
1-1 340 


4 
3 
3 


—1+442 a 


B+C=C+B 


er Ve —-1 0 O 
—2 2/+)/0 —2 3 


I 


—-j+0 140 
—2-2 243 
3+2 


es 


lL 4 


1 


| 


| 


Z 


| 


i) oe 

= ee 

As. ee 
RHS=C+B 

Wt Liesl 7 

; =m : i: 2 —2 2 

ae a 

[—I+t O-1 041° 

=U oe tee 

owe: 1+! 332, | 


ce ae it 

zs] 2 4 | 

| 4 2 5 
LiLS = R.H.S. 


(iv) A+(B+A)=2A+B 
1.H.S = At (B+A) 


ra2 Bele 4 
=) “aera a Tes 
fi -1 0} 1403 

1+2 241 344] 


y=] 3 


poe A a a | 
ali G6 2i+/2 -2 2 
[2 -2 0 | S- sp: <3 
2+! 4-1 641 
= 4+2 6-2 242 
2+3 ~241 0+3 


337 
=}6 4 4 
S- St-3 
LHS= RES 
(Vv) (C~B)+A=C+(A-B) 
LHS. = (C-B)+A 
—t.10° <6 h St a 
C-B=h0, -2 3/-|2 -2 2 


rit 2 


-jJ-! 041 £O-1 
=| =2 949 os 2 
= = —3 
—2H —1] 
=——2 0 | 

—2 D “1 


Ey Cae eee i ees ae 
(C-B)+As=|-2 0 1lal2 3 ] 
22. 24 a <a 


1-241 142 -143 
043 t+l 
|-2+! O-1 -1+0 


I 
i 
ie) 
+ 
N 


CHA-B)=/0 -2 3/40 5 ~1 


[_1+0 0+3 
=} 0+0 -2+5 
[=2) J22 


33: 2 
=|}0 3 2 
fi -1 -1 


L.H.Sj= R.H.S. 


0+2 
3-1 
2-3 


(vi) 2A+B=A+(A+B) 


L.H.S = 24 +B 


y 2 3 
9A+B=2}2 3 Lit 
; 1 +1 0 2 


[ 2+! am 6+] 
= 442 6-2 242 
| 243 —2+1 D+ 


RAS. = Ax(ASB) 


i 2. 3 
At(A+B) =) 2 3.1 
1-1 0 
aes an ae | 
i} 2 3X1 HY] 2 
(1 -1 0] [3 
ee 1+1 
=}2 3 I j+])]2+2 
1 -l 0 143 
ale. ae 13. se at 
2 2 1/4/41 3 
1 -1 0 40 3 


| 
1+2 2+) 3+4 
=|2+4 3+4i 143 


144 -14+0 0+3 | 


a; 3. Fl 


=|6 4 4 
5 -1 3 
L.H.S. =R.HLS. 


(vii) (C-B)-A=(C—A)-B 
DiSe= (C —B)- Al 


j-1 0 0 1-1 40 
= 0 -2 P -|2 -2 2 
 /?*e ce 
f-i-k O+1 O-1 | 
=| 0-2 -24+2 3- 2 | 
| 1-3 1-1 2-3] 
[-2 1 -l 
=|—2.0 | 
[2 0 tf 
—2 1 -1 fF 2 3) 
(C-B)-A=|-2 0 1/2 3 | 
2 0 -1} [1 -l 0] 


—2-1 O+1 —-i--0; 
3 -l +4 

=)-4 -3 06 
3 j -l 


-0 0 1 2 3 
(C-A)sy~O -2 3)-;2 3 1 
, ih. 2 1 -1 0 
-I1-i 0-2 0-3] 
=| 0-2 -2-3 3-1 | 
I~} 1+] 
fe 2 -3] 


[2-5 2 
ee ot 2 


F -2 2] E —| | 
(C-A)-B =|-2 -5 2|-;2 -2 2 
0 2 2 

f-2-1 -24+1 -—3-1 
=|-2-2 -54+2 2-2 
10-3 2-lo2=3 


{-3 -l “| 


=|—4 -3 Q 
ir a, a | 
L.H.S = R.HS. 
(vii) (A+B) + C= A+(B +O) 
L.H.S = (A+B) + C 
ae ame 1 -1 1 
A+B=)2 3 1)/+/2 2 2 
i we sa 4 
1 +e 1 3 
3h 3-2 ea 


1+3 -1+1 043 


1-1 —-M0O 1+0] 
={2+0 -2-2 2+3]|= 
341 I+) 243 


i-10 
{+0 2-1 3 Ie ek 


1 2 3) fo ~1 1 
A+(B+Cj=|2 3 2 4 5 


=|2+2 3-4 1+5 
[+4 ~{14+5 0+5 
R.H.S = R.H.S 
(ix) A+(B-C)=(A-C)+B 
LHS =A+(B-C) 


a ae Cae) 


1 3 22 7] 
A+(B-C) =| 2 L}+}2 0 -1 
Ap -1 0} /2 0 2{ 


242 340 i-i 
{42 -14+0 O04] 


3 ! 4 
=|4 3 0 
od, A 


Re a2) 3+1 | 


R.H.S = (A-C)+B 


1 4 3] f-1 0 0 
A-C=|2 3 L{-10 320+ 22 
: on i 1 j 

$41 2-0 3-0] [2 2 3] 
=|2-0 342 1-3 |=|2 5 =2 
I=! =1=1F 0-2] [0 2-2] 


(x) 


2+1 2-1 34+1 
=| 242 5-2 -—-242 
043 —241] 243 
a) > ol 
={4 3 0 | 
3-1 1| 
L.H.S. = R.H.S. 
2A+2B=2(A+B) 
L.H.S. =2A+2B 


i 2 3 1 -1 1 “576 cee 
rAs2B =2|-2 3 144212 -2 2 9+6 12-16 
1 -1 0 3 1 3 3 a 
% 4 6| 12 2 9 15 -4 
=|4 6) 2/+14 -4 4 (ii) 2A‘'—3B' 
2 21:0 6 2 6 1-2 
Seed 
2+2 14-2 equ 3 4 
=| 4+4 | 6 =Sgaeaee mer l 3 
24+6 -2+2 0+6 = 2 4 
4-2" 3 + [1 3 
2 i 2A 2 | 
8 0 6 AD 6 
RHS= 2 (A+B) “L4 8 
See fae ial es Bp =|? 7 
YA+B)=2}/| 2 3-1 44/2 2 2 ~{|=3 8 
1 -1io | Bageeads Qt’: 
i+] 2-1 3+1 ah a. 
=2|; 2+2)/ 3-2 14+2 | 0 ~3 
1+3 -14+1 043 3B =3/9 #1 
214 _f[o -9 
=21/4 1 3 “191 94 
Pe pAtapec te 60 <= 
428 -4 8! (21 24 
=|8 2 6 _f[ 2-0 6+9 
8 0 6 ~|-4-21 8-24 
a, ae 
LHS = R.H.S 1s a 
alte ae 0 7 
6 If A= and B= ; 2 4 1 »b 
3 4 3. 8 7. 1f 2 +3 
: 3 26a 8 —-4 
find (i) 34—2B (ii) 2A‘ ~ 3B‘ ae 
Ans, (i) ‘hs as then find a and b. 
{2 0 7 
, 
3A-2B = =3[3 iF al | [7 10 
35 Z “418 1 


Paes PR 


—12 18 1 


4+3 84+3b] [7 10 
~6+24 2a—-12! |i8 1 


7 8+3b] [7 to 
18 2a-~12/ 7418 3 
2a = 1S ec 2 alt (ii) 


3b= 10-8 


2a=1+12 


then verify that 
(i)  (A+B)'= ASB! - 
Gi) (A-B)'=A‘-B! 
(iti) A+A' is symmetric 
(iv) A-A' is skew symmetric 
(vy) B+B! is symmetric 


(vi) B-B* is skew symmetric 
Ans. (i) (A+B)'= A'+B! 


L.H.S =(A+B)' 


_Ji Wo 1 
(A+B)=| 9 AGE 4 

_| 141 241} _ [263 

“O42? Tai be 4 

mt 
(A+B) ae 1 
R.H.S = A'+ B! 


© _f1 0 
aera 


pt 2 
Bi=iT 
Gat PO). fi 
ate [3 if*ito 
_i1+1 042 
~({2+1 140 


“Ei 


L.H.S. = R.HSS. 
(ii) (A—B)' =A'-—B! 
LHS. = (A—B)' 


_/?} 2]_f1 1 
ek) “| ‘| E a 


R.H.S = A'- B! 
ae fb ae. 
ari t 
AS 
Bi =lt | 
See Se ee 
l_pro a eae 
A-B é | E { 
ajiet Q-2 
~ {2-1 1-0 
0 Fal 
ata at 
L.H.S =R.H.S 


(iii)  A+A‘ is symmetric 


fae 
a-[f A 


[ith 240 
“1042 141 
Ria 
as Es ea 
. 2¢@ 
t\t — 
(A+A‘) =|3 > 
So, A + A‘is symmetric. 


(iv) A—A‘ is skew symmetric 


= -(A — A’ is skew symmetric 


(v) B+B' is symmetric 


ame es | 1 2 J+1 1+2 
B+ B= + |= 
2 0 1 0 2+1 040 


“a 


ke ah oA 


| 


= (B+B') is symmetric 


(vi) B-B' is skew symmetric 
fond t 2 1-1 1-2 
B-B = - — 
Zari 0 2-1 0-0 
 & 
am 0 
Tm 0 -l 
(B-B') = =— 
-1 0 1 O 
=~ (B-B') is skew symmetric 
Multiplication of Matrices. 
Two matrices A and B= are 
conformable for multiplication, giving 


product AB if the number of columns of A 
is equal to the number of rows of B. 


ee: 4 
e.g., let A= and B= . Here 
3. <0 1 


number of columns of A is equal to the 
number of rows of B. So A and B matrices 
are conformable for multiplication. 
Examples 


Gj) i A=[1 2] and B=) if 


' 2 O 

then AB =[I a] 
a: 
=[1x24+2x3  1x0+2xl]] 


=[2+6 0+2]=[8 2] 
It is a matrix of order 1-by-2. 


(ii) 


3 _ 
If A= ‘ and B= =) , then 
2 3 3 2 


AB) sP3 | 

2 2353. 2 
_[ x@-+3x31x043x2 ~ 
| 2-1) +(-3)3) -2x04+(-3)(2) 


Bi ai 8 a ; 
= — 
-2-9 0-6 -ll. -6 
2-by-2 matrix. 
Associative Law under Multiplication 

If A, B and C are three matrices 
conformable for multiplication then 
associative law under multiplication is 
given as 

(AB)C=A(BC) 


c Oo 1) 
e.g., If ax|2 | B-| | and 
-} 9 3. | 


| | 4 
C= , then 
-1 QO 


L.H.S. = (AB)C 


_| 2x0+3x3 2xXt+3xI--2—2 
oe ale q 
0+9 243172 2 
ie ale 


> ails al 


9x2+5x(-1) 9x2+5x0 


th 


Ox2+(-Dx(-b 0x2+(-i1)x0 


18-5 18+0)_ 3 618 
0+1 0+0 ] 0 


i 


ens-aao-[? Yl? 2 3) 


_[2  3][Ox2+1x(-i)  0x2+tx0 
-1 Of|3x24+1x(-l) 3x2+1x0 


[2 31-1] 0 
“Li ols «| 
_[ &-+3x5 — 2x04+3x6— 
<>. eee 
_[-2+15 0418 
1+0 ae 
“ | 
= = (AB)C 
1 0 
The associative law — under 
multiplication of matrices is verified. 
Distributive Laws of Multiplication 
over Addition and Subtraction 
(a) Let A, B and C be three matrices. Then 
distributive laws of multiplication over 
addition are given below. 
{i) A(B+C)=AB+AC 
(Left distributive law) 
(ii) (A+B)C = AC+BC 
(Right distributive law) 


2 3 QO 1 
Let A= > B= 
ok Bb tl 


2 2 
and c=] then in (i) 
-l1 O 


| 
Bee 
a ea 


oS 2X2+3x2 2x3+3x!1 
7 ~1xX24+0K2 -1xK3+0~x! 


_|4+6 6+3] (10 9 
~[-2+0 -3+0} |-2 -3 


R.H.S. sae ia 


| 2 2 3 
+ 

Al -~1 Oj/-1 O 

2x0+3%x3 2x14+3xi1 

“| -1x0+0%3 ~1x1+0~x!1 

2x24+3x(-1) we 


a Ix2+0x(—1) -1x2+0x0 
9 4 
0 aha 
9+1 5+4] [10 9 
“(0-2 oh i 3 


Which shows that 
A(B+C)= AB+AC; 


- LHS 


2 1 aos 
md C=] 3}: ten in 


LHS.=A(B-C) 


2 Bie et 

Sloat seal) 

2 3-3 0o 

“lo ile 
"(1-3+(30) —-2(0) + 3(-2) 
slioraaixe Soe 


_[-6+0 0-6] [4 © 
“10+0 0-21 |0 -2 


R.HLS. = AB - AC 


poly chlo ihr a 


pean Ate 


O-D+10) 001) +10) 
_| 2x24+3x1 2x14+3x2 
a OxI+1x2 


ie 
i 


Which shows that 
A(B-C)= AB-AC 


Commutative Law of Multiplication of 
Matrices 


1-7 2-8 
1-i OQ-2 


0 j 
Consider the matrices A ) | and 
1 l 
B= then 
eae 
O JIit QO}: 
AB= 
2 31H0 -—2 
_| OxI+ixO — Ox0+1(-2) 
| 2x143xK0  2x04+3(-2) 


ee 
mt SE 


_f 1x0+0x2 1x14+0x3 
| 0x0+(-2)x2  Ox14+3(-2) 


ae. i 

la J 
Which shows that. AB # BA. 
Note: Commutative law under 
multiplication in matrices does not hold in 
general i.e., if A and B are two matrices 
then AB # BA, 


Commutative law under multiplication 
holds in particular case. 


2 90 =—3 0 
eg. If A= _jand B= 
0. | 0 4 


then 
2 O!;/-3 O 
AB = 
0 illo 4 
_|2X(-3)+0x0  2x0+0x4 
| Ox(-3)41x0 0x041x4 
|p 0 
“lQ 4 
and BA ie Bape 0 
0 4//0 1 
_ —3X2+0x0 -—3x04+0x1 
| Ox2+4x0 9 0x044x1 


-6 0] 
to 4 
Which shows that AB = BA. 
Multiplicative Identity of a Matrix. 
Let A be a matrix. Another matrix 
B is called the identity matrix of A under 
multiplication if 
AB=A=BA 


1 1 
if A= 2 , B= | , then 
0 -3 0 1 


15 lo 


F ixl+2x0 


4 


1x0+2xI 
{Oxl+(-~3)x0 0x0+(-3\D 


—_ 


peel 4 b 4 
LO 14;0 -3 
i ee 


1x1+0x0 
Oxl+1xO0 Ox2+1x«(-3) 


1 2 
“lo 
Which shows that AB =A=BA. 
Verification of (AB)‘ = B' A‘. 
If A and B are two matrices and A‘, B' are 


their respective transpose, 
then (AB) = B‘ A‘. 


2 1 1 3 
ea, A|> and B-| > ; 


L.H.S. = (AB)! 


se | 


_f 2x1+hx(-2) 2x3+1x0 | 
| Ox1+(-Dx(-2) 0x3+(-1)x0 


[2-2 6+07 [0 6] 
1042 O+0! [2 O 


3 


R.HLS. = B' AY 


“|3| age 
[b2eDxt 1x04 -2K-D 
“| 3x2+0x1 — 3x0-40x(-1) 


multiplication? 


Ans. (i) bs 4 | 


Number of Columns = Number of Rows 
product is possible. 


of x 


Number of columns = Number of Rows. 


product is possible. 


ce LAO: 2 
«(IE 
Number of columns # Number of Rows. 

product is not possible, 
i 3 | 


wv) |0 a 0 
01 2 


a? 


Number of columns = Number of Rows. 


product is possible. 


Exercise 1.4 
1. Which of the following product 
of matrices is conformable for 


6 60 


L.H.S =R.H.S 
Thus (AB)' = B' A“. 


0 2 
-| = LHS 


r -1! 


(v) 3 ; ‘ye 2 
ee 


4 
Number of Columns = Nurober of Rows. 
. Product is possible. 


2. If A -| i 1), e-|¢|. find (i) 


—] + 


ao 


AB (ii) BA (if possible). 


@  ap-(7 915] 


aly ee 


~1(6)+2(5) 
|" H i navi 
» m9 


*, Product is not possible. 
Because number of columns # number 


of rows. 


Ans, 


(ii) 


(iii) 


(iv) 


(v) 


Find the following products. 


(i) Fl 210 | 


=[1(4)+2(0)] 
=[4+0] 
[4] 
a] S 
=[1(5)+2(—4)] 
=[5—-8] 
=[3 


3 


=[-3(4)+.0(0)]=[-12] 


(6 a5 


=[6(4) + (0)(0)] =[24] 


ale 5 
3 3 of 
0 -4 
= | 
1(4)+2(0) (5) + 2(-4) 
—3(4)+0(0)  -3(5) + 0(-4) 
6(4)+—- ee 6(5) + (-1l)(-4) 
440 5- 
=!-12+0 oa 


24+0 30+4 


ee 


4. Multiply the following matric 


e 3 
(a) |j1 1 E ‘| 
jee glee -0 


2 3 
2 -il 
Ans. (a) I | 
3. 0 
0 -2 
2(2) + 3(3) 2(-1) + 3(0) 
=| 1(2)+1(3) 1(-1) +1(0) 
0(2)+(+2)3) 0-1) + (-2) (0) 


13. -2 
=|5 -i 
=6: 1} 


_{ 102)+2@)+3(-P (2) +2(4) +311) 
~ (40) +15(3) + 6(—1) A(2) +5(4)+6(1) 


146-3 24843 
4+15-6 8+20+6 


30)+4(4). 3(2)+4(5) 33) + 4(6) 
-10)+1(4)  -1(2)+1(5)  —1(3) +16) 


9 12 15 
Bie " 2 
5 
@ f A 2 5 
6 4)) 4, 4 


8(2) + 5(-4) a( 500 


ja )+2(4)  1(2) +25) a4) 


6(2)+ 4(-4) (=) + 4(4) 


_fi6-20 -20420] [4 0 
“112-16 -15+16)|) | ~4)-4 


9 [2 aye ° 

3\l0 oO 
1(0)+2(0) -1(0)+2(0) 
1(0)+3(0) 1(0)+3(0) 


4 
oo 
sanef ha] 2a 


2 
1 
C= F A Verify whether 


(i)  AB-BA. 

(ii) A(BC)=(AB)C 
(iii) A(B+C)=AB+AC 
(iv) A(B~C)=AB-AC 


Ans. (i) AB - BA. 
To check whether AB = BA Or not 


AB=| 9) a| E = 


[—-1(1)+3(-3) —1(2)+3(-5) 
| 2(t)+O(-3) 2(2)+ O(—5) 


_[-1-9 -2-J5| © 
“| 2-0 440 
_f-10 -17 

=| 2 4 


fai 2qf-1 3 
Ba Sle al 
_{ 1-D+2(2) }(3) + 2(0) 
~ | ~3(-1)+—-5(2)  ~3(3) + (-5)(0) 


_[-I+4 3+0 ]|, 
(3-10 -9+0 


Aa 
~|-7 =9 

So AB+#BA 

Gi) A(BC)=(AB)C 


L.H.S = A(BC) 


1 2121 

ms aN; 4 
12) +20) —-:10) +203) 
3(2)+-5(1) -3(1)+—3@) 


—1(4)+3--11) -1(7)+3(-18) 
2(4)+0(-11) = 2(7)+0{-18) 
Z\-45 33. —-7-54 
8+0 1440 


= T 1 


_[-37 -61 
Eg 14 
R.H.LS = (AB)C 


, Hb 31f1 2 
woes | 2 a we 


| ~1(1)}+3(-3) ~1(2)+3(-5) 
~ | 20) +0(-3) 2(2) + O(-5) 
ele <2 FSi el ig Sees, 
“£240 4491/7 24 
:.|~10 —17]a 
capye =| 24 
_| 102) +(-17)q@) Coe 
2(2)+4(1) (1) +4(3) 
= [720-17 -10~—5] 
“L 444 2412 
_|~37 an 
“L844 | 
Hence A(BC) = (AB)C 
(ii) A(B+C) =AB+AcC 
LHS =A(B+C) 


y. 2 2A Yi 
B+oq=| | sl 3| 


ABeca|! 313 31_[-3-6 3-6 
hs OL -2 25 | 6+ Oca og 


_| -1(1)+3(-3) ~1(2) + 3(-5) 
£20+0-3)  2(2)4.0(-5) 


-1 3i2 7 
AC = 
I; AF | 


= bash ~1(1)+3(3) ap 8 


2(2)+0(1) 2(1)+0(3)[~ | 4 2 
-10 ~j7 1 8 
sprace [MTS a 
~ S104) -1748 cle 9] 
Ciere 442 16 6 
6. For the matrices. 


Verify that(i(AB)'= RB! A‘GBC)' = CBE 
Ans. (i)  (AB)'= Bt a‘ 


oY Sth t =e: “Gs 
a-| ope] shel -s| 


~| ~1(L)+3¢-3) | 
“| 20) +0(-3) 2(2) + 0(-5) 


= 


tf} -l 2 
wld al 
rae cee 
i 
t t fk = a | 2 
la slat al 


_| (-)+(-3)@) 1(2)+(-3)(0) 
s 2(-1) + (-5)¢3) 2(2)} + 5(0) 


ey Pa ee | 

“2-15 4 F474 
LHS =RHS 

Hence (AB)'= BA! 


@) (@cy=C'B 
LHS = (BC) 


sc-[5 SI5 SI 


_[ 1(-2)+2(3) 1(6) + 2(-9) 
=) -3(-2)+-5(3)  —3(6) + —5(-9) 


_[-2+6 6-18 
“} 6-15 -18+45 


4 31% -3 
tpt 
cts SiG 3 


_[-20)+3(2) —2(~3)+ 3(-5) 
“| 6()+2(-9) 6(-3) + -9(—5) 


_[-246 6-15 
“16-18 -184+45 


{4% 


|-12 27 


LHS=RHS 
Hence (BC) = C" B 
Determinant of a 2-by-2 Matrix. 
a b ; 
Let A -| be a 2-by-2 
e 


square matrix. The determinant of A, 
denoted by det A or \Al is defined 


a b 
as|Al=det A= det | 
ec hUCcd 


A : = ad—bc=Ae Re.g., 


Let p-|_ | hen Bledet B=|' 4 
ora 9 3 


=1x3—(-2)\()=3+2=5 


2 6 
If M= , then 
ie 


2 6 
=-2x3-1x6=0 
1 3 


det M= 


Singular and non-singular matrix. 

A square matrix A is called singular if 
determinant of A is equal to zero. 

i.e., [AI=0. 


a vx 
For example, als 5 is a singular 


matrix, since det A = | x0-0x2=0 

A square matrix A is called non-singular if 
the determinant of A is not equal to zero. 
j.e.,|Al # 0 


! ihe cx 
For example asl) | is non- 


singular, since det A= 1x2-O0x1=240. 
Note that, each square matrix with real 
entries is either singular or non-singular. 
Adjoint of a Matrix. 


d 


obtained by interchanging the diagonal 
entries and changing the sign of other 


a b 
Adjoint of a square matrix A -| is 
c 


- entries. Adjoint of matrix A is denoted as 


Adj A. 


; ‘ d -b 
ic., Adj A -| 
-c a 


Se nestle “pe 
eg.,if A= , then 
ae AG 


-— 


0 —2 
Adj A= 
iT 
2 —!l 4 1 
If B= , then Adj B= 
3. -4 3 #2 


Multiplicative inverse of a non-singular 
matrix. 

Let A and B be two non-singular 
square matrices of same order. Then A and 
B are said to be multiplicative inverse of 
each other if 

AB=BA=I 

The inverse of A is denoted by 
A”, thus AAT =A A=]. 

Inverse of a matrix is possible only 
if matrix is non-singular. 

Inverse of a Matrix using Adjoint 


a ob 
Let m-| Jp: a square 
c d 


matrix. To find the inverse of M, i.e., M~ ~ 
first we find the determinant as inverse is 
possible only of a non-singular matrix. 


la ob 
IMI = =ad—be #0 
lc d 


. d -b 
and Adj M= , then 
—c a 
_;__ AdjM 
i_- 
uw IM | 
2 1 
e.g., Let A= i 3 


Then |A]=-6-(-1 =6+1=-5#0 
IAl=—6~-(-]l)=-641=-5#0., 


rae! 
Thus A -t= Adj A _ Li 2) 


. 3 -I 
=> det caB)=p : 


3 1 
ee 
i ey 
5.  S. 
vt 
; 2 ea ee | ee 
and AA -| : Si 25 
5 oS. 
6 | 2-2 
a5 5 55 
3.3 1 6 
75°5 ~5°5 


l 
-| i t=a7A 
0 4 


Verification of (AB) = B™' A™ 
3 1 0 -~! 

Let A = al B = 

A dm; 3 
Then det A = 3 x 0-(-1)xi = 140 
And det B = 0 x2 — 3(-1) =3 #0 

Therefore, A and B are invertible i.e., 

their inverses exist, 


Then, to verify the law of inverse of 
the product, take 


AB 
ee Sile: A1 
dls 2] 

3x0+1x3 3x(-D+1x2 
=| oon bene 


73-4 
“10 4 


=3#0 


and LHS. = (AB) 


or¥ 13 ; 
10 3} lg 4 


y) 
RHS.= BA! where B! = | . 


3 
ate! 0 -l 
i 4 


_ 1} 2x0+1x1 2x(~-1I)+1x3 
~ 3)-3x0+0x1  -3x(-1)+0x3 


_ 17041 —24+3 
310 3 


tp ial r 
=) 3(7|2. 3/=AB) 
0 1 


Thus the law (AB) “' = B! A is 
verified, 


Exercise 1.5 


L, Find the determinant of the 


following matrices. 


-l 1 
Ans. (i Az 
ns. (i). E 


an 


=-1(0)—2(1) 
=0-2=-2 
(i) B+, | 
2 
[B| =1(-2)—2(3) 
=-2~6 
= -8 
3 2 
(ii) c=/3 | 
\=3(2)—-3(2) 
=6-6=0 
(iv) D-|} i 
[D| =3(4) -1(2) 


=12~2=10 


2: Find which of the following 
matrices are singular or non-singular? 


carer 
Ans. (1) A= 


2 4 
3 6 
Al -p : 
=3(4)~2(6) 
=12~-12 
=Q singular 
(ii) B= 4 1 
ii “132 
4-1 
[BI -| i 


=4(2)—3(l) =8-3=5 non-singular 


qi Ge 
a: 8 


i? -9 
Iq -| Hl 
=7(5)—3(-9) 
=354+27 


= 6240 non-singular 


2 =p 4 
|S -10 
P| -|5 4 | 
=5(4)—(—2)(-10) 
= 20~ 20 
=0 singular 
3. Find the multiplicative inverse (if 


it exists) of each. 


in (i) ee ~-l 3 
ns. {i my. 36 


0 
=—1(0)~2(3) 
=-6 


—] 3 
=f g 


=I(-5) —(-3)(2) 
=—53+6 
=140 


a _f-2 6 
(ili) c=\ iq 


—2 6 

3 -9 
=-2(-9)-3(6) 
=18-18=0 

C does not exist. 


 -| 


6 2-. <2 
(i) | A(Adj A) = (Adj A) A = (det A )I 
fi) BB'=I1=B'B 
Ans. (i) A(Adj A)=(Adj A) A = (det A )I 


Th 2 
a6 
adia=| & fe 
anu [ 18 3 


_[1(6)+2(-4) 1-2) +20) 
~|4(6)+6(-4)  4(-2)+ 6(1) 


_| CHEM? +2 
“| 24-24 -8+6 


ln 
“1Q -2 
: 6 -21f1 2 
Now (Agia rile ‘| 


_[6()+-2(4) 6(2)+-2(6) 
~{ 41) +114)  ~4(2)4 1(6) 


NG 8: 19.19 
[444 -8+6 


[oo 


Also (det A)E 


ae 3 1 
ata) ana! ptten 


seg 

detA “li , 
=1(6)-—2(4) =6-8=-2 
bye) ae Orage Oy 
(dt A)1=—2|j (3 =| 
Hence: A(AdjA) = (AdjA) A = (det A)I 


é 3 -] 
(14) B-|) Zi 


p= 7 = 3(2)~2(-D) 


=-6+2=-4#0 
—2 1 
AdjB | 7 
B Belexaip 
(BI 


api_if3 -1]f2 ~1] 

a 41> is E e 
132)+(-YQ_ 3-1 +(-D-3)] 
4] 2(2)+ (22) 2(-1) + (2-3) | 

_ 16-8 -3-43) 

“4/4~-4 246] 


_if4 0 
410 4 


“(ooh 


Similarly: 

“pe lf2 nfs Fl 

= B= 41> (E b 
_1/28)+(-1)Q) 2-)+(-2) 
4} 2(3)+(-3)(2) 2(-1) +(-3)(-2) 


_1f4 0 
410 4 


ice 


Hence: BB! =1=B'B 

5. Determine whether the given 
matrices are multiplicative inverses of 
each other. 


Ans. (i) ; | wot | 


+S), 7. 2s 
4 7||-4 3 
_[3()+5(-4)  3(-5) +503) 
“| A(T) +74) 4-547) 


_{| 21-20 -15+15|_|1 0 ay 
“28-28 -204+21}°{0 1 
+, Given matrices are multiplicative 
inverse of each other. 


ee 

ine. ge aR 4 
1 21-3 2 
232 -1 


| 13) 4+2(2) 122) +2(-D) 
~ | 2(-3)+3(2)  2(2)+3(-1) 


_[-3+4qae2]_[1 01 Bh 
“1-646 4-3] 10 1] 
4 0 am 9 
6. If A= 3 B= 3 
-l 2 1 -l 


I 
‘ , then verify that 


G@ (ABy'=B'A? 

Gi) (DAy'=A'D' 
Ans. (i)  (AB)'=B7 A* 
L.H.S = (AB)* 


4 ol-4 2 

=e 4 oY | 
_f4(-4)+00) — 4(-2)+0(-1) 
“| -1-4)+20)  -105 2-0 


_[-16 -8 

“|! 6 O 

_|46 +8 
|AB| -| : ; 
=-16(0)—6(-8) 
=0+48=4840 


Adj(AB) tk - 


(AB)! Adj(AB) 


“a 


8 - 1 
ait 8 11° an mee 
=78|-6 -16 el 


Mish | —16 
48 48 
RHS=B'A" 

4, 29 
BLT | 
(Bl=—4(-1) -1(-2) =4+.2=6 

iat 2 

1. al 
B =A G fe S| 
14 0 
a4 


ar’ J-402)-(-0)=8 


] 1;2 0 
less nk “| 


1_1{-1 2]1[2 0 
6-1 —4]a{1 4 


_f-1 21]f2 0 
~ 48[-1 -4]/1 4 


1 [ -1(2)4+ 20) 


A = 


BA"! 


-1f0 8 15 s 
ee “g “1%, 
“5 A 
kA 
L.H.S = R.H.S 
Hence: (AB)' =B AT 


1 —1(0) + 2(4) 
~ 48|—-1(2)+-4() -1(0) + 44) 


A 


ij) W@Ay'=A'D" 
LHS = (DAY! 


m= all | 


-| 3(4)+K-1)  —-2(0) +12) 
~2(4)+2(-1) -2(0)+2(2)], 


“Bo: Salad A 
-8-2 0+4} |-10 4 
1] 

-10 4 
=11(4)—(-10)(2) 
= 44+ 20 

= 64 


4 -2 
Al = 
dj(DA) ho 7 


Dal -| 


_ 4... 
(DA) = aq Adi(DA) 


a 
_i/4 -2|_|64 64 
64/10 41 10 VW 
64 64 
§ zl 
my Gee 
So 
32 64 
RHS= A'D" 
4 0 
A=| 
a 2 
i 0 
als 
a) Se 
-4(2)-(-1)(0) 
=820 
oar eae 
A! = AdjA 
\A| 


P| =3(2)—{-2)(1) 
=6+2=8 


pia AdjD 
D 


1/2 0} 1[2 1 
-IpPj-! — * a 
. a Fl i a3 i 


ore ee 2 olf2 =| 
64) 4||2 3 


Sel Pods ‘ten 


~ 64) 1(2)-+4(2) — 1(-1)+.4(3) 
<. Hl 440 —24+0 
248 1412 
f4—4-2 | 
mi |4 —2) _| 64 64 
64[10 1] [10 11 
64 64! 
ge -! 
|16 32 
eS ll 
32 64 
L.H.S = R.HS 


Hence: (DA)' = A'D™ 


Solution of Simultaneous  Linea™ 


Equations 

System of two linear equations in 

two variables in general form is given as 
ax +by=m 


cx+dy=n 
Where a, b, c, d, m and n are real 
numbers. 
This system is also called 
simultaneous linear equations, 
We discuss here the following 
methods of solution. 
{i) Matrix inversion method. 
(ii} Cramer’s rule 
a Matrix Inversion Method 
Consider the system of linear 
questions 
ax +by=m 
cx+dy=n 


or AX =B 


a b x m 
Where A=] Rs and B -| 
. y A 


orX=A'B 
IAl = ad — be 


(ii)  Cramer’s Rule. 
Consider the following system of 
iinear equations. 
ax + by=m 


cx+dy=n 
We know that 


a b x 
AX = B, where a-| I x-| | 
. c 


Adj A 
X= XB 
iA 
d —bj|m 
* —c alin 
or = 
y \A| 
dm-—bn 
_[-em-+an 
|A| 
dm — bn 
a 
—cm-+an 
|A| 
dm—bn _ [A,| 
or x= = 
iA} [AI 
~cm_|Ay| 
and amt cm_| ¥ 
JA; Al 
m b 
where [A,|= and 
a om 
PF 4 
Example 1 


Solve the following system by 
using matrix inversion method. 
4x —2y=8 
3x+y=—-4 


Solution 


4 -21/x 8 
Step! = 

: a " 
Step 2 


4——=2 
The coefficient matrix Mi) 1 is 


non-singular, since 

det M=4x 1 - 3(-2)=4+6= 1040. So 
Mis possible. 

Step 3 


wifi 28 
NL ‘L2 
1} 8-8 

“Loe 16 


_1]0 
“19-40 


> x=Qandy=-4 
Example 2 


Solve the following system of 


linear equations by using Cramer’s rule. 


3x—2y=1 
—2x +3y =2 
Solution 
3x -2y = 1 
—2x + 3y =2 
We have 
3 -2 
Ma 3] 


(Al = Po 3 =9—4=5+#0 (non-singular) 


=9) 
palAeei_ 3] _3+4_7 
[A | 
i ] 
_Ay|_-2_4 _6+2_8 
“AS 55 
=-(53} 
55 
Example 3 


The length of a rectangle is 6 cm 
less than three times its width. The 
perimeter of the rectangle is 140 cm. Find 
the dimensions of the rectangle. 

(by using matrix inversion method) 
Solution 

If width of the rectangle is x cm, 
then length of the rectangle yem 
According to first condition 

og 3x — 6, 
According to 2™ condition 
The perimeter = 2x + 2y = 140 
= x+y=70 
and 3x-—y=6 
In the matrix form 


l 1 j/x} | 70 
3 -llly} 16 
1 1 1 1 
ah = 
13 -1| 6 -tI 
=I|x(-l)-3x}=-l1-3=+4#0U 
We know that: 
;_Adj A 


X=A’ Band At=—+— 
an [A 


length y = 51 cm. 


Thus, by the equality of matrices, 
width of the rectangle x = 19 cm and the 


Putting the values of A™ and B in 


1/2 1s 
xX =— 

10/3 2116 
L [ 2(4)+2(6) 
10| ~3(4) + 2(6) 


76 
~1]/~70~6 |] rar 
ie “| sou"! 
“40 
1. Use matrices, if possible, to solve 
the following systems of linear equation (i) 
equations by: 
@ the matrix inverse method 
(ii) the Cramer’s rule. 
(i) 24—2Zy =4 X =- 
3x+2y =6 


Matrix inverse method 


3 abit 


52 sheets 
A= ; X= B= 
3 2 y 6 
AX=B 
RSA Bots (i) 
a 

a= 

= 2(2)—(-2) (3) 

=4+6=10#0 


As IAI #0 so solution is possible 


“9 
Adj Ac] 2 
5.3 


i 
me Aree 


S.S.={(x, y)} ={(2,0)} 
SS. ={(2, 0)} 

axt+ y=3 

6x+5y=1 

In matrices form 


= 2(5)—6(1) 
=10-6 
Aj=440 


As |Aj#0, so solution is possible 


: 5] fl 
AdgjA = 
— 2 
-] 1 
A =—xAdjA 


| 


4\-6 2 


Putting the value of A | & B in equation i. 


X=A'B 
ols ahh 
4 
aor 
4} —6(3)+2) 
=e 

4 


15= 
-18+2 


ts 
“i 


(iii) 


Solution set ss.x((? 5 -a)} 


4x+2y=8 
3x—y=-l 
In matrices form 


Bali 


=4(-D -3(2) 
=-4-6 
|A] =-10#0 


As |A\#0, so solution is possible 


Putting values of A! & B in equation. 
X=A™'B 


cs 
SCs 

-10| 3 
~~10| —3(8)+4(-) 


1 | -84+2 | 
X =—— 
~10| —24—4 


3 1 
— xX 
“i pe; 
5 og" oe 
tls 
3 
x] 5 
y| | 14 
3 
3 
= x=— 
7 5 
it 
ae 


(iv)  3x-2y=-6 
5x-2y=—10 


1 eae “4 


In matrices form 


abt Le 


2 
=3(-2)-6)(@) 
=-6+10 

|Al=4-40 


As |Al #0, so solution is possible 


—2 |2 
Adj A= 
-5—\3 


] 


(Al 


Al = 1 —? 2 
4|-5 3 
Putting the values of A! & B in 
equation 1. 


Al =—xAdjA 


X =A'B 

x) 1/-2 2|| -6 
lal lea 
x) 1-2-6) +2(-10) 
Be eae se 


1 pees 
~ 44 30-30 


B 


© 


ox 
4 
x| [2] 
GFL | 
=> x=-2 
y=0 
S.S ={(-2, oy} 
(vy) 3x-2y=4 
—6xt+4y=7 


In matrices form 


fe eho 


=3(4) — (6) (-2) 


= 12 —42 

=0 

As|A\=0, so solution is not 
possible 
(vi) 4x+y=9 


3x-y=-5 


Jn matrices form 


SD 


Let 


AX=B 
X=A"B 
4 1 
le 
-3 -l 
=4(—1)-(-3)0) 
=—4+3 
=-1#0 
As |A\ #0, so solution is possible 
~{ -l 
Adj A= 
3 4 
-] 1 ; 
A = xAdjA 


\4| 


1 |-1 -1 
=-—X 
=j |3 4 
Putting the values in equation (i) of AT 


and B 
X=A'B 


anaes 


_1f-1)+ CDC) 
—)| 3(9)+4(-5) 


_ 1 | -O+5 
ee oy ee 


58.={(4,-7} 
(vii) 2x-2y=4 
—5x—-2y=-10 


In matrices form 


= 2(-—2) —(—5) (2) 
=—4~10 
|Al=-14#0 


As JA! #0, so solution is possible 


=) 
Adj A= -| | 
SZ 


At = xAdjA 
'4| 


I ae? ae 
= —X 
-14 |5 2 


Putting the values of A” and B in equation 
@) X=A'B 


gk ea 4 
-14°| 5 2||-10 


74 


_ 1 | -8-20) 
"14 0=3p| 


3{4)+2 


S.S.={ (2, 0)} 
(vii) 3x-4y=4 
x+2y=8 


In matrices form 


nal 


Let 


=3(2)- WC) 
=6+4 
|A|=10 #0 


_ 1 bee +2(-10) | 


(-10) | 


ce 


As |Aj#0, so solution is possible 


2 4 
Adj A= 
1:3 


At a4 x adja 
4 


2 
AT oh : 
10) | -L3 


Putting the values of A’! & Bin 
equation (i) 


X=A'B 


*Fol-t ala 


x Lf 24) +48) 
~ 10] -1(4)+3(8) 


1 | 8+32 
xX =— 
101-4424 


een 
ye Ww 
21 
Ww 
x 4 
fl EI 
= x=4 
yr? 
5.8; ={(4, 2)} 
Cramer’s rule 
(i) 2x~2y=4 
3x+2y=6 


In matrices form 


Peierls 


uals FPL 


= 2(2)-3(-2) 
=4+6 
|A|=10 #0 


As |Al#0, so solution is possible. 


Ax; - (Determinant No. 1) 
In determinant 1 we change first 
column to constant matrix. 
lA = 4 ~2 
eG 2 


= 4(2)—6(-2) 
=8+12 
|A,|=20 
|A,|. 20 
X= 
|A] 10 
2 
|A,| ( Determinant No.2) 


In determinant 2 we change 2" 
column to constant matrix, 


y=0 
$.5={(2, 0}} .ans. 


(ii) 


2x+ y=3 
6x+5y=1 


In matrices form 
fas 2 
sib HL 
Let 
al hal 
GD y 1 


2 ik 
laf ; 
= 2(5)-6(1) 


=10-6 
|Al=4 #0 


As \Al#0, so solution is possible. 


Tee 
i-3 
= 3(5)-1() 
|A,|=15—1 


|Ax|= 


6 


Gii) 


Axt+2y=8 
3x—y=-] 


In matrices form 
4 2 |x i 8 
3 -1\|y] |-1 
Let 
4 2 x 8 
A= x= ;B= 
B aps phe 


\Al= 4(-1)—3(2) 
=-4-6 
|A|=—10 #0 
As [Al #0, so solution is possible. 
B w2 

FL 
=8(—1)—2(-1) 
=-8+2 
=-6 
Ad 

\4| 

3 

Paper” A 

—~15 5 

4 8 
[Ay |= : | 
= A(—1) - (38) 
=—4-24 
=-28 
[Al 

72814 
~-10 5 


(iv) 


|Al= 


3 22 
5 ir 
=3(-2)-5(-2) 

=-6+10 

|Al=4 #0 

As |Al# Q, so solution is possible. 
6 2 
-10 -—2 
=~6(-2)—(-2)(-10) 
=12-—20 

[A,|--8 


| = 


: 2 
ged 8 


lA 
x=-2 
Ae oy 


= 3(-10)— (5) (-6) 


y=0 
S.8.={(-2,0)} 


(v) 3x-—2y=4 


—6x+4y=7 


In matrices form 


fo ab rb 


3. -2 
3 
6 4 
=3(4)-(-6\(-2) 
=12-12 
|A|=0 
As |A|=0, so solution is not possible 
(Wi) 4x+y=9 
—3x-y=-5 


Jn matrices form 


3 ALT 


4 j 
a ae 
= 4-1) —(3)(0) 
=-4+3 
|A|=—-1#0 
As [A #0, so solution is possible. 
9 #1 | 
I 


(vii) 


=9(—1)-1(-5) 
=—4 
, — (asl 44 
la) AL 
iy=4 
4 9 
ta 
FA(-5)-9(-3) 


Ay 


a 
S.S ={(4,-7)} 


. 2x-2y=4 


—5x—-2y=-10 


In matrices form 


la|7 


= 2(-2)~(—5)(-2) 
=-4-10 
|Al=-14 40 
As [Al #0, so solution is possible. 
—2 
an 
Stig, 
= 4(-2)—(-10)(-2) 
= —8— 20 


(viii) 


=~28 
weld _ 428" 
AL 434 
x=2 


gel?| * 
“Ls -10 

= 2(-10)—(-5 4) 

= —20+ 20 

= 0 


S.S ={(2,0)} ans. 
3x—4y=4 
x+2y=8 


ELE 
of tbl 


3 +4 
Alef 


=3(2)—-l(-4+) 

=6+4 

|Al=10 #0 
As |A} #0, so solution is possible. 
4 -4 
8 2 
=4(2)-8(-4) 


=8+32 
= 40 


|A,|= 


patel _ 404 
ale 
x=4 
3 4 
ier gl 
= 3(8)—1(4) 
=24-4 
= 20 
L120" 
Al Ws 
y=2 


§.S.={(4, 2)} ans. 
The length of a rectangle is 4 times 


its width. The perimeter of the rectangle is 
150cm. Find dimensions of the rectangle? 


Let width of rectangle =x, 
and length of rectangle = y 
According to first condition 


y=4x 
4x—y=0......... (i) 
According to 2™ condition 
Perimeter =150cm. 
2(x+ y) =150 
2 
x+y = 75 wo... (ii) 


in matrices form 


ls alto 


a =|, 

4 -] 
=1(-)-4() 
=~—1-4 
=-5#40 

~— " 1 

4 1 

At =! xadja 
|Al 


_gi 1 
514044 


> _X=a'p 


Bec oelhy 
es 1 1(75) + 1(0) | 


~ 5! 4(75)-+(—1)0) 


—— 
oar 
[ ee SY | 

i 
Lee) 
Su | 
Oo 


Q.3. 


Two sides of rectangle differ by 


3.5cem. Find the dimensions of the rectangle 
if its perimeter is 67cm. 
Let required sides of rectangle are x and y. 


According to first condition 


x~ y=3.5 —()) 


ul 


According to 2™ condition 
Permmeter =67 

2(x+y) =67 

x+y = 33.5——>{ii) 


In matrices form 


11H 


We have 
1 -1l 3.5 —-l 
— SAL = c1 
1 J 33.5 1 
1 3.5 
} 33.5 
| 
a =h | 
1 1 
=1()-l(-l) 
=1]+1=2+0 
‘ _IA,4 
\Al 
3.5 —-l 
_ (33.5 1 
2 
as 3.5(1)—33.5(-1) 
2 
_ 3.94335 
2 
2 93 
2 


= x=18.5, y=15 
Q.4. The third angle of an_ isosceles 
triangle is 16° less than the sum of the two 
equal angles. Find three angles of the 
triangle. 

Let third angle of triangle = y 

and two equal angie of triangle = x 

we know that 


xtx+y  =180° 
2x+y S180 uian (1) 
According to given condition. 
y=2x-16 
2x- y=16 
In matrices form 
[2 | |= 
(2 Ly} [16 | 
AX=B 


=> X=A'B 


Now 


sft 


[4] =2(-1)-2(1) 


=> X=A'‘p 


x} _41f1 1 1f180 
y| 4/2 211 16 
1{ 1080)+106) 
~ 4| 20180) +(-2)(16) 
_ 1 180416 
~ 41 360-32 


_ 1/196 
~ 4! 328 


x _ {49 

ry 82 
Hence: x = 49° , y=82° 

Required angles are 49°, 49°, 82°. 
Q.5. One acute angle of a right triangle 
is 12" more than twice the other acute 
angle. Find the acute angles of the right 
triangle? 

Let acute angles of right angled 
triangle are x and y 
We know that 


x+y=90" (i) 


According to given condition 


x=2y+12° 


x~2y=12? —»(i/) 


In matrix form 


halsFho 


We have 
1 J 90 I 
= A A, 4 
I] -—2 12 —2 
1 90 
A. = 
, 1 12 
1 i 
Now = 
1 -2 


|A) =1(-2)-10) 


| 


-3 
_ 142)-100) 


= 26" 
Required angles are 
26° and 64° 
= x=64° 
=> y=26° 
Q6. Two cars that are 600 km apart 
are moving towards each other. Their 
speeds differ by 6km per hour and the 


cars are 123 km apart after 45 hours. 


Find the speed of each car. 
Solution: 
Let required speed of two cars are x and y 
According to given condition 
x— y=6 
ee 3 = 477 
2 a 
x— y=6 
9x+9y=477x2 = 954 
=> x—\=6 
9x+9 y=954 
In matrix form 


i a x} | 6 
9 9 fly] [954 
1 -1 6 -1 
A = ye 
> ole 9 
L 6 
Ay. = 
mie 


Now 


{[ -l 
a 
5 3 | 


JA) =109)-(-) 


OBJECTIVE 


1 .The order of matrix |2 1} is ....... 
(a) 2-by-1 (b) i-by-2 
({c) I-by-1 (d) 2-by-2 


v2 0 |. 
2. is called .......... Matrix. 
0 2 


=9+9=0 
=1840 
6 -l 
_[Az|_ |954 9 
[Al 18 
| SO) (-1) (954) _54+954 _ 1008 _ 56km/h 
18 {8 18 
1 6 
A,| 19 954 
* “Tal a8 
_ 10954) -6(9) 
18 

_ 954-54 

~ 9008 .. . 

= PMA8 coun fh 
{a) zero (b) unit 
(c) scalar (d) singular 

3. Which is order of a square matrix ? 

{a) 2-by-2 (b) I-by-2 
(c) 2-by-f (d)} 3-by-2 


4. Which is order of a rectangular matrix? 


(a) 2-by-2 (b) 4-by-4 
(c) 2-by-1] (d) 3-by-3 
ae | 
5. Order of transpose of }O 1 | is wu: * 
a 2 
(a) 3-by-2 (b) 2-by-3 


(c) 1-by-3 (d) 3-by-I 


|O  -1 
-1 2] [-1 Q 
¢ d 
(©) i “| Je i 
(2 6 : 
7. Tt | =, then x is equal to: 
\3 Xx 
(a) 9 (b) ~6 
{c) 6 (d) -9 


2 
8, Product of [x | | eee 


(a) [2x+y] (b) [x —2y] 
(c) [2x-y| (d) [x +2y]| 
9. If x ty A _N 
10 --t] [ONI 
then xisequal to......... 


|; | } i 
(a) 2 O (b) 2 2 


wie 8 a (2 2 
0 2 0 2 


10. The idea of a matrices was given by:__ 


(a) Arthur Cayley (b) Dr. Aslam 
(c)Dr. Ali (d) Dr. Khalid 


Ul. The matrix M=[2 -I 7]is a---- 


matrix, 


(a) Rew (b) Column 


(c) Square (d)} Null 
es 
12. The matrix N =| Ojisa___ matrix. 
I 
(a) Row (b) Column 
(c) Square (d) Null 
1 2] 
13, The matrix A=|1 1 }isa__ matrix. 
2 3| 
(a) Rectangular (b) Square 
(c} Row (d) Column 
r1 243 
14. The matrix B=|-1 0}-—2/isa__ 
re i 
matrix. 

(a) Rectangular (b) Square 
{c) Row (d) Column 
15. If Ais a matrix then its transpose is 

denoted by: 
(a) A° (b) A‘ 
(c) A (d) (Ay 
. 1 —2 
16. If A= then —A = 
3 4 


ofa)» [a 
1 2 | -I| 2 
tc) 3 ‘| (d) E | 


17. A square matrix is symmetric if 
(a) AN =A (b) AS=A 
(c) (A= —At (d) None 

18. A square matrix is skew-symmetric if: 


(a) A‘'=-A (b) AS =—-A 
(c) (A‘=—A' (d) None 
0 0 0 
19. The matrix C=|0 1 0J/isa__ matrix. 
0 0 3 
(a) Diagonal (b) Scalar 


(c) Identity (d) Zero 


200 
20. The matrix a3 2 i a__matrix. 


00 2 
(a) Diagonal (b) Scalar 
(c) Identity (d) Zero 
100 
21. The matrix A=|0 1 0 cS 
CFO. 
matrix. 
(a) Diagonal (b) Identity 
(c) Zero (d) None 
22. The scalar matrix and identity matrix 
are matrices. 
(a) Diagonal (b) Rectangular 
(c) Zero (d) None 


23. Every diagonal matrix is not a ; 
matrix. 
(a) Scalar (b) Identity 
(c) Scalar or identity (d) None 
24. If A, B are two matrices and A‘, B' 
are their respective transpose, then: 
(a) (AB)'=B' A‘ (b) (AB)'= A'B' 
(c) A'B'= AB (d) None 


b 
25. Hf a-|* i then the determinant 
c 


of A is: 
(a) ad -— be (b) be — ad 
(c) ad + be (d) be + ad 


26. A square matrix A is called singular 


“if 


(a) IAl#0 (b) JAI=0 

(c) A=0 (d) A'=0 
27. ‘A square matrix A is called non- 
singular if: 

(a) IAI=0 (b) A=0 

(c) [Al#0O (d) A'=0 
28. Inverse of identity matrix is 
___ matrix. 

(a) Identity (b) Zero 

(c) Rectangular (d) None 


29. AAT=A'A= 
(a) Identity matrix 
(b) Rectangular matrix 


(c) Zero matrix (d) none 
30. (AB)! = 

(a) A’ B" (b) BIA 
(c) BA (d) AB 


1 -2 
31. Additive inverse of is 


iii. 


Vi. 


Ans. 


4, 


Complete the following: 


Identity /Unit matrix 


1 
Additive inverse of i 


=f 2 

fo 

In =matrix multiplication, in 
general, AB ...... BA. 

xX 

Matrix A + B may be found if 
order of A and B is ...... 
Same 

A matrix is called .... 
number of rows and columns are 


matrix if 


then find a and b. 
> a+3=-3...... (I) 
b-1=2....0... (1d) 


' From ()a=-— 3-3 


a=-—6 
From GD b = 2+ 1 
b=3 


Paci e) 2 gel en 
1 0 ee 


find the following. 


Ans. 


ti) 


2A + 3B 


2 
2A+3B=2 


3 ie 4 
+3 

; |—2 | 
4 6| [15 -12 

= + 

_[4+15 6-12 

ingens. 1-3 


ues 
2 —| 


[-6 | r10 | 
= + 
3 of'|4 2 


[- 
“|e -9- | 


(ii) -3A + 2B=-3 4 


Bed} 0-2 


(iii) —3 (A+2B) 


2 
A+2B “|i 


_[2+10 3~8] [12 -5 
ae i-4 O62] |-3 2 


_3(A+2B) = oH a 
9 6 


(iv) = (2A — 3B) 


a 3 5 —+4 
2A-3B =2 =o 
ft of a 


balls | 


7 4-15 6412 
“| 246 043 


_f-11 18 
—j—3-—3 


2oa-s0)-3| 9 s 


| 


Ans. 


Z1Se. 3 
-22 36) [-22 1, 
| 3 a 
\4 6 16 > 
3 3 3 


Find the value of x, if 


[2.1 an 
+xX= ‘s 
(3. -3 ae ees 


4-2 -2-1} [2 -3 
-1-3 243] |-4 bb 


0 l ~3 4 
If A= s B= 3 
k 5 5 5 | 


then prove that 
AB#BA 
AB #BA 


af) lls a 


_f 0-3)4165)  0(4) + 1-2) 
~ | 2(-3)+-3(5) 24) + -3(-2) 


| 2 
[21 | 


| 


_[-3(0) +4(2) 3) +4(4 
~ | 5(0)+-2(2) 5) +-2(-3 


_ AB#BA 
5 2 
ef If Alt i and 


23) 5 
(i) (AB)' = B' A‘ 
(Gi)  (ABY?=B7A™ 
Ans. (i) (AB)' = Bi At 
L.H.S = (AB)' 


p3 2),2 4 
AB = 
alls 


_[ 3(@2)+2(-3)  3(4)+2(-5) 
~11(2)4+—-1(-3) (4) + -1(-5) 


2 4 : 
B -| | , then verify that 


[6-6 12-10 
~ | 243 4 
_|0 2 
ale: | 
(AB) | 4 
29 
R.HS=B'A' 
gual? ‘ 
[2 ~1 
a _f2 a 
[4 -5 
aK _[2 Alle ] 
4 -5||2 -1 


_[2@)+-32) 2) +-3(-1) 
~ | 4(3)4+-5(2) 41) +-S(-1) 


- 6-6 243 
“112-10 445 


fo 5 
i ik ae 
L.H.S =R.H.S 


Hence: (AB)' = B' A' 
(ji) (AB)'=B 7A? 


st alls 3 


LHS = (ABY! 
ak : 

AB= 
1 11 3 +5 


1(2)+~1(-3)  1(4)—1(-5) 
[6-6 12-10 
~ [248 445 


[0 2 
[5 9 
nal J =0(9) —5(2)=-10 40 


ape Ll? ~)1f> A 
“101-5 0} 10/5 O|- 
RH.S=B!IAT 


3 2 
A= 
| a | 


5 3(2) + 2(-3) 3(4) + hed 


Nie sly 


|Aj =3(-1) -1(2) = -3-2=-5 #0 
AdjA =|") 
lean 2 


aid 1{-1 -2 
Al = AdjA=— 
lal ae | 


os 
B= 

3 5 

[B| = 2(-5) —(-3(4) 


=-10+12=2+#0 


sold AdjB 
‘|B 


_if[-S +4 
wes: F 2 


ae OH 


“1 awry | 


10) 3(-1)+2(-D- 3(-2) +23) 
_-1f5+4 10-12] 179 -2 
TO)" 646.) Pores 6 
be) ee 
_{| 10 -10 
en ee 
1 10 —10 
5 
1 
i _|10 5 
- 
2 
LHS=RHS. 


Hence: (AB) ' =B7A7 


REAL AND COMPLEX NUMBERS 


SSS SS Ea, 


SS SS SS Se =a 


Define the following: 

Natural'Numbers 
The numbers 1, 2, 3, .... Which we 

use for counting certain objects are called 

natural numbers or positive integers. The 

set of natural numbers is denoted by N. 

Le. N= {1, 2, 3, ...} 

Whole Numbers: 
If we include 0 in the set of natural 

number, the resulting set is the set of 

whole numbers, denoted by W, 

Le. W HO, Tee, 2mm) 

The set of integers consist of 
positive integers, 0 and negative integers 
and is denoted by Z 
ie. Z = {.....,-3, —2, -1, 0, 1, 2,3, ...} 
Rational Numbers 

All numbers of the form p/q where 
P, q are integers and g is not zero are 
called rational numbers. The set of rational 
numbers is denoted by Q, 


i.e. O={Pin.geZnge0ip.ap=th or 
q 


Q= jr=P pssezrareo| 
q 


Irrational Numbers 
The numbers which cannot be 
expressed as quotient of integers are called 
irrational numbers. 
The set of irrational numbers is 
denoted by Q’, 


ic. Ql P ngezagro| 
q 


For example, the numbers 2, 
a , V5, nm and e are all irration 
numbers. 
Decimal form of Rational and Irration: 
number 


_ a} Rational Numbers 


The Decimal representation 4 
rational numbers are of two types 
terminating and recurring 
(i) Terminating Decimal Fractions: 

The decimal fraction in whict 
there are finite number of digits in it 
decimal part is called a_ terminatin 
decimal fraction. 

For example 2-04 and 370.375. 
(ii) Recurring and Non-terminatin; 
Decimal Fractions 

The decimal fraction (non. 
terminating) in which some digits ar 
repeated again and again in the same orda 
in its decimal part is called a recurring 
decimal fraction. . 


For example < =0,.2222..and “ =11363636. 


b) Irrational Neztbers 

The decimal representations for 
irrational numbers are neither terminating 
nor repeating in blocks. The decimal form 


of an irrational number would continue 
forever and never begin to repeat the same 
block of digits e.g., 2 = 1.414213562.., 
[Real Number | 

The Union of the set of rational 
numbers and irrational numbers is known 
as the set of real numbers it is deducted by 
R. 

R=QU Q 

Hence Q and Q’ are both subsets of R and 


QN A=4 
Example J 


Express the following decimals in the 


form, P where p,q € Zand g #0 
q 


(a) 03=0.333.... 

(b) 0.23 = 0.232323 
Solution | 
(a) Let x = 03, which can be 
rewritten as 

x = 0.3333... (i) 
Example ] 


We multiply both sides of (i) by 
10, and obtain 

10 x = (0.3333 ...)« 10 

or 10% = 3.3333... (ii) 
Subtracting (i) from (ii), we have 
10x — x= (3.3333...)(0.333....) 


or 9x = 3.0000 > x= 


Hence 03 = ; 


(b) Let x= 0,23 =0.23232323..... 
We multiply both sides of (4) by 100. 
Then 100 x=(0.232323....... ) x 100 

Lite earn PEGA I ae (ii) 

Subtracting (i) form (it), we get 
100x—x=(23.232323....) — (0.232323...) 

99 x = 23 
99 


=> Thus 0.23= = is a rational number. 


Represent the following numbers on the number line. 


@) 2 (i) “ 
_ 7 
(iti) ay 


Solution 


(i) For representing the 


-! M 0 ! 2 


rational number -=, on the number line /, divide the unit Jength between 0 and —1 
into five equal parts and take the end of the second part from 0 to its left side. The 


; —2 
point M in the following figure represents the rational number 3. 


(ii) Sa242, It lies between 2 Bo 
and 3. £ 
3 a al 0 l 2 3 


The point P represents the 
oint La se 
aaa Sate 


(iii) For representing the 9 


: 7 : 
rational number, -1—, st ett é 
9 -2 -1 0 1 2 


divide the unit jength 
between ~1 and ~—2 into 
nine equal parts. Take the end of the 7" part from —1. The point M in the following 


2 ; 7 
figure represents the rational number, —1 a 


(iv) Irrational number such as J2 can be located 
on the lineéby geometric construction the 
point corresponding to V2 may be ¢ ps 
constructed by forming a right AAOB with 7 4 ie B —s| e 
sides each of length 1 as shown in the figure. 


By Pythagoras theorem, OB = (1) +)? = 

V2 

By drawing an arc with centre at O and radius OB = J2 we get point P representing 
V2 on the number line. 


Q1.Identify which of the following are ae 


I — = 0.68 
relational and irrational numbers. aD 25 : 
(i) V3 Irrational Number Gi) Ve 
4 
(ii) : Rational Number 19 
° z Sol ~~ = 4,75 
(iii) Irrational Number 4 
eo ; -. 57 
(iv) a Rational Number (iii) 3 
(v) 7.25 Rational Number cil 2s 7.195 
(vi) 429 Errational Number 8 
Q2. Convert the following fractions (iv) 208 
into decimal fraction. 18 
17 ip 0 OI nde Sa ad 
(i) ate Sol: ——= 51.3889 
5 


Sol 2 = 0.625 
8 
(vi) = 
38 
Sol = = 0.65789 


Q2. Which of the following 
statements are true and which are false? 


; Zs Rl es 
(1) 5 1S an 1trational number. False 


(1) 7 is an irrational number. True 


(iii) " Is a terminating fraction. False 

; ark peng ; 

{iv} 4 18S a terminating fraction. True 
4, — : 

{v) FE S a recurring fraction. False 


Q4. Represent the following numbers 
on the number line. 


. 2 
1 — 
(i) 3 
2 
ig 
2 -1 0 1 2 


2 “1 0 1 2 
(ii) = 1 
3 
‘4 
-2 -1 0 1 2 


“2 =) 0 1 2 3 
k—./5 — 
By Pythagoras theorem 


OB = (2)? af)? =J441 =5 


By drawing an are with centre at O and 
radius OB = V5 we get point P 


representing V5 on the number line, 

Q5. Give a rational number between 
ws and is 

4 9 

Ans. The required rational number is the 
mean of two given numbers, so the 


required number 


Q6. Express the following recurring 
P 
q 


decimals as the rational number 


where p, q are integers and q#0 

(i) 05 

Sol: Let x =05 
X = 0.55555.......04 {i) 
Multiplying both sides by 10 
10x = 10(0.5555...... ) 
10x = 5.5555........ (ii) 
Subtracting (i) from (ii) 

10x—x=(5.5555...} — (0.5555...) 


9x =5 
5 
x=— 
9 
- 5 
Hence 0.5 =— 
a) 
(ii) = 00.13 
Sol: Let x =013 
x = 0.13131313......... (i} 


Multiplying both sides by 100 
100x = 100(0.131313....... ) 

|| 0.8 | a Be We BS {ii) 
Subtracting (i) from (ii) 
100x—x=(13.1313.....(0.1313...) 
99x = 13 


(iii) 0.67 
Let x =0.67 
xX = 0.676767......... (i) 
Muitiplying both sides by 100 
100x = 100(0.676767....... ) 
100x = 67.676767....... (ii) 


Subtracting (i) from (ii) 
100x—x=(67.676767. ...)-(0.676767...) 


99x =67 
67 
x =— 
99 
Hence 0.67 = or 
99 


Properties of Real numbers with respect 
to Addition and Multiplication 
a. Properties of real numbers under 
addition are as follows: 
(i) Closure Property 
a+b eR,VabeR 
e.g., if-3and5e R 
then-3+5=2ER 
(ii) Commutative Property 
at+b=b+ta, Va,be R 


e.g.,if2,3¢6R 
then 2+3=342 
or5=5 


(iii) Associative Property 
(a+b)+c=a+(b+0c), Va,b,ce R 
e.g.,1f5,7,3ER 
then (5 + 7)+3=5+(7+43) 
or 12+3=5+10 
or1$=15 

(iv) Additive Identity 
There exists a unique real number 

0 called additive identity such that 
at+O0=a=0+a, Vae R 

(v) Additive Inverse 
For every a e€ R, there exists a 

unique real number —a called the additive 

inverse of a such that 
a+(-a})=0=(Ca)+a 
e.g., additive inverse of 3 is —3 
since 3 + (-3) = 0 = (-3) + (3) 


b. Properties of real numbers under 
multiplication are as follows: 
(i) Closure Property 
abe R, VabeR 
e.g.,if~3,5ER 
then (—3) (5)e R 
or ~I5ER 
(ii) Commutative Property: 
ab = ba, Va beR 


1 1 3 
e.g.,th —,—ER 
a (are 


(iii) Associative Property: 

(abjc = a(bc), Va, b, cE R 

eg.,1f2,3,5E€R 

then (2X3)xX5=2x(3x5) 

or 69¢5-= 215 

or 30 = 30 
(iv} Multiplicative Identity: 

There exists a unique real number 
1, called the multiplicative identity such 
that 

al=a=laVaeR 
{v) Multiplicative Inverse 

For every non-zero real number, 
there exists a unique real number a” or 


| escent g 

—, called multiplicative inverse of a, such 
a 

that 


or ax 


eg., if5e R, then 2 ER 


such that 


Staal ig 
5 5 


] oN Piece Gat Not : 
So, 5 and 5 are multiplicative inverse of 


each other. 
(vi) Multiplication is Distributive 
over Addition and Subtraction 

For all a, b, cE R 
a(b + c) = ab + ac (Left distributive law) 
{a + bjc = ac + be (Right distributive law) 
e.g., if 2,3, 5 € R, then 
233 +5)=2x34+2x5 
Or 2x8$=6+ 10 
or 16 = 16 
And for all a, b, ce R 
a(b —c) = ab—ac (Left distributive law) 
(a —b)e = ac — bc (Right distributive law) 
e.g., if 2, 5,3 € R, then 
2(5 —3)=2x5-2x3 
or 2x2=10-6 
or 4=4 
(b) ‘Properties of Equality of Real 
Numbers: 
Properties of equality of real numbers are 
as follows: 
(i) Reflexive Property 

az=a VaeR 
(ii) Symmetric Property 

Ifa=b, thenb=a VabeR 
(iii) Transitive Property 
Ifa=b6 and b=c, thena=c, Va,b,ce R 
(iv) Additive Property 
Ha=b,thena+c=b+aVabceR 
{v) Multiplicative Property 

If a=b, then ac = be, Va,b,ce R 


(vi) Cancellation Property for Addition 
if a+c=h+e, then a=b, Va,b,ce R 
(vii) Cancellation property for 
Multiplication 
Ifac = bce, c# Othena=b,Va,b,cEeR 
(c) Properties of Inequalities of Real 
numbers 
Properties of inequalities of real 
numbers are as follows: 
(i) Trichotomy Property 
VabeR 
a<b or a=bora>h 
{ii) Transitive Property 
Va,bceR 
(a) a<xbandhb<cra<c 
(b) a>band b>c>a>c 
(iii) Multiplicative Property 
(a) Vo a,b,ce Randc>O 


@a>bo>ac>be Gda<b-ac<be 

(ija>bo>ca>ch iia<b>ca<ch 

(bV abce Randc<90 

Qja>boaac<be (iija<b=>ac >be 

Ga>bo>ca<cbh (iila<b=>ca>ch 

(iv) Multiplicative Inverse Property: 
Va, be Randa 40,b £0 


] 
(a) a<b@a-> Z 
a b 
1 jl 
(b) a>boe —<— 
a b 
{v) Additive property: 
Vabee R 


(a) a<b=>a+c<bt+c 
a<b=>c+a<ctb 
(b) a>b=>a+c>bie 
a>b=>c+a>ct+b 


Exercise 2.2. 


Q1. Identify the property used in the 
following. 
(i)  a+b=b+ta 
commutative property w.t.t. 
addition 
fii) — ab(c)=a(bc) 
Associative property w.r.t. multiplication 
(iti) 7x1=7 Multiplicative Identity 
(iv)  X> yor x=y or x<y 
Trichotomy property of inequality 
(v) ab = ba 
Commutative property w.r.t. 
multiplication 
(vi) at+tc=b+ce>a=b 
Cancellation property for addition 
(vil) 5+(-5)=0 Additive Inverse 


(viii) Tx =I Multiplicative inverse 


(ix) a>b=>ac>be(c>o) 
Multiplicative property of 
inequality 

Q2. ‘Fill in the following blanks by 
stating the properties of real 
numbers used. 

3x +3(y—x) 

=3x +3y~—3x Distributive property 

= 3x —3x +3y Commutative property 

=0+3y Additive Inverse (3x, -3x) 

=3y Additive Identity (o+a=a) 

Q3. Give the name of property used 
in the following. . 

@)  ¥24+0=J24 Additive Identity 


© 269-328 


Distributive property of muitiplication 
over addition 

(ili) R+(—n)=0 Additive Inverse 

(iv) V3.3 is a real number 

Closure property w.r.t, multiplication 


(y¥) (- :) [- =| = 1, Multiplicative inverse 


Write each radical expression in 
exponential notation and cach exponential 
expression in radical notation. Do not 


simplify. 
@ 8 Gi ¥3 
(iii) y4* Gy x32 
Solution: 


QI. Write each radical expression in 
exponential notation and each exponential 
expression in radical notation. Do not 
simplify. 


(i) Y64 = (-64)45 
5 _ S53 


Q2. Tell whether the following 
statements are true or false? 


Exercise 2.3 


@ ¥8 =" 
Gi) ¥x5- 


(tii) y” si - or (ay 


oe i or a y° 
Simplify ¥16x+y° 
Solution: 


dtexty> 


= FOBWOAGYAG, 

= a oxy* Prony) 

= ¥axy? FAG, 

= Y2xy? ¥23) YOR yy = any foxy? 


(i) 55 V5 


False 

2 
{ii) 2% = V4 True 
(iti) 49 =/7 False 
(iv) ¥x27 = x3 False 


Q3. Simplify the following radical 
expressions. 


@ 125 =(- 125)’ 
‘fo? =(-5) 


(ii) a 41 6x2 
= Vi6x¥2 


=(28)4 45 _N3 
2 
L 
= "4 49 (iv) on 
-2(¢8) . 
-8)3 
(ili) i= -(3) | 
<3 -(2)) 
432 ik aa 
_ 
—4 1 ] 2)" _-2 
(2°) p\3 “3 
_ 33 
7 a 
a 3 


Example 


Use rules of exponents to simplify each expression and write the answer in terms of 
positive exponents. 


el ag ad y 


—2 2 ~2 
Giy  [ 4a°B° ) "(4a xt) _f 4a® -( Za J- 81 
9-5 9 9 4a®} 16a" 


Simplify the following by using laws of indices: 


tar x 4(3)" 
© las ge 
Using Laws of Indices. 
mn ( 8 )" 7 ( 15h =a" Se Ss 605 
4(3)" 43)" 43)? 4 | 


Sana 33-1 23") 2- 


Ql. Use a of ae to simplify (ii) (2x°y4 ) ( -8x>y") 
243) 73 (32) 5 
(196) a 16x 
196 = 
—r Cl =—l6— 
(243) (32)/5 | y 
- ues 14 as yt ee 
(3x3x3x3x3)3 (2x2x2x2x2)/5 my 2° 
(1 4) . = feet y- 3 20 y 
ad 92% (4545 3 
(3 x3 ) (2 ) = (xSyie) 
= i4 = x 6(-3) 20-3) 5-4-3) 
= a2 = Ei =X LY Z 
3 3x3 3x2 3 =x8 yz 
AT x8 212 
= - —— 
2x3 3x7 y 
7 _. (81)".35 —(3)*"" (243) 
= 4 iv) 2n 3 
7x3! (9° )(3°) 
= 7 nos 4n-l 
a BY P-@)""(3") 
37x33 7 2\79 (43 
7 (3°) (3) 
= 31 gtnt5 _ 44n-1+5 
= = = gint3+2 _ 3404 
7 gintH2 = gintsH 
7 7 a ae chee 


27(3 3) 34ns3 


i 


~ ghd 3 

=9-3 oo 

= =2x1x1 
=2 


Q2. Show that 


. at+b 7 bt+e 7 cta 
a b = 
ie = 
Se es, (ii) 
x he x" 
, \ath b+e 2 Vere 
x* a : 
4 xs x" 


sof atb af b+e _, \era 
= (x* ») x(x? x{x° a 


_ x (aby(atb) .. (b-o}(bte) ) (c-a(era) 


( 


2 1 
216)3 x(25)2 


(0ay2 


bs 


20 a 2 
arb? bee? a 


=X XX x xo 

sad We eo et ane ae 

— x? 

=i1 

=R.H.S 

Q3. Simplify 

(i) 2/8 x(27)/3 x(60)/2 
(180)/2 x (4) “3 x(9)4 


2’ x(3°)/9 (22x35)? 


7 3 = - (iii) 
(2?x3?x5)/?x(22) 4 x(3?)/4 
ee ye et ob 
—  23x«3 3x2 2x32x5? — 
i ot 2 AA) od ‘ 
9 2x%3 2523 3 x3 4 = 5°46 
i en - 
_ 23x%3x2«32 x52 =a" 
Sa ee HG, 
= 25 


2x3x52 x23 x32 


a 


| ofa Complex Number’ 


Anumber of the form z = a + bi where a 
aid b are real numbers and 7 = ree , is 
i hedeen number and is 
of = a+ ib 


clled a 


HIEsenIY py ?. ic 


The set of all complex numbers is 
denoted by C and 
C={zlz=a+ bi, wherea be R 

— 

v-1} 
The numbers @ and 6, called the 
ral ux imaginary parts of z, are denoted 
isa = Re(z) and 6 = tm (z) respectively. 


wd t= 


If we change ito ~i in z= a + bi, 
we obtain another compicx number a ~- bi 
called the complex conjugate of z and is 
denoted by z@ead z bar). 
ai ea 
i are 


Thus, if z=~-1 ~i, then 4 = 
The number a + b/ and a - 

Sale conjugates of each other. 
mnplex: Nur bers ind: its 


Horate b,c, de R, 
atbi=c+di if and only | ifa=candb= 
Gey 2x+yis4+9 
ifand only if 
2x=4andy'=9,ie.,x=2undy=+3 
Properties of real numbers R are 
also valid for the set of complex munbers. 
G) Z, = 2, (Reflexive Law) 
(ii) 1 Z; = Zo, then Z. = Z\ (Symmetric law) 
(ii) Lf Zp2%o, and 7-=Z, then 7) = Fa 


(iransitive law) 


jl. Evaluate 
oF 


i} =o 


(iii} = 
-(?) 
=(-1)' 
=t 

(iv) (-i)" 
=? 
(ry 
=(-1)' 
=1 

(vy) (i) 


=~ V1) i=3 


me i*.i) Let z=-3+i 
; then z=-3~i 
i %) i} Q3. Write the real and imaginar 


ata part of the following numbe 
==((=) ‘i @) 14 


oz i) Let z=l1+i 

_ Re (z)=1, Im (z)=1 
(vi) i” (i) -1+2i 

= jj Let z=—-l+2i 

(iii) =—3/+2 

=(-1)".i Let z=2-3i 

=(-Di Re (z)=2, Im (z}=-3 

== (iv)  ~2-2i 
Q2. Write the conjugate of the Let z2=-2-2j 

following numbers. : Re (z)=~-2, Im (z)=-2 
(i) 2+ 3% (y) ze 

Vv —3i 

Let =2+3i 

. ‘ - Let z=0-3i 

then z2=2-3i 

R =0,I =-3 

Gi) = 3-5: e (z) sae 

Let z=3-5i (vi) 2+0i 

2=345i | Let z=2+0i 

Git) i Re (z)=2, Im (z)=0 
Sol: Let z=0-i Q4. ‘Find the value of x and y if 

then z=Q+i=4 xt+iy+1=4-33 
(iv) —3+4i Sok: x+iy+1=4-3) 

Let =~3+4i x+iy =4-1-3i 

then z=-3-4j X+iy =3-3i 
(v) =g=4 Two complex numbers are equal if the 

let z=-4-i real and imaginary parts are equal 


then z=—4+4i So x=3 and y=-3 


i) 


Basic. Operations on Complex Numbers 


Addition: 

Let z; = a+ ib and 22 = c + id be two complex numbers and a, b, c,d ER. 

The sum of two complex numbers is given by 

2+ 22 = (a+ bi)+ (e+ di} =(at+c)+(b+d)i 

1.€., the sum of two complex numbers is the sum of the corresponding real and the 


imaginary parts. 


(i) 


(iii) 


e.g., (3 — 81) + (5 + 21) = (3 + 5) + (-8 + 2)i = 8 ~ 6 
Multiplication: 
Let zj=a+ibandz2.=c+id betwo complex numbers and a, b, c, de R. 
The products are found as 
(i) Ike R, ke =k (a+ bi =ka + kbi. 
(Multiplication of a complex number with a scalar) 
(i) ZZ, = (a + bi) (ce + di)=(ac —bd) + (ad + be) 
(Multiplication of two complex numbers) 
The multiplication of any two complex numbers (a + bi) and (e + di) is explained as 


ZizZ200 = (a + bi) (c + di) = afc + di) + bi(c + di) 
= ac + adi + bei + bdi’ 
= ac + adi + bci + bd(-1) (since ? =—1) 
= (ac —bd) + (ad + be)i (combining like terms) 


eg., (2-31 (445i) =8 + 10i— 121 — 1577 = 23 — 23. (since i” = -1) 
Subtraction: 

Let z; = a+ iband 2. =c + id be two complex numbers and a, b, c, dé R. 

The difference between two complex numbers is given by 

Zinkz = (a + bi) ~(c + di) =(a—c)+(b—-d)i 

e.g.., (-2 + 3) -(2 +) =(2-2)+3-li=-44+2i 

‘Le., the difference of two complex numbers is the difference of the corresponding real 


nd imaginary parts. 


iv) 


Division: 
Let z; = a + ib and z2 = c + id be two complex numbers and a, b, c, d, € R. 
The division of a + bi by c + di is given by 
2; _atbi = atbi, c—di 
Zy ¢et+di c+di c-—di 
(Multiplying the numerator and denominator by c—di, the complex conjugate of c+di). 
_ ac +bei— adi — bdi* 


c? ~(di)" 


_ @¢+bei-adi+bd ; 


OEE, =< 
. e+? c*+d* 


~ (actbd)+(be-ad)i _ ac+bd [ be-ad 


Example | 


c+ 


} 


Separate the real and imaginary parts of (~1+/-2)7 


Solution 


Let 7 = Sie See then 
Zz = {(-] + J-2)" =(C1l+ iv2y, changing to i-form 
~ (1 +i¥2 M-1 +iV2)=(-1) (14:13) 4102-14 i/2) 
= 1 -iv2 -iJ2 + 2?=-1-2/7; 
Hence Re (2°) = —I and Im (7°) = -2J2 
Example (44+5i)° — 164+40i+ 2572 


i 
Express rey in the standard form a+ bi. 
+i 


Iya 12 


We have —— = —_ x - 4! 
1 ee 192i Bi -So; 


(multiplying the numerator and dominator 


by 1+2i 
t-2i 1-2; 

oh =———.,_ (simplifying) 
1~(2i)7 1-4/7 : 
1-27 

- i (since i” =~—1) 


1.2 
= 5 5 /+ Which is of the form a + bi 


Express et in the standard 
form a + bi. 
Solution 
4+5i j 
at 24451, Ly At5E 
4—5i 4—Si 4453 


(multiplying and dividin g by the conjugate 
of (4~5i) 


(4)? — (i)? 16—25i7 
(simplifying) 
= bead! | = (since i = -l) 
16425 
_ ~94+40i -9 40, 
En 
Example 


Solve (3 — 47)(x + yi) = 1 +0. i for 
ee a 
real numbers x and y, where i = V—]. 
Solution. 


We have (3-4/)(x+ yi) = 140; 

or 3x+3iy —4ix-472 y= +0. 
or 3x+3iy —4ix 4{ I) y = 1+04 
or 3x+4y+Gy-4x)i = {+04 


Equating the real and imaginary parts, 
we obtain 

3x+4y=1 

Solving these — two 


and 3y —- 4x =9 
equations 


simultaneously, we have eer and 


4 


7-35 


{H) 


(vil) 


Q2. 


t) 


ti) 


{ili) 


Exercise 2.6 


Identify the following statements 
as true or false. 


V-3xJ-3 =3 False 

t3 . a 

i =-i False 

i*=-|] True 

Complex conjugate of 

(61+?) is -1+6i) True 

Difference of a complex number Q3 


z=a+hi and its conjugate is a 


real number. False 
If (a-l)-(b+ *)i=5+8i then (i) 
a=6 and b=~11. True 


Product of a complex number and 
its conjugate is always a non- 
negative real numbcr, 

True 
Express each complex number in 
the standard form a+i, where (il) 


‘a’ and ‘b’ are real numbers, 
(2+3i) +(7—2i) 
=24+3i+7-2i 
=(2+7)+(3-2)i 

=9+i 

2(5+47)—3(7+4é) 
=10+8i--21~12i 


=(10-21)+(8-12)i (iti) 
=-I1-4i 

-1{(-3+5i)-(4+9i) 

=3-5i-4—-9i 

=(3—4)+(-5-9)i 

=-1-14i 


2:7 +66 +37° —67? +42" 


=2(-1)+671+3(?) 644i 
=-2+6(--1)4+3(-1)-6(?) a+4(P "a 
=~2-61+3(1)-6(-l) #+4(-1)” i 
=—2— Gi +3—6(+1}i+ 4 (1) i 


=-2- 6 +34 fi +4i 


| =14+4: 


Simplify and write your answer 
in the form a+ bi 

(-7 +3i)(—3+ 2i) 

= 21-41-97 + 67° 

= 21 —23i £6(—1) 

= 21-6 -23i 

= - 23 
(2-J~4)(3-v-4) 
=(2-V4.V-1}(3-V4V-1] 
= (2-2i}(3-2i) 
=6--4i- 61+ 47 
=6~-10i+4(-1) 


=6-10i-4 
=2-10i 


(V5—3i) 

= (V5) +(3i)’ -2( V5) (38) 
=5+97 —6V5i 
=5+9(-1)-6V5i 
=5-9-6V5i 

=4-6)5i 


(iv) 


Q4. 


(i) 


(ii) 


(2-3i)(3-24) 

=(2—3i)(3+2i) 

= 6+ 41-9) —67° 

=6-Si-6(-1) 

=6-5i+6 

=12-3i 

Simplify and write your answer 
in the form of a+ bi 


24+3) 4+4+i 
4-i 44 
_ (2+3i)(4+i) 


(4) -(iy 


21 =Gim Wisi? _ 27-30i+7(-1) 


_ 8+ 254125 +37" 
_ 84+14i+3(-1) 
_ 8+14i-3 
Die+ 

_ 5+14i 

ee 

5 14, 
424 


i 
17 13 


(9-71)(3-i) 
(3) — (i 


9-7? 
_ 27-7~30i 


2-6i 447 
34+é 347 
(2—6i)—(4+2) 


| 


9—(-1) 


_(2-7i)(3-1) 
(3) - (i) 

_ 6+ 2-24-77? 

a =, 

_6-191+7(-1) 

~ 9-2) 


_(Y +) +206 


(1) +@ -20)( 


1+? +2i 


(2+3i)(t-i) 
a 
” 9-2) + 35 —37 


) 
) 


Q5. 


(i) 
(a) 
(b) 
(c) 


(d) 


(ii) 
(a) 
(b) 


(c) 


Calculate (a) z (b) z+z 
c) Z-Z {d) zz for each of the 


following. 

z=O0-i 

z=O+i 

z+z=0-i+0+i=0 

z-z=0-i-O+i 

=Q-i-0Q-i 

=—2i 

z.2=(0-i)(0+i) 

= (0) -()’ =0-(-1) 

=] 

z=2+i 

w=2-i 

z+z=24+/4+2-/ 
=4 

z-z=(2+i)-(2-i) 
=Z+i-Z+i 


=2i 


() 2z=(2+8)(2-2) _ (4-3i)(2-43) 


2) (4 


8—16i-6i +127" 
same ~ A 16 
=4-(-1) ; _224-+412(- 
_ 8-22i412(-1) 
_" —4=16(-1) 
= P 8—12—p2i 
(iii) z= rat 4+16 
Lei Li -—= 
l-i J4i = 
fea __ 4 22 
| a. 20 20 
GQ) -(@) gl _}l, 
_@) + (9 +20) wr i° 
it % (a) " Saae 
[42°42 T-1+2i a 
a iis a its c I ol 1 tl 
ey er 1+] b sams Se ir Sarat nA 
t=} a a as ra 5 10 
zi 
Tz -__ 
7 5 
_ a=04i fou Lu 
(a) z=0-i Sees ig oe 46 
(c) z-z=0 -O-) 7 B 10° f 10" 
=a L222, 
aids 10 
(d) z. z=(0+i)(0-i) mee 
= (07 - (9 =0-(-1) 5" 
=O+1=] : ah ae I 1.) eid) 
(vy z= Oe ig I 5° 10 
244i f Be ‘Vy : 
4-3 2-4 eo 
244i 2-4i ae 
1. 2s 


_1 1219 = 2-3i-5-4i 
25 100° =~3—Ti 
zat 725 Hence z—-w=z-w 
25 100 Gi) = zw=zw 
Bas is LHS = zw 
oo zw =(2+3i){5—4i) 
~ 100 =10—814 151-127 
5 =10+7i-12(-I) 
4 =10+7i+12 
Q6. If 2=2+3i and w=5—4i, shew =22+7i 
cael z.w= 22-Ti 
@  ztwaztw RHS =z.w 
Sok LHS =z+w 
on? ., 5 | 
7+w= a w= I3+4 
zctwa7ti z.w={2-3i)(5+4:) 
Now RUS = z+w = 10+8i—15i-12i° 
Z=2-3i 410-7i-12(-1) 
we54+4i =10-7i+12 
ztw=2-3i+5+4i z.w=22—7Ti 
=7+i Hence z.w=z.w 
Hence ztw=ztw ; 7 2 
= a {iv) — |=—, where w4#0 
(ii) Z-W=zZ-Ww (=| Ww 
Sol: LHS = z-w ex 
z—w=2+3i—(5—4?) | LHS = (=) 
=24+3i-54+4i zg 243i 
Sagi wae 
Z-w=-3-Ti 243i 544i 
RH.S = z-w 5-4) 544i 
y=2-3i _(24+3i)(544i)  10+84+1514+127 
wa5+4i (SY - (4 5-167? 


z—-w=(2-3i)~(5+4i) 


R.H.S 


Hence 


(v) 
Sol: 


_10+23i+12(-1) 


25—16(—1) 


_ 10-124 23/ 


25+16 


_ ~4+ 23 


4] 
2 23, 


_(2-3i)(5~4i) 


i 10—8i—15i +127" 


5 +z) is the real part of z 


Zz 


(5) ~(4iy 


25-167" 
_10- a 1) 


=2+3i 


Now 


Hence 


(vi) 


Sol. 


Now 


Oe ie! 
—, 


Ni wl 
a CCW“-_ 
fas; 
+ 
nN | 
~~” ee” a o 
{ 
i) 


z +z) is equal to the real part of z. 


—(z— z) is the real part of z 


| 


Z=24+3i 
z= 23 
1 


3-(z~2)=+[(2+3)) )-(2-3i)] 
=! (243-2431) 


= (2-2) =R(z) 


1 ae 
Hence proved that yi (z-z} is equal to 
i 


the real part of z. 


Q7. 


(i) 


Solve the following equation for 
real x and y 


(2—3i}(x+ yi)=4+i 


4+i 243i 


ee ee a 


_8+12i+ 21437 
4—9i" 
_ 84+147+3(-1) 


4—9(-1) 


i) (3-2i){x+ yi)= 2(x-2yi)+2i-1 
§y+3yi—2xi—2y? =2x—4yi+ 2-1 


3x+(3y—2x)i—2y(-1) =2x-14+(2-4y)i 
Gxt 2y)+(3y—2x)i= (2x-1)+(2-4y)i 


> 3x+2y=2x-1\__........{i) and 
3y—-2x=2-—4y ead ll) 

From (i) 3x-2x+2y=-1 
x+2y=-] sivas) 

From (ii) —2x+3y+4y=2 
~2x+7y =2 sveaseete¥ ) 


Multiplying (iii) by 2 and adding in (iv) 


yay 


yl 


Putting value of y in (iii) 


(iii) 


and 


k+2y=—-1 

*+2(0)=-1 

x+0=-1 

(344i) —2(x— yi) =x+ yi 

(3) +(4i)' + 2(3) (4) - 2x4 2yi = x4 yi 
9+16i + 24i-2x+2yi=x+4 yi 
9+16(—1)+ 24i-2x+2yi=x+ yi 
9~—16+ 24i-2x4+2yi =x+ yi 
-7~2x+(24+2y)i=x+t yi 


x=-7~2x- 
x+2x=-7 
3x == —7 

~7 
x= — 

3 
24+2y=y 
2y =y= —24 
y=-24 


G. Select the corr ect auswer, 


1. 


-2 


(27x"'] \3= = 
3f 2 

(a) 2 (b) 
3 =i 

({c) a (d) 


(a) Xx (b) 
(c} a? (d) 
2 

Write 43 with radical sign 
(a) Ya?  (b) 
«Ya (d) 
In ¥35 the radicand is 

| 
(a 3 b = 
(a) (b) A 


fc) 35 (& 


None of these 


—5-4i 
5+4i 


5 
(a) i (b) 
—5 
(c) Sas (d) 
The conjugate of 5+ 4iis 
(a) —5+4i (b) 
(c) 5-4i (d) 
The value of ? is a 
@ ob | (b) 


(c) i (d) 


—| 


wees i 


10. 


1a 


12. 


13. 


4. 


Every realnuavberis 
(a) A, positive integer 
(b) A rational number 
(c) A negative integer 


(d)} A complex mumber 
Real part of 2ab (42 Vise — ~~ 


(a) 2ao {b) —2ab 
(c) 2abi (d) — abi 
imaginary part of —-7(374+2) is 
(a) —2 (by 2 

(c} 3 cab -3 


~ Which of the following sets bave 


the closure property w.r.t. addition 


(a) {0} (b) e a) 
© 11  @ {vet 


Name the property of rea! eeHBe 


yh V5 _, 
mee 


used in (4 l=. 
\ 2 2 


{a) Additive identity 

(b) Additive Inverse 

(c} Multiplicative identity 
({d)} Multiplicative Inverse 
Ifz<0 then x< => 

(a) xZ<yz% (b) kz>yz 
(c) XZ=Y2 (d) none of these 
If a, be R then only one of a=b 
ora <b ora>b holds is called... 
(a) Trichotomy property 

(b) Transitive property 

{c) Additive property 

(d) Multiplicative property 


5. 


ai. 


A non-terminating, non-recurring 
decimal represents: 

(a)  Anatural number 

(b) A ravional number 

fe) An irrational number 

{d) A prime number 

The union of the ser of rational 
numbers and Lvational numbers is 
known as set of 

fa) Rationa! number 

(b) ‘Irrational 

fe) Real number 

{d) Whole number 

For cach prune number A, VA is 
an 
{a) Irrationai (b) Rationat 
{c) Real (d) Whole 
Square roois of all positive non- 
(b) Rational 
(d) Whole 


_runber. 


square integers are ___ 
(a) Wrational 
(c) Real 
Tisan_ 
{a) Irrational (b) Rational 
(c) Real (d) None 
Vab,ceR thana<bandb<e 
>a<cis_ property. 

(a) Transitive 

(b} = Trichotomy property 

(c) Agditive property 

{i}  Maltip{icative property 
Name the property of real numbers 
used in X > y ork = yorx< y. 

fa} Trichatomy 

tb) ‘Transitive 

fe} Additive 

(dd) Multiplicative 


22. 


23. 


24, 


26. 


27. 


28. 


30. 


Name the property of real 
numbers used in w+ (cm) = 0. 
(2) Asidtiive inverse 

(b) Multiplicative inverse 
(c) Additive identity 

(d) Multiplicative identity 


Re V3 isa mumber. 


(a) Rational (b) Irrational 

(c} Real (d) None 

Yab= 

@  Yab (b>) Va vb 

() Wado @& va Yr 

V8 __ 

(a) (85 (by) 8° 
f 

(c) 8) dy (gy 

The valuc of i” is: 

(a) --] (b)} i 

(c} —i (cd) i 

The solution set of x? +1 =O is: 

(a) {i} (by) ft, -4} 

(c) {-i,-i} (d) None 

The conjugate of 24+ 3iis__ 

(a) 2-2 (b) -2—3i 

(c)} 24 3i (a) 243i 


Real part of (1 2) ist 


‘3 


(a) =I (b) -2V2 
(c) i (d) 22 


2 


Imaginary part of (-1 + V-2) ‘is 


@y. a (by -2,/2 
() @) 22 


its conjugate is always a non- (c) Rational (d} None 


31. Product of a complex number and (a) Real (b) Irrational 
negative__ 


ANSWER KEY 


4, 


REVIEW EXERCISE 


3. Simplify: (i) 4/81y~!? x 


a (33 yi? Pa : 


(ii) 25x 108 rn 


i (52 100 8m \3 


1 i 1 
= (52)2 (2)? ( y8m)a 
=5x" ym 
, 


i eyt2 \s 
(iil) yy ls 
y 2 


= (342 y4tl 545 \5 


=(x°y%c 10) 
ate ? | ¥)8 (2!9)° 
= xyz 


2 
. 75 6-4 yr zit : 5 


54 
2 
_ (25x ¥y “5,5 
st 
2 
(25)s (-!9)5 (ys (25)5 
2 
(s*}* 
22 xy 27? 
o 8 
55 
J 4z° 
y 3 
xt y*5.55 


Q.4. Simplify: 


(0.04) 2 
. 1 
2 
(22x3?)3 x5? ae so? | 
ak i 


| 232 <y ey 


(3 


i 

_| 2?x3?x5 |2 _| 2?x3?xs |2 
cA 3 -| 3 
(25)? (5°)? 


(216)3 x(25) 2 
3 


j 


REVIEW EXERCISE 


3. Simplify: () Y81y 1? x* 994-4 y+ ie : 
= (34 y 124-8) a. 
a , 1 5-10, -5,5 
_(34) (72 4 (a8)! (2 ve 32° i 
3 
=3y Px? Bs pune 
: _(25)5 (x-!)5 (y$)5 (25) 
~ a 2 
x’y? (5 )s 
(ii) 25x10" 8m 92 x4y-2,2 
1 =i 
i 8 
= ( 52 ,10n yo” 2 55 
1 af 1 . 42? 
=(5?)2 (70)? (ym) alla 
yt .,2 5 
=5xh ym p> de 
i 3 2 
= Bytes \s O4.,Simplify: (or 29) ~ 
iii —— 7 
xy tes (0. 04) 2 
1 
{3424415455 
(x y o« ) “ig stl 
1 
5.5. 10 
=(x ‘ z ) e | 
: 
5 
=x ( y°)5( J @rxahhs | 
= xyz 
2 
eas 
(iv) 52x 
625x4 y24 


(100)2 
4 
i 


t 
_| 2?x3?xS |2 _| 2?x3?xs |? 
NS | Sr 
(25)? (57)? 


u 27 \ 2m Qn 
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LOGARITHMS 


Scientific Notation 
A number written in the form 
ax10", where1<a<10 and n is an integer, 


is called the scientific notation. 
Write each of the following 
ordinary numbers in scientific notation 


(i) 30600 — (ii) 0.000058 
(i) 30600 = 3.06 x 10° 


(move decimal point four places to 
the left) 


(i)  0.000058= 5.8 x 10° 


Ql. Express each of the following 
numbers in scientific notation. 

i) 5700 

Sol: 5700 = 5.7x10°(move decimal 
point three places to left) 

ii) 49,800,000 


Sol: 49,800,000 = 4.98x10’ (move 
decimal point seven places to left) 
iii) 96,000,000 


Sol: 96,000,000 = 9.6x10’ (move 
decimal point seven places to left) 

iv) 416.9 

Sol: 416.9 = 4.169x10? (move decimal 
point two places to left) 

¥) $3,000 


(move decimal point five places to 
the right) 

Change each of the following 
numbers from scientific notation to 
ordinary notation. 

(i) 6.35 x 10° (ii) 7.61x107 
(i)  635x10° = 6350000 

(move the decimal point six places 
to the right) 

Gi) 761x107 = 0.000761 

(move the decimal point four 

places to the left) 


Sol: 83,000 = 8.3x10*(move decimal 
point four places to left) 

vi) 0.00643 . 

Sol: 0.00643 = 6.43x10™" (move 
decimal point three places to right) 

vil) =: 0.0074 

Sol: 0.0074 = 7.4x107 (move decimal 
point three places to right) 


viii} 60,000,000 


Sol: 60,000,000 = 6.0x10’ (move 
decimal point seven places to left) 

ix)  0,00000000395 

Sol: 0.00000000395 = —3.95x10” 
(move decimal point nine places to 
right) . 


275,000 


x) 
0.0025 
Sal: oe 
0.0025 
5 


Express the following numbers 
in ordinary notation. 

i) 6x104 

6104 = 0.0006 (move 
decimal point four places to left) 
ii) = 5.06x10" 

5.06x10° = — $0,.690,000,000 
(move decimai point ten places to 
right} 

iii) 9.018x10% 


Sol: 9.018x10 = 0.000009018 (Gaove 
decimal point six places to left} 

iv}  7.865x10° 

Sol: 7.865x10° = 786,500,000 (move 


decimal] point eight places to right) 


sogarithini of a‘Real Nuniber 

If a* = y then x is called the 
logarithm of y to the base ‘a’ and is 
written as log, y =x, where a>0,a¥ 1 
and y > 0 

i.¢., the logarithm of a number y to 

the base ‘a’ is the index x of the power to 
which a must be raised to get that number 
y. 


The relations a* = y and Jog,y =x 
are ¢quivalent. When one relation is given, 
it can.be converted into the other. Thus 


"Sy logay =a 


Find log4Z, 1.e., find log of 2 to the 


base 4. 


Let 
Then its cx ponenetial form is 4* = 2 
ie, 2° =2" => 


loga2 oz x 


garni 


i ae peaciun ny 
if ihe base of iogarithm | is TAKE as 

10 then logarithra ts called Common 

L ogarithm. 


The integral pert of the fegarithyn 
of any number is called the chara “toristic. 


The characteristic of the logarithra 
of a number greater than | is always one 
less than the number of digits in the 
integral part of the number. 

When a number 6 is written in the 
scientific notation, i.e., in the form b = a x 
10° where | <a < 19, the vower of 10 ie, 
n will give the characteristic of log b. 


Number | Scientific et Characteristic | 
| Notation of the | 
Logaritiin 

2 Pie xi | OT 

996 | 99x | 

102 | Tom xe T 2 | 

| 16624 | 16624x 107 [3] 


Characteristic of Logarithm of a 

The characteristic of the logarithm 
of a number less than 1, is always negative 
and one more than the number of zeroes _ 
immediately after the decimal point of the 
number. 

Write the characteristic of the log 
of foltowing numbers by expressing them 
in scientific notation and noting the power 
of 10. 

0.872, 0.02, 0.00345 


pas | Scientific — Characteristic 
Notation of the 
Logarithm 
| 0.872 | 872x107 | q | 
‘om fa. x aa 
0.02 2.0 x 10 -2 
0.00345 | 3.45 x 10° 3 | 


| 
The fractional part of the 

logaritt 2 of a number is called the 

mantissa, Mantissa is always positive 
Find the mantissa of the logarithm 

of 43.254 . 

Solution’ 
Rounding off 43.254 we consider 

only the four significant digits 4325. 

i) We first locate the row 
corresponding to 43. in the log 
tables and 

{li} Proceed horizontally till we reach 
the column corresponding to 2. 
The number at the intersection is 
6355. 


(iii) Again proceeding horizontally tll 
the mean difference column 
corresponding to 5 intersects this 
row, we get the number 5 at the 
intersection. 

(iv) Adding the two numbers 6355 and 
5 we get .6360 as the mantissa of 
the logarithm of 43.25. 

Find the mantissa of the logarithm 
of 0.002347 

Here also, we consider only the 
four significant digits 2347 

We first locate the row 
corresponding to 23 in the logarithm tables 
and proceed as before. 

Along the same row to its 
intersection with the column 
coiresponding to 4 the resulting number is 
3692. The number at the intersection of 
this row and the mean difference column 
corresponding to 7 is 13. Hence the sum of 
3692 and 13 gives the mantissa of the 
logarithm of 0.0023476 as 0.3705 


Find = (i) log 278.23 
i} ~— log 0.07058 
Solution 
(i) 278.23 can be rounded 
off as 278.2 


The characteristic is 2 and the mantissa, 

using log tables, is 4443 

os log 278.23 = 2.4443 

(ii) The characteristic of Jog 0.07058 is 
~2 which is written as 2 by 
convention. 


Using og tables the mantissa is .8487, so 
that 


Log 0.07058 = 2.8487 

Find the numbers whose 
logarithms are 

(i) 4.3247 ii). 2.1324 
(i) 1.3247 

Reading along the row 
corresponding to .32 (as mantissa = 
0.3247), we get 2109 at the intersection of 
this row with the column corresponding to 
4. The aumber at the intersection of this 
row and the mean difference column 


Ql. Find the common logarithm of 


the following numbers. 
i) 232.92 
232.92 can be rounded off as 232.9 
Characteristic = 2 
Maatissa = 3672 
Hence log 232.92 = 2.3672 
ii) 29.326 
, 29.326 can be rounded off as 29,33 
Characteristic = 1 
Mantissa = 4673 
Hence log 29.326.. = 1.4673 
iii) 0.00032 
Characteristic = 4 
Mantissa = 5051 
Hence log 0.0032. = 4.5051 
iv) 0.3206 
Characteristic = 1 


Maintissa = 5060 


corresponding to 7 is 3. Adding 2109 and 
3 we get 2112. 

Since the characteristic is 1, it is 
increased by 1 (because there should be 
two digits in the integral part) and 
therefore the decimal point is fixed after 
two digits from left in 2112. 

Hence antilog of 1.3247 is 21.12. 


(ii) 2 1324 

Proceeding as in (i) the significant 
figures corresponding to the mantissa 
0.1324 are 1356. Since the characteristic is 
as its numerical value 2 is decreased by 1. 
Hence there will be one zero after the 
decimal point. 
Hence antilog of 2.1324 is 0.01356. 


Hence log 0.3206 = 1.5060 
Q2. If log 31.09 = 1.4926, find the 
values of following: 


i log 3.109 

Sol: log 3.109 
Characteristic = 0 
Mantissa = 4926 
So log 3.109 = 0.4926 

ii) log 310.9 

Sol: log 310.9 
Characteristic — 2 
Mantissa = 4926 
So log 310.9 = 2.4926 

tii) = log 0.003109 

Sol: log 0.003109 
Characteristic = 3 
Mantissa = .4926 
So log 0.003109 = = ~—- 3.4926 


iv) log 0.3109 


Sol: log 0.3109 


Characteristic = 1 
Mantissa 4926 
So tog 0.3109 = 1.4926 
Q3. Find the numbers whose 
common logarithms are: 
i) 3.5621] 
let the number be x 
log x = 3.5621 
Characteristic a 3 
Mantissa = 5621 
x =antilog 3.5621 = 3648 
X = 3648 
Hence 3648 ts the required number 
ii) 1.7427 
Let the number be x 
Log x = 1.7427 
Characteristic = 1 
Mantissa = 7427 
x=antilog 17427 = 0.5530 
x = 0.5530 


Hence 0.5530 is the required 
number 
Q4. What replacement for the 
unknown in each of following 
’ will make the statement true? 


i) log, 81=L 
In exponential form 
3 =81 
3) — 34 
=> L=4| Bases are equal so 


exponents are equal 
ii) log, 6=0.5 
In exponential form 


5 ‘ 
a”? =6 


iid) 


iv} 


or 


So, 
Q5. 


i) 


ii) 
Sol: 


Squaring both side 
t 2 
a=36 
log, n=2 
In exponential form 
S=n 
— n=25 
10° = 40 
In logarithmic form 
Logie 40 =P 
log 40 =P 
Characteristic = 1 
Mantissa =x 6021 
P = 1.6021 
Evaluate 
lo _f. 
52 198 
} 
Let = Log, — 
ee PEs 198 
In exponential form 
ae A 
128 
a | 
“3 
= = ye 
=> 


log 512 to the base 2/2 
log, 5 512 


Let x= log, 512 


In exponential form 


Q6. 


i) 


“ii 


iii) 


227 =2° 
=> eg 
2 
AP 
3 
x=6 


Evaluate the value of ‘x’ from 
the following statements. — 


log, x=5 
In exponential form 
=x 
=> x= 32| 
log,, 9 =x 
In exponential form 
81° =9 
(9°) =9 
g?* ioe g 
= 2x = | 
1 
or x=—> 
2 


iv) 


v) 


In exponential form 


(64)? = 
(=e 
8 2 =8 
8* _ 8! 
— x=t 
log, 64=2 
In exponential form 
x =64 
x? = 8? 
=> x=6 
log,x=4 


Tn exponential form 
B =ix 


= x=81 
Laws of Logarithm 


In this section we shall prove the laws 


of logarithm and then apply them to find 
products, quotients, powers and roots of 
numbers. 


(i) log, (mn) 


(ii) log, (=| 
it 


HT 


log, m+log, n 


log, m-log, n 


(iii) log, m” = nlog,,m 

(iv) log, 2 = log, nXlog, b 
log, a 

(i) log.@nn) = log,m + log,n: 


Let log, m=x and 


log, n=y 


Writing in exponential form 
a*=m anda” =n 
a* xa” =mn 
ie., av’ =mn 
or log, (maj=at+y =log, mtlog,n 


Hence log, (nn)=log, m+log,n 


(i) Jog,(mn)#log, mxlog, n 

(ii) log, mt+log, naélog, Gn +n) 

aii) log, (mnp..j=log, mtlog, atlogap+.. 
The rule given above is useful im 

finding the product of two or more 

pomibes using logarithms, 


= 291.3 x 42.36 

= Jog(291.3 x 42.36) 

= log2¥1.3 + log42.36 
(logan = login + log.) 

= 2.4643 + 1.6269 = 4.09012 

antilog 4.0912 = 12340 


Evaluate 0.2913 x 0.004236. 


Let y = 0.2913 x 0.004236 
Then logy = log 0.2913 + log 0.004236 
logy = 1.4643 + 3. 6269 
logy = 3.0912 
y = anti log 3.0912 
y = 0.001234 


ii} leg, (=) =log,m-log,n 
n 


Let log, m=x and log,n=y 


Sothat a«*=m and a’ =n 


am oa 
2 ey 
a on n 
i.e., 


log, [7 ]-x-y=oe, m-log, 7 


‘ 
Ht \ 

Hence log, (2 j= log, m—log,n 
hy 


H 


Gi) log, m--log,n * log, On—-n) 


( 
(iii) 208, {4} slog, |-log, n=—log, #..... 
Criog 10) 


a! 
Let gece so that log x=log aid 
42.36 42.36 


Then log x = log 291.3 — log 42.36, .... 


ni 
(log, —=log, m—log,n) 
n 


log x = 2.4643 — 1.6269 = 0.8374 


3 hus a= antilog 0.8374 = 6.877 
valudte 9.0002913 
0.04236 
Let y eee so that 
6.04236 
er 002913 \ 
log y=log}| ———— 
0.04236 ) 


then log y = log 0.002913 — 1og0.04236 


logy = 3.4643 — 2.6269 
= 3 + (0.4643 — 0.6269) — 2 
= 3 - 0.1626 ~ 2 
= $F (t= 0-1026)=1= 7, 
(adding and subtracting 1) 
= 2.8374 
(31-2 31-2) 
Therefore, y = antilog 2.8374 
y = 0.06877 
(iii) log, (") = nlogam: 
Proof 
Let log ,m"=x, ie.,a*=m" 
and log,m=y, ie,a’=m 
Then a‘ =m’ =(a’)" 


ie. a” =(a”)"=a"> x=ny 


ie, log, m"=nlog,m 
e Evaluate 4(0.0163)° 


Let y = 4(0.0163)3 = (0.01634 


log y= : (log 0.0163) 


= 345.9120 
4 


_ 6.6366 
4 


_ 842.6366 
A 
= 24+0,6592=2,.6592 


Hence y =antilog 2.6592 
= 0.04562 


(iv) Change of Base Formula: 
log, n=log, nxlog, b or fog) n 
log, a 
Proof 
Let log, n=x so that n=b* 


Taking log to the base a, we have 


log, n=log, b* =xlog, b=log, nlog, b 
Thus log, n=log, nlog, b...... (i) 


Putting » = a in the above result, we get 
log, axlog, b=log, a=1 


or earn 
b 


Hence equation (i) gives 
fom nee (ii) 
log, a 
Using the above rule, a natural 
logarithm can be converted to a common 
logarithm and vice versa. 


log, n=logyg nxlog,10 or logign 
logigé 
] 

logig 2=log, nxlog;ge or eee 
log, 10 


The values of log,10 and logy, are 
available from the tables: 


l = 2.3026 and 
0.4343 


log)9 e=log 2.718=0.4343 


Exampte 


Calculate log, 3xlog, 8 


Solution 


We know that 


log, 10= 


logue cee” _ jog8 _log2* 


log, a ~ Jog2 log2 
log, 3xlog, 8 = log 2 5 Es ° = 3log2 _3 
log2 log3 log 2 
Ql. Write the following into sum or Sol: 
difference. log x—2log x+ 3log(x+1)—log (x? —1) 


i) log{ Ax B) 


re ral 2 a 2. 
Sol: log(AxB) = log A+ log B =log x~—log x” +log(x+1) log { x 1) 


ty ise 152 =log x+Jog(x +1) —log x’ —log(x’ -1) 
se poeta 1) 
}: —- = Jog 15.2 — log 30. ee eT 
So log 305 og 15.2 — log 30.5 (x 1) 
3 
iit) og 22 = jog — 04) 
af } x(x—1)(x+1) 
Sol: log = log 21 + log 5— log 8 (x41) 
7 x(x—l) 
iv) log 3j— . got 
15 Q3. Write the foliowing in the form 
k of a single logarithm. 
Sol: log it = log (=z = top (2) i) log 21 + log 5 
15 15 ) 15 Sok log 21 + log 5 
= J (log 7 —10g 15) = log21x5 
3 ’ i) log 25 - 2 log3 , 
(22)3 = log 25 — log3 
Y) log 5 : = 0 = =lo = 
% ; - & 3? p24 9 
22)3 J tts ie 
Sol: eee = log (22)? —logs" iii) 2Jog x—3log y 
5 Sok,  2logx—3log y 
= 7108 22~3log5 = log x’ logy” 
2 
; 25x47 = jog-- 
= 108 
vi) log ao y 
= log 25 + log 47 — log 29 iv) log 5+ log 6—log 2 
Q2. Express Sol: log5+log6—log 2 
log x~2log x + 3log(x+1)—log{x” ~1) 5x6 
= log—— 


as a single logarithm 2 


Q4. Calculate the following: 

i) log, 2xlog, 81 

Sol: As we know that log, n= log, n 
log, a 


. log, 2xlog, 81 = logz log81 
: log3 log2 


ii) log, 3x log, 25 
Sol: As we know that 


dogs , log 25 


QS. If log 2 = 0.3010, log 3 = 0.4771, 


log5 = 0.6990, then find the values of 


the following. 
D log 32 
Sol: log 32 
= log2° 
.. =Slog2 
= 5(0.3010) 


ii) 


iif) 


iv) 


y) 


= 1.5050 

log 24 

=log&x3 

= log 2’ x3 

= log 2’ +log3 

= 3log2+log3 

= 3(0,3010) +0.4771 


= 0.9030+ 0.4771 
= 1.3801 


2 


{0.3010 +0.6990-0.4771 


= log 2’ -log3 

= 3log 2—log 5 

= 3(0.3010)-0.4771 

= 0.4259 

log 30 

=log2x3x5 
=log2+log3+log5 

= 0.3010 +0.4771+0.6990 
=1.477] 


2 
=F oe{ 2 | “(log2-Hlog5—log3) 
3 2 


Applications of logarithm 


Show that 
16 25 8] 
Tlog— +5log —+log — =log2. 
brs g £30 g 


24 
16 25 81 
LHS =7]1 el —+log — 
"Fis| 24 ee 
= 7[log 16 —log 15] + 5flog 25—log 24] 
+ 3{log 81—log 80] 


Tog 24 —log (3x5)]+5[log 57 —log 
(23 x3)]+3flog 3 log (27x5)} 


= 7[4log 2—log 3—log 5]+5[2 log 5—3 log 2—Iog 3] 
+3[4log 3-4 log 2—-log 5] 


= (28-15-12) log 2+(—7—-534+12) 
log 3+(-7+10~-3)log5 


= log2+0+0=log2 =R.HS 


Example 


Evaluate: 


40: 07921x (18. 99)? 
(5.79)* x0.9474 


Lety = 


- J0.07921x(18.99)?_ 
(5.79)* «0.9474 


4 43 
0.07921 (18.99) 


(5.79)* x0.9474 
Logy = 
i. [meee 
3 (5.79)* x0.9474 


== flog {0.07921 (18.99)? } ~log {(5.79)* x0.9474}] 


=“ flog 0.07921+ 2log 18.99—4 log 5.79 — log 0.9474} 


712:8988+201 2786) —4(0.7627}-1.9765] 


[2.8988+ 2.5572—3.0508-1.9765] 


= x2 + 0.8988 + 2.5572 ~3.0508 + 1 - 0.9765] 
1 


=— (2.4287 
5A ) 
a 3 G+).4287) 
- 1+0.4762=1.4762 
y = antilog 14762=0.2993 


Given A = A,e*?. If k = 2, what 


A 
should be the value of dto make A ep ? 


Given that A = A,e** => 
A — kd 
A 


A 
Substituting k = 2 and A= — ; 


cal 2 20a 
we get =o e 
Taking common log on both sides, 
logig 1 — logjo2 = —2d logyve, 
where e = 2.718 
0 -— 0.3010 = —2d (0.4343) 
0.3010 


d = —— = 0).3465 
2x0.4343 


Q1. Use log tables to find the values 
of 

i) 0.8176 x 13.64 

Sol: Let x=0.8176 x 13.64 


Taking log of both sides 
log x = log 0.8176«13.64 


log x = log 0.8176 +1og 13.64 
= 1.912541,1348 
= -1+0,9125 + 1.1348 


log x = 1.0473 
Characteristics = a 
Mantissa = .0473 
x =antilog 1.0473 = 1t.15 
1 
ii) (789.5) 
] 
Sok: Let x=(789.5)8 
Taking log of both sides 
1 
log x = log {789.5)s 
3 . log (789.5) 
= + (2.8974) 
2: 
log x = 0.3622 
Characteristics = 0 
Mantissa r= 3622 
x =antilog 0.3622) = 2.302 
a 0.678x9.04 
tit) ———_____- 
0.0234 
es 0.678x9.01 
0.0234 
Taking log of both sides 
0.6789.01 
log x = log —--___—. 
0.0234 


= log 0.678 + log 9.01 —log 0.0234 
= 1.8312 +0.9847 (2.3692) 


= ~1+0.8312 +0.9547 — (2 +0.3692) 
=—]+0.8312 40,9547 + 2-0.3692 


log x = 2.4167 

Characteristics = 2 
Mantissa = 4167 
x =antilog 2.4167 = 261.0 


iv) $2,709 x Y1.239 
Sol: Let x = 42.709 x Yi.239 
Taking log of both sides 


u 


1 
log x = log (2.709)5 x(1.239)7 
i 1 
= log (2.709)5 + log (1.239)? 
= se (2.709) + log (1.239) 


a « (0.4328) + (0.093 1) 
= 0.0866 + 0.0133 
log x = 0.0999 
Characteristics = 0 
Mantissa = .0999 
x =antilog 0.0999 
x =1.259 
) (1.23)(0.6975)} 
Vv ee a 
(0.0075) (1278) 
1.233(0.6975 
Sol: Let x= (1.23}(0.6975) 
(0.0075) (1278) 
Taking log of both sides 
(1.23)(0.6975) 
(0.0075) (1278) 
= log !.23+ log 0.6975 — log 0.0075 —log 1278 


= 0.0899 +-1.8435 —3.8751-—3.1065 
= 0.0899 —14 0.8435 + 3-0.8751-3.1065 


log x = log 


log x =—1.0482 


= —-2+2-1.0482 
=~+2+0.9518 

log x= 2.9518 
Characteristics = 2 
Mantissa = 9518 
x= antilog 2.9518 = 0.0895 


0.7214 20.37 
se seemed 
60.8 
Let xx 0214x2037 
60.8 


I 
-(Or enn T214x20. aT 


Taking log of both sides 


i 
a 20.37 
log x =log| — — 
60.8 
] ca 2 
==log}] —~—__—_—_ 
3 60.8 
ce = (log 0.7214 + log 20.37 ~ log 60.8) 
= (i8ss2+ 1.3090 -1.7839) 


5 (-1+0.8582+1.3090-1,7839) 


=> (-0.6167) 


log x = -0.2056 


=~1+1~0.2056 * 
=~1+0.7944 


log x= 1.7944 
Characteristics = I 
Mantissa = ,7944 

x= antilog 1.7944 


= 0.6229 
83x 7/92 
127 3/246 
_ 83x92 
~ 127x4/246 
- 83x(92)3 


1 
127 x(246)5 
Taking log of both sides 


vii) 


Sol: 


i 
2 3 
ere, 82% (92)4 


t 
127x(246)5 
I i 
= log 83 + log (92)? ~ log 127 —log (246)5 


— log83+$log(92)~1og127 -~1og(246) 


=1. 919142 (1 .9638)}— 2.1038 — (2.391) 
=1.9191+ 0.6546 — 2.1038 - 0.4782 
log x = —),0083 


= —1+1-0.0083 
=~ 1+0.9917 


log x=19917 
Characteristics = 1 
Mantissa = 9917 
x=antilog 19917 = 0.9811 
(438)’ 40.056 
(388)" 
(438) 0.056 
(388) 


viii) 
Sol: Let x= 


__ (438) x(0.056)2 


Taking log of both sides 
I 
(438) x(0.056)2 


log x = log ~ Gsey' 


1 
= log(438)° +log(0.056)2 ~ log (388)" 


= 3log (438) + 5 log (0.056) — 4 log (388) 


. 


a 
= 3(2.6415) + (2.7482) —4 (2.5888) Q3. 


= 1.90314 2(0.4914) 
= 1.9031+0.6143 

log C = 2.5174 
Characteristic = 2 
Mantissa = .5174 

C = antilog 2.5174 

C = 329.2 unit 


4. 
The formula p=90(5) 1° applies 


= 3(2.6415) +-(-24-0.7482)~4 (2.5888) 


to the demand of a product, where ‘q’ is 
the number of units and p is the price of 
one unit. How many units will be 


= 7.9245+ =(-1.25 18)—10.3552 


= 7.9245 — 0.6259 ~ 10.3552 
log x =—3.0566 

=—4+ 4—3.0566 
=—44+0.9434 


log x = 4.9434 


Sol: 


Characteristic 4 

Mantissa .9434 

x= antilog 4.9434 = 0.0008778 

Q2. A gas is expanding according to the 
law PV" =C. Find C when P=80, V=3.1 


ik 


li 


and pe 
4 


So PV"=C 
Taking log of both sides: 
log PV" = logC 
log P+ log V“ = logC 
logC = logP+nlag V => 


Putting P=80, V=3.1 and n= * 


log C = log 80+ Jog 3.1 


demanded if the price is Rs. 18.00? 


g=? and p=Rs. 18.00 


4 
p=90(5) 0 

By 
18 = 90(5)!0 
Taking log of both sides 


q 


log 18 = log 90(5) 10 
log 18 = log 90+ log (5) 

~4 
log 18—log 90 = —log5 
Og 08 10 0g 
10(log18 —log 90) = -glog5 
10(1,2553-1,9542) = —q (0.6990) 


6.989 = ~q (0.6999) 
q(0.6990) = 6.989 


7 6.6990 
gq =9.998 
g=10 approximately 


So 10 units will be demanded 
OR 


p = 90 (5) “Ke 10 
Taking log of both sides 
log p = log 90 (5) %o 
-q / 
Jog p = log 90 + log (5) Ho 


log p = log 90 - > We 5 


i 4 log 5 = = log 90 — log p 


3 log 5 = log 90 - log 18 
90 

-.Joz 5 =i —-- 

eae (CANT: 


= log 5 = log 5 


4 . 85 
10 log5 
I gs 
10 
q= 10 Units 
O44 Azer 
r=—_, r=15, A=? 
7 
As A=ar’ 


Taking log of both sides 
log A= logar? 
=logz+logr? 
= log a+2logr 

22 
= a a -+2log15 


= log 22—log 7+ 2log15 


= 1.3424 —0.8451+2(1.1761) 
= 1.3424—0.8451+2. aes 
log A = 2.8495 


Characteristics = 2 
Mantissa = .8495 
A = antilog 2.8495 
A=707.1 


QO5. If velar, find vy when 


= =. r=2.5 and h=42, v=? 


As vas arth 
3 
Taking Jog of both sin 


log v = log 5a *h 


=log - +log a + logs’ +logh 


== log]—log3+ ies y 22 —log 7 + 2log 2.5+log 4.2 
=O~0.47714+1.3424—-0,8451 +2(0.3979) +.0.6232 
log v =1.4392 
Characteristics = | 
Mantissa = .4392 
ves antdeg 1.4392 
v= 27.49 


following. 

log3 x =5 

logs3 x =5 

In exponential form 
x=3° 

x = 243 

log, 256 = x 

logs 256 = x 

In exponential form 
4* = 256 

4° = 4" 

x=4 


1 
lo 5=— 
8625 4" 


1 
. lo 5=—x 
. 2625 r 


In exponential form 


1 
— (625)4" =5 


1 
(5*)4° =5 


adn: 
4 
x=] 


2 
log,, x cae 


2 
log,, X= oy 


In exponential form 
~2 
x= 64? 


= 
3 


x =(4°) 


Review Exercise 3 


Find the value of ‘x’ in the 


QO4. 


ii) 


iii) 


iv) 


Q5. 


i) 


Sol. 


Find the value of ‘x’ 


following. 
log x = 2.4543 
Characteristic = 2 
Mantissa = .4543 
x = antilog 2.4543 
= 284.6 
log x = 0.1821 
Characteristic = 0 
Mantissa = .1821 
x = antilog 0.1821 
= 1521 
log x = 0.0044 
Characteristic = 0 
Mantissa = ,0044 
x = antilog 0.0044 
x= 1,010 
log x = 1.6238 
Characteristic = 1 
Mantissa = .6238 
x = antilog 1.6238 
x = 0.4205 


in the 


If log2 = 0.3010, log3 = 0.4771 
and log 5 = 0.6990, then find the 


values of the following. 


log45 
log45 


iii) 


06. 


i) 


= log 3°xS 

= log 3’ +log5 

= 2log3+log5 

= 2(0.4771)+0.6990 


= 0.9542 +0.6990 
= 1.6532 


= log 2* -log3—log5 

= 4log2—log3—log5 

= 4(0.3010)—0.4771—-0.6990 
= 1.2040~0.4771—0.6990 


= log 2+log3—log5° 

= log2+log3—3log5 

= 0.3010+0.4771-—3(0.6990) 
—1.3189 

—2+4+2-1.3189 

= -24+0.6811 

= 2.6811 

Simplify the following: 


I 


_ $25.47 


Sol. 


ii) 


Sol. 


iii) 


Sol: 


l 
Let x=(25.47)3 
Taking log of both sides 


1 
log x = log (25.47)3 
= le8(25.47) 


= 1 (4060) 
3 


log x = 0.4687 
Characteristic = 0 
Mantissa = .4687 
x = antilog 0.4687 
x = 2.942 


¥342.2 


1 
Let x = (342.2)5 


Taking log of both sides 
: ] 
Log x = log (342.2)5 

= = log (342.2) 


a 1 (2.5343) ; 
5 


log x = 0.5069 

Characteristic = 0 

Mantissa = .5069 

x = antilog 0.5069 

x = 3.213 

(8.97) x(3.95)° 

4/15.37 

_ (8.97) x(3.95)" 

ai 1 
(15.37)3 

Taking log of both sides 

: (8.97) x(3.95)° 


1 
(15.37)3 


Let x 


log x =lo 


1 
= log(8.97)° + tog (3.95)" — log (15.37)3 


= 3log (8.97) + 2 log (3.95) ~310g(15.37) 


= 3(0,9528) +2(0,5966) -+(1.1867) 


3. 


§, 


if a“ =n, then 
(a) a= log, n 


(b) x=log,a 
{d) a= log, x 
The relation of y = log, x implies 
fay x7=zZ (by) OX 

(c) x*=y = (d) 
The logarithm of unity to any base 
is. 

(a) i (b) 10 

{c) e (d) 0 

The logarithm of any number to 
itself as base is___ 

{ay (b) 0 

{c)} -1 (d) 10 
loge=___. wheree = 2.718 

{a} 0 (b) 0.4343 


(c) X= log, # 


yr=x 


© 7 \@ 1 


The value of log (2) is 
q 


(a) logp-logq 
(by °8P 
loggq 
(c) log p+ log q 
(d) logq-logp 
log m” can be written as 
(a) (log my" (b) mlogn 
(c) nlogm (d) log (mn) 


= 2.8584 +1.1932—0.3956 
log x = 3.6560 
Characteristic = 3 
Mantissa = .6560 

x = antilog 3.6560 

x = 4529 


11. 


12. 


13. 


can be written as. 


log axlog b 
b c 


(a) log,a (bd) 
(c) log, b (d) logy,c 


log, ¢ 


Logy x will be equal to___ 
(a) log, x (b) log, z 
log, Z log, z 
lo 
(SEX Eee 


log, y log, x 
For common logarithm, the base 
is 
(a) P (b) 10 
(c} e (d) 1 
For natural Jogarithm, the base 
is 
(a) 10 (bo) e 
{c) 2 (d) 1 
The integral part of the common 
logarithm of a number is called 
the ___ 
(a} Characteristic | (b) Mantissa 
(c) Logarithm (d) None 
The decimal part of the common 
logarithm of a number is called 
the : 
(a) Characteristic (b) Mantissa 
(c) Logarithm (d) None 


14, 


15. 


16. 


17. 


18. 


19. 


If x = log y, then y is called the 
__ of x. 

(a) Antilogarithm (b) Logarithm 
(c) Characteristic (d) None 

If the characteristic of the 
logarithm of a number is2, that 
number will have zero  (s) 
immediately after the decimal 


point. 

{a) One (b) Two 
(c) Three (d) Four 
If the characteristic of the 
logarithm of a number is 1, that 
number willhave __ digits in its 
integral part 

(a) 2 

(b) 3 

() 4 

(d) 5 


The value of x in log; x = 5 

1S 

(a) 243 (b) 143 
(c)} 200 (d) 144 
The value of x in log x = 2.4543 is 
(a) 284.6 (b) 1.521 
(c) 1.1010 (d) 0.4058 
The number corresponding to a 


given logarithm is known as ___ 


(a) Logarithm  (b)Antilogarithm 
(c) Characteristic (d) None 

30600 in scientific notation is ___ 
(a) 3.06x10* (b) 3.006 x 10° 
(c) 30.6x10' (d) 306x 10° 
6.35 x 10° in ordinary notation 

is 

(a) 6350000 (b) 635000 

(c) 6350 (d) 63500 

A number written in the form 

ax 10", where i<a<10 and nis an 

integer is called 

(a) Scientific notation 

(b) Ordinary notation 

(c) Logarithm notation 

(d) None 

log p — log q is same as 


(a) oe 
P 


(b) log(p-q) 


y ae ar ea ae? 
ease 
12. 


11. | b 


16. 17. 


Oo) mp 
ain 
peje | ol} o 


22. 


ALGEBRAIC EXPRESSIONS AND 
ALGEBRAIC FORMULAS 


Deétine the following terms: 
A 


leebraic Expressions’ 


When operations of addition and 
subtraction are applied to algebraic terms 
we obtain an algebraic expression. For 


Polynomials 


2 
instance, 5x7 -3x+-—— and 


vx 


3xy + z {x#0) are algebraic expressions. 
x 


A polynomial in the variable x is an algebraic expression of the form 


P(x)= 0,2" + dy jt" dy gx” +..+@x+4,,d, £0,....() 


Where n, the highest power of x, is a non-negative integer called the degree of the 
polynomial and each coefficient a, is a real number. The coefficient a, of the highest power 


of x is called the leading coefficient of the polynomial. 2x*y? +x? y* +8x is a polynomial in 


two variables x and y and has degree 7. 


Rational Express Expression 


P@) of 
q(x 


The quotient two 


polynomials p{x) and q(x), where g(x) 
is a non-zero polynomial, is called a 
rational expression. 


For example, ce 


+ 
: , 3x+8#0 isa 


rational expression. 

P(x) 
(x) 
p(x) is called the numerator and g(x) is 

known as the denominator of the rational 


P = . The rational expression 
q 


In the rational expression 


> 


expression 


PO) need not be a polynomial. 
q(x) 


Reduce the following algebraic 
fractions to their lowest forms. 
(i) ix+ ey 

3x* —3y 
3x? +18x+27 
5x°-45 
@ ix+ mea) 
3x° —3y 
xi +m)—y+m) 
3(x? — y*) 
t+m)(x-y) 
3(x+ y)(4-y) 
i+m 
3(x+ y) 


(ii) 


Which is in the lowest forms. 3(x+3) 


(i) BX #18x+27 _ 3007 +6249) 5(x-3) 
5x? —45 5(x? ~9) Which is in the lowest forms 
3(x +3)(x+3) 


— 5(¢+3)(x—-3) 


Simplify (i) ae ee 
X-y X+y x -y 
2x" x 1 


(ii) 


Soltifiun 


© 
x4-16 x?-4 x+2 


. 18 2&2 
xX-y xty (x+y)}(x~y) 
X+ y~(x- y)+2x 
(x+ yx-y) 
(L.C.M of denominators) 
Aty—£+y+2x 
(x+ y)(x~-y) 
2x+2y 
(xt y)(x-y) 
2(x+ y)} os he 
(x+y)(x-y) —ox-y 
2x” x 1 
4-16 2-4 x+2 
2x? x 1 
a OS NE 
(x7 +4)(x7—4) x74 x42 
és Ox? : x al 
© (2 +4)(x42)(x—2) (#422) 42 


220 —x(x? +4) 4 (02 44)(x-2)_ 24" - YP — ahs A 4 ak - 2e7-8 


(x? +4)(x+ 2) (4-2) (x? +4)(x+2)(x—-2) 


(ii) 


-8 
(x2 +4) (x4+2)(x—2) 
(x7 +4)(x7-4) x*-16 


Example 


Find the product 


x+2 4x? -9y 
2x-3y xy+2y 


Solution 


x+2 4x7-9y? & (x+2)[(2x)? —Gy)7] 
(2x-3y)(x+2)y 


_  GrB Axt3y) (22-39) 
y¢ 42) ( 2x39) 


2x+3y 
y 


2x-3y xyt+2y 


dxy_,_|4y 


Simplify 5 


x 4x44 x? -4 


7xy | lay 
2 Re) 
x -4xt+4 x°—-4 
2 
: 7TXxy ee 4 
x°-4x+4 9 dy 


Txy LIM GED 
(x-2)( 42) 14y 
x(x+2) 
2(x—-2) 


i xaniple 


2 3 
Evaluate 3x? Jy +6 if x = —4 and y=9 


3(x+ y) 


We have, by putting x = 4 and y= 


9, 
3x°fy+6 _ 3(-4)°V946 _30163)+6_150_ 


S(x+y) 5(-4+9) 


5(5) 25 


1. Identify whether the following 


algebraic | expression are 

polynomials (yes or no). 

@ 3x24 No 

a 

(ii)  3x°~4x?—-xVx+3 No 

(iit) x?-3x+J2 Yes 

(iv) ax +8 No 
x—-I 


2. State whether each of the following 
expression is a rational expression 


or not. 
(i) 3vx No 
3Vx +5 
(ii) x)= 2x? +3 Yes 
24+3x—x? 
(ili) ane Yes 


x~-9 


tv) 2Vx +3 
2x —3 

3. Reduce the following rational 
expression to the lowest forms. 

120x? y* 2° 

30x* yz” 
4x7? a pe 
axt y? 23 
x 


ay Sat _ 4da(x*t) _ 4a 


202-1) (x-DOeT) x1 


No 


(i) 


oll 


sa (x-y)? (x~y}(x-y) 
L x? + y? —2xy 
(x-y}{x-y) 
L_(x-y)’ 
(x-y)(x~ y) 


2, 


(x3 —y*)(x? -2xy+y? 
(x~y)(x? +xy+y’) 
Sy 3 _N 
ED yy 
y 


(x +2)(x? -1) 


(iv) 


(v) 5 
(x +) (x* -4) 
_ GAB a-DG+Y _ x-1 
(rT) (x-2) (eZ) x2 
(vi x7 -4x4+4  (x-2)° 


2x*-8 — 2(x?-4) 


(x+y)? ~Axy " +y? + 2xy ~4xy 


___ (x-2/ 
2(x ~2)(x +2) 
_ GB(x-D 
2(-2) (x + 2) 
7 x~2 
2(x +2) 
64x° —64x 
(8x7 +8)(2x +2) 
eZ 64x(x4 -l) 
8(x? +1).2(x +1) 
— 64x(x4 -1) 
16(x7 +1)(x +1) 
_ x(x? + 1)(x? -1) 
(x* +1)(x +1) 
_ 4x24) (xD 4 
EF Gert 
=4x(x~-D 
Ox? -(x?-4)? _ 3x)? —(x? ~4)? 
4+3x—-x? 44+3x—x? 
(3x+x?—-4) x* +4) 
: (4+3x —x?) 
=3x+x7-4 
= x°4+3x-4 


(vii) 


3 — 
4. Evaluate (a) x y-2t for (i) x =? 
XZ 


y =~-1,z=-2. 
sete sale 7 
(a) (3) (-1)- 2(-2) 7 27+4 
3(—2) 6 
-23 23 5 


x2y3 524 
XYZ 


(b) 


-1 


z (4)?(-2)3 —5(-1)* _-16(8)-5 


for x = 4,y =—2,.z = 


(4)(-2)(-1) 8. 
— D128-5 —_ 
8 8 8 
5. Perform the indicated operation 
and simplify 
15 4 


(i) 


2x —3y 7 3y —2x 

_ 13Gy ~2x)-—4(2x—3y) 
~ x-3y) By ~ 2x) 

_ 45y -30x ~8x +12y 

~ (2x-3y)By—2x) 

_ 57y —38x 

~ (2x=3y) By -2x) 


__H9Gy¥~-2%)——~19 

~ (2x~3y) By-2x)  2x—3y 

1+2x 1-2x 

1-2x 1+2x 

_ (1+2x)* -(1—2x)? 

(1-2x)(1 + 2x) 

_ +4x? +4x)—(14+4x? —4x) 
(1— 2x) (1+ 2x) 

1+ 46? 44x A 4 44x 
(1-2x)(1+ 2x) 

. 8x _ &x 

© (1=2x)(+2x) 14x? 


(ii) 


di) 7 


= (x —5)(x +5) _xt5 
(x-6)(x+6) x+6 


(iv) 


{v} 


_ (&—-3)x +5)~ (x +5)(x -6) 
’ (x +6)(x —6) 
(&+5)[(x-5)-(x-6)] | 

{x +6)(x -6) 
_(X+5)(X — 5K +6) 

(x +6) (x —6) 
_ (x+5XD x +5 
~ (x+6)\x-6) x36 

xy] __siaxy 


X-y x+y x?_y? 

_X(x+y)-yary) — 2xy 
(x-y\xty) xy? 

_X + ~-~ ry ny 


xy? xy? 


xX ty? 2xy 
2_y? 


x7~-y* xX 
_ x+y? -2xy 
(x? =y?) 
___(x-y)®_x-y 
(EV) (x+y) x+y 

x-2 f{  x+2 
x°+6x+9 2x?-18 
= x-2 __x+2 
~ x243x43x49  2(x2—9) 

a x-2 X+2 
 x(X+3)4-3(x+3) 2K —3)\(x 43) 
x~-2 x+2 
_ (x+3)(x+3)  2(x-3)(x43) 
_ 2x—-3(x ~2)~(x +3)(x +2) 
 2K=3)(K43(K+3) 


_ Ux? +2x-3x4+6)—(x7 + 2x +3x46) 


2(x ~3)(x +3)? 


= 2(x? —5x +6)—(x? +5x +6) 
2(x —3)(x +3)? 

ms 2x*-10x +12—x? -5x-6 
2(x = 3)(x +3)? 


- x7? 15x +6 
2x -3)(x +3)? 
: ] 1 2 4 
Se cra re 


_xX+I-(x-1) 2 4 
~ (x-Dxt+l) x241 x44 


Saree | 
_ 2x? +1)-2x?-1) 4 
(x? -1(x? +1) 


_ ah 2- 2h? + 2E 4 


ae 


x? -1 x" al 
2 AL | 
~ x4 ft xk 
_ 4-4 
fly 
_ oO 
7 x4] 
= Q 
6. Perform the indicated operation 
and simplify: 
(i) (x2 _49) 5x ae 


= (x— Norn 2 


= (x ~7)(5x +2) 


Gi) 


(iii) 


L(y =)" 
y? 


18—2x? 


ete 12. 
x?-9 x 2 46x49 


__AK-3) 209-7) 
(x-3)(x+3) x? 43x 43x49 
_ 4x3) 2-x)(B+x) 
~ (x-3)(K+3) x(x +3)4+3(x +3) 
_ AK-3)  2G-x)G+x) 
~ (x-3x +3) (x +3)(x +3) 
__ 4(x-3) (x #3)(x+3) | 
(x +3)(x -3) 2(3+x)(3-x) 
2 
3-- 
6 


X 
ee 
2 Toa(xt+x?y? +y*) 
y” 


2 


+(x) tx7y7 +y*) 


_(x*-y')(x?+y’) =( aaa A) 


X +x" y°+y 


_(x-y)(x? + xy ty?) yx? xy +) 


x 


(iv) 


x-y? 
1 


x4 + “oye + y' 


7 (32=f7 (2? +xyty)(x? —xyt+y’) 
yay 
1 


xt +x2y ty! 


x 


= xt 4x7y? +y4 


xia xy2+y! 


=] 
x7-1 x45 
x? 42x41 1-x 


_—GHx+l) x45 


x7 +x4+x4) (x-1 


= ~(x +1) (x +5) 
x(x +D4+1(x4+) 


eth Geh x4 
x? +xy x? +xy x7 =x 
y(xt+y) yx+y) xy—2y 


x9) X Bry f(x-2) 


“yrs Ff Goryy X(x-1) 
_ x(x-2) 
~ yx~1) 
’" Ifa+b=7 and a —b = 3, then 
find the value of (a) a? +b (b) ab 


We are given that a+b=7 = and 
a—b=3 
(a) To find the value of (a7+b"), we 
use the formula 
(a+b)? +(a—b)* =a? +b?) 
Substituting the values a+b=7 and 
a—b=3, we get 


(v) 


TP +B = HB | 
=> 4949 = Aar+by 

=> S58 = ~“4e2+R) , 

> 2% = at ab, 


(b} To find the value of ab, we make 
use of the formula 


(a+b)? —(a—by* 4ab 
> (7-3) =  4ab, 


=> 49-9 = 4ab 
=> 40 = 4ab, , 
=> 10 = ab, , 


Hence a?+b?=29 and ab=10. 
If a+b? +c7=43 and ab+be+ca=3, 
then find the value of a+b+c. 


Solution 


We know that 
(at+b+c) =a? +b" +c* +2ab+2bc+2ca 
(at+b+c) =a? +b? +c? 4+2ab+be+ca) 
=> (atbte)* = 43+2x3 
(Putting a? +b* +c? =43 and ab+be+ca=3) 
=> (at+b+c)* = 49 
=> atbt+c = + /49 
Hence a+b+c = +7 


If atb+c=6 and a?+b*+c?=24 then 
find the value of ab+be+ca. 


We have 
(a+b+c)* =a? +b? +c? +2ab+2be+2a 
(6)? =24+4 2(ab+ ke +ca) 

=> 36=24+2(ab+bc+ca) 

=> 12=%Aab+bct+ca) 

Hence ab +bce+ca=6 


Exainole 


If a+b+c=7 ‘and ab+be+ca=9, then 
find the value of a2 +b? +c’. 


Solution 


We know that 
(atb+c)* =a? +b* +c" + 2ab4 2be+2ca 


=>(atb+c)* =a’ +b? +c° +2ab+be+ca) 
=> (7) =a? +b? +c7 +29) 

=> 49=a7 +b" +07 +18 

=> 3l=a* +b? +¢7 


Hence a? +b" +c? =3)1 


Example 


If 2x ~3y=10 and xy=2, then 
find the value of 8x° -27y'. 


Solation 


We are given that 2x~3y=10 
=>(2x-3yyP = doy 
=> 8x9 -27y? —3x2.xx3y(2x—3y) = 1000 


=> 8x? -27y? -18xy(2x-3y) =1000 


=> 8x°-27y?~18x 2x10 = 1000 
=> 8x°-27y? 360 = 1000 
Hence 
8x-27y> = 1360 


Exaniple 


if x4 ag , then find the value of x° eS 
x x 


Solution 


We have been given eae 
x 


1y 
=> Ga = (3) 


= Pets3{xe4] = 512 
x ax 
3.1 
=> x +—7+3x8 = 512 
x 
ae | 
=>. x +—z+24 = 512 
26 
1 
=> x45 = 512 -24 
be. ot 
x 


Example 


If rseae then find 2 ——- 
x 3 


x 


We have r 4 =4 


> f-4aarx tft} = 64 
x Xx x 


= 3-34) = 64 
- 

=> Pa = 64 
x 

= et =  64+12 
x 

=> eo = 76 
x 


Example 


Factorize 64x° +343 y 


Solution 


We have 
64x° +343 y? = (4x)? +(7y) 


= (4x+7y)[(4x)* (4x) (Ty) +(Ty)7] 


= (4x+7y) (16x? ~28 xy+ 49 y") 


Example 


Factorize 125x° —1331y° 


Solution 


We have 


125x° -1331y? = (5x)-(11y)3 
= (5x~11y)[(5x)? +(5x) (Ly) +1 ly] 
= (Sx—Lly) (25x? +55.xy+121y?) 


heample 
Factorize 


(2 3 g 2 9 } 
Zxt— || — x" -14— 
3 2x/\\9 4x 


Caley 


)+) 
x| 4(2= 
2x 
S.3. OT 
ag 
27 8x3 


find value of a” + b’. 
Solution: 


‘J 


3 
2x 


2(a*+b’) = (a+b)? + (a-b)” 
2(a*+b’) = (10)" + (6) 


2(a7-+b?) = 100 + 36 


a+ b?= TS = 68 


hi 


3 
2x 


Exercise 4.2 
1() Ifa+b= 10 and a-—b = 6 then 


Exampte 


Find the produet{ 2x2) 
5 4x 
& 2, 25 
— x" ++ 
25° 16x 


(: (32 >. 25 ) 
—xX~— |} ——x* +—~ +1 
5S 4xA25° 16x? 


(3 S) 16x? 25 
= pox -—— || ——+1+—, 
5 4x 25 16x° 


“2 CHE] 


(: ) (2) 64 3, 125 
z= i X —| -—- =—y- 
5 4x} 125° 643 
Fxsaipde 
Find the continued product of 
(x+ y)(x—y) (x? +.2ay+ y?) (x? — ay y?) 
(x4 y)(x—y) (x? +xy4 y?) (x? —ay4 y?) 
= (xt y)(x? -ayt y? x= yr? tay ty?) 
=(7+y)(3-y)=0°)? (yy? =18— y6 


Gi) IWfa+b<=5,a—b-= VI7 then 
find value of ab. 
Solution: 


dab = (a+ b)? ~ (a-b)’ 
dab = (5) - (Vi7) 


4ab = 25 ~ 17 
dab = 8 


2. 


ab= 2 =2 
4 


If a? +b? + 07 = 45 anda+b+c= 


—1 find value of ab + be + ca. 
Solution: 


3. 


a+b+c = —] 

Squaring 

(atb+c)” = (-1)’ 
a°+b*+c74+2ab+abc+2ca =1 
a’+b*+c7+2(ab+be+ca) = 1 
45 + 2 (ab + be +ca) = 1 
2(ab + be + ca) = 1 - 45 
2(ab + be + (a) = 44 


ab + be + ca = t=-22 


if m+n+p = 10, mn + np + pm = 


27 find value of m?+n’+p’. 
Solution: 


4, 


m+n+p =10 

Squaring both sides 

(m+n+p)” = (10) 
m°+n*+p"+2mn+2np+2mp=100 
m’+n*+p"+2(mn+np+mp)=100 
m?+n?+p7+2(27) =100 

m’+n7+p"+54 = 100 

m’+n7+p" = 100 —54 

m’+n?+p"=46 

if x” +y? + 2” = 78 and y+yz+2x=59 


find x + y + z. 
Solution: 


(x+y+z) = x4y74274+2xy+2yz42Zx 
= Xx *+y"+z"+2(xy-+yZ+2x) 
= 78+2(59) 
=78+118 
= 196 
Vxty+2)? =J196=y(414) 
x+y+z=+ti4 


a3 


Ifx+y+z= 12 and x’ +y?4+ 7 = 


64 find value of xy+yz+zx. 
Solution: 


6. 


X+y+z=12 

Squaring both sides 

(x+y +z)’ = (12) 

x 4y*+27 + 2xy+2yz+2zx = 144 
x? + y"4z742(xy+yz+zx) =144 
64 + 2 (xyt+yz+zx) = 144 

2(xy +yz+zx) = 144 - 64 

2(xy + yz+zx) = 80 


XY +yz + Zx = - = 40. 


If x + y = 7 and xy = 12 then find 


value of x° + y. 
Solution: 


7. 


x+y=7 
(x+y) =(7) 
x? +y? +3xy (x+y) = 343 
x*+y°+3(12) (7) = 343 
x +y? + 252 = 343 
x? + y? = 343 — 252 
x+y? =9]1 
If 3x + 4y = 11 and xy = 12 then 


find value of 27x? + 64 y’. 
Solution: 


8. 


3x+4y=11 | 
(3x + 4y)’ = (11)? 
(3x)°+(4y)°4+3(3x)(4x)(3x+4y)= 
1331 
27x*+64y"+36xy(3x+4y) = 1331 
27x*464y°4+36(12)(11) = 1331 
27x°464y°+4752 = 1331 
27x*+64y* = 1331 — 4752 =-3421 

If x — y = 4 and xy = 21 then find 


value of x° - y- 
Soiution: 


9. 


x~y=4 

(x-yy’ = (4) 

x"-y"-3xy(x-y) = 64 

x*-y*_3(21)(4) = 64 

x°-y°-252 = 64 

—y> = 64+ 252 

-y =316 

If 3x - 6y = 13 and xy = 6 then 


Bw 


ww 


find value of 125x° - 216y*. 
Solution: 


5x — 6y = 13 


=> (5x-6y)*= (13)? 
=> (Sx)"— (6y)-3(5x)(6y)(5x—6y)=2197 


10. 


125x? -216y*_90xy(5x-6y) = 2197 
125x°-21 6y°-90(6)(13) = 2197 
125x°-216y*-7020 = 2197 
125x°~21 6y* = 2197 + 7020 
125x?-216y° = 9217 


if x++6<=3 then fina Boge 
x x 


ee =3 Cubing both sides 
x 


I 3 
[x+4) =(3)° 
x 
454300 4](x +2 }ea7 
x x x 
4 543{xet ler 
x" x 
x3 4+443(3)=27 
x 


ees 
Xx 


lt. If pole. then find value of 
Xx 


x ae =7 Taking cube of both sides 
x 


1 4 3 
xX-—~—| =(7) 
JX 
5-300) 1 [x1 }2343 
x X X 
8-5-3 x-+)=343 
x x 
3 1 
x° = ~3(7) = 343 
Xx 
x) MPS, 2a 
x 


x3 ~5-=343421 
x 


3 
34( 4) 4 3¢a5yf 1 ols 
(3x) (3) +360(3.](a+2) 125 


+afax+t |1as 
3x 


75 4: l 3 
27x 


27x} +4365) =125 
27x 


21K? +5 +15 =125 
xX 


21x ++. =125-15 
27x 
27x34 7 = 110 
27x 


13. i sx-2]- 6, then find value of 


125x3 are * 
(o- 

Taking ge of both sides 
[sx 2 _ = (6)° 


(a) ae 
(sx-3- e216 


125x? sg 3 HO) =216 
x 


125x9 - 5 = 216418 
x 


125x3-—1 = 234 
125x 


14. Factorize (i) x° - y’ -x +y 
@) = x -y’-x4+y 
= (x—y)(x? +xy+y7)—K(x- y) 
=(x-y)| x? +xy+y? -1] 


1 
27y° 


(ii) 8x? 


i 3 
= (xy (4) 
3y 


ale i 1), \. ( 2 J) 


15. Find products, using formulae 
@ Ory*x*-xy74y4 
=(x*)? +(y?)? 
Ref =(a+b)(a2—ab+b?) =a? +b? 


=x%4y9 
Gi) (x? -y* x° +x°y? + y%) 
=(x°)*-(y?)? 
Ref.(a—b)(a? +ab+b*) =a° ~b° 
? 9 
(lil) (x —y)(x + yx? + y?)(x? + xy y?) 
(x? -xy+y?)(x4 -x7y? +y4) 


=(x—y)x? + xy+y? x + yx? —xy ty?) 


(x? + y*)(x4 —x?y? +4) 
a8 -y yi ty)/@7P +77) | 
=[(x*)? -(y9)? |(x° +y°} 
= (x°—y°\(x° + y®) 
=(x°)" -(y°)? 


16. (2x2 -1)(2x? + (4x4 +2x7 +1) 
(4x4 — 2x7 +1) 
= (2x” — 1)(4x44+2x741)(2x74+1) 
(4x* — 2x? + 1) 
= ((2x”)?-(1)°)((2x")?+(1)*) 


= (8x® —1)(8x° +1) = 64x!" -] 
= (8x°)* - (1)? 


Define Surd 


An irrational radical with rational radicand is called a surd. 
Hence the radical %/a is a surd if 

(i) a@ ts rational 

(ii) the result a is irrational. 


e.g., V¥3,V275, 37, 410 are surds. 


But Jz is not surd because is 7 not rational. 
Note: Every surd is an irrational number but every irrational number is not surd 


Example 
Simplify by combining similar terms. 


G) 43-327 +275 

Gi) = ¥128 -%/250 + ¥432 
(i) 43 -3V27+2V75 

= 4¥3-3,/9x3 +2,/25x3 =4V3~3V9/3 +2V25xV3 

= 44/3 —94/3 +103 =(4-9 +10) V3 =5 V3 
Gi) 4128 -4/250+ 3/432 

= 64x22 -3/125x2 +3/216x2 
¥(4)?x2-6yx2 +36)x2 
Yay ¥-o? 2+Yo? 2 

= 492-592 +692 =(4-5+.6) 92 =59/2 
| | 


Simplify and express the answer in the simplest form. 


6 
(i) V14V35 (i) ae 


| | 
@ Vi4v3 = fiG5 = fTxaxS =? x2x5 


tt 


= 7x0 = Ja?xvi0 = 710 
Fe 12 
(ii) We have 
V3 32 

Por V3 ¥2 the L.C.M of orders 2 and 3 is 6. 

| viz 2 i 12 a 

Hence 393" Jada Fi08 ae 

Its simplest form is 

iz 216 73 
P (3] e (2) | ae al 
3 3 3 3 
1. Express each of the following surd fete 
in the simplest form. (2 x2 x2) 

(i) ¥180 . 1 1 
=J2x2x3x3x5 (2°)3 x(2?) 2? 
= 2x35 

xs = 3 (2)(2)x¥2 
= 6/5 4 
3 

(ii)  3V162 = 33/2 
= 3 2x3x3x3x3 (iv) Fy 96x°y/2° 
= 3(3x3)V2 = 1 2x2x2x2x2x3x°y’z® 
= 279 1 

ze (2 3x XY yz 2\5 
(iii) 24 128 Re cae ee a Sole’ 
os = (2°)5 (3)5(x5)5.x5.(y°)5.(y?)5.(2°)5 (Z9)5 
a Lt, 2,3 
= 128)? = 2 35.x.x5y.y5 2.25 
PL 8 


t 
= 5 (2x2x2x2x2K2K2)3 


= 2xyz 35.x5.y5.25 


= 2xyz¥) 3xy°z° 


2, 


oO 


(ii) 


(iii) 


(iv) 


(v) 


Simplify 


V21xV9 _ V3x7xV3x3_ 


63 J 3x3x7 | if 


_ V3x7x3x3 
J3x3x7 
_AN21_ [2 
BVI NI 
= V3 


2. A3x>yly!5 


=(3>x5yi9z!5s 
ifr 1 
= (3°)5 (x°)5 (y!)5 (5) 5 


V21xV7xv3 
= (3x7 xVIxV3 


] 
= V3x7x7x3 =(3°x7? p 
1 1 
= (37)? x(77)2 
=3x7 


| 
| 


3. 


(ii) 


(iii) 


(iv) 


4. 
(i) 


=2] 
Simplify by combining similar 
ferms; 
Gj) = ¥45-3,/20+45 
= J9x5 -3V4x5 +4V5 
= 3/5 6/5 +45 
=(3-644)V5 
= (-34+4)V/5 
=V5 
4V12 +5/27 ~3V75 + J300 
= 43x44 5V3x3x3 —3V3x5x5 
+/3x2x5x2x5 
= 8V3 + 15/3 — 153 +10V3 
= (84+ I — 35 +10)V3 
=18/3 
V3 (2V3 +3V3) 
= ¥3((2+3)V3) 
= V3 (sv3} 
= 5f3x/3 
= 5(\/3x3) 
= 5(3) 
= 15 
216V5 — 3/5) 
= 2((6~3)V5} 
= 2(3¥/5) 
= 65 
Simplify: 
(34+ ¥3)(3-V3) 


= (3) ~(V3)? 


a (58) a on 
=(v5)' +(V3)" +2v5V3 ©) (Vx +Vy)(ve-Vy)(x+y) 


= 5434215 (x? +y"] 


— =842V15 2 2 ALS 
Git) (5 +8)(v5 vB) (APUG) lene es’ 
=(x-y)(x+y)(x? +y") 


=(x---y’)(x*+y’) 
=(x*)" -(y)* 


4 


m (mpheg) 


(i) A surd which contains a single term is called a monomial surd. e.g., J2 3 etc. 
(ii) A surd which contains sum of two monomial surds or sum of a monomial surd and a 
rational number is called a binomial surd. 
€.g., V3+V7 or ¥2+5 VI1-8 ete. 
Gii) If the product of two surds is a rational number, then each surd is called the 
rationalizing factor of the other. 


Rationalize the denominator 2 
yf 
To rationalize the denominator, we muitiply both the numerator and denominator by 
the conjugate (7+2,/5) of (7- 2V5) , ie. 
ee 58 T42V5 8 58(7+2V5). 


795 ~ FL Tes StS? S9? 


= S425) (radical is eliminated in the denominator) 


= BC+) bay 345) 


hLisample 


Rationalize the denomin oe ee 


Solution 


Multiplying both the numerator and denominator by the conjugate Ws -~J2) of 


(WS + V2), to get 


+V2 


— os 7 2 v5—v2 _ 2V5—V2) _ 20V5-v2) 
V5 +2 Js+v2 V5-J3 (sy? -(2yP 5-2 
_ AWS=V2) 25-2) 
3 3 
V6. _4v3 


Simplify 
SAK Je V3+N2v6—V2 


First we shall rationalize the denominators and then simplify. We have 
6 V6 4/3 
wa-v6 V3+J2 Je-v2 
6 2v3+v6 | V6 V3-V2_ 43 V6 +2 
Wa-J6 2346" Vaed2 J3=s2 Jo-J2 Vo+V2 


7 6(2V3+V6) , v6(v3—V2) _ A316 + V2) 
(23)? 6)? (3)? 22 (v6)? -(/2)? 
- 623 +6) VoW/3-V2)_ 4V3(V6 + V2) 
12-6 3—2 6-2 
12V3+6V6) _ V6v3—-V6v2)_4V3V6 +432 


? 6 I 4 


= 2/3 +/64+3V2-2V3-3V2-V6 = 0 


443V5 sy 5 


Find rational numbers x and y such that 
4 


-3V5 
443V5 a 4+3V5 | 44+3V5 | (4+3/5)* 
4-35 4-3/5 443V5 (4)? -GV5) 
Z 16+ 24/5 +45 _ 614245 
16-45 —29 
=> ree = x+y V5 (given) 
Hence, on comparing the two sides, we get 
61 ~24 
x oie a | ¥ ag Wail 
29 29 
Vf x=3+ V8 , then evaluate 
(i) x 4 and ide ¢-be ms 
x x 
Since x = 34 V8 ; therefore, . 
IN, *. a 1 3-v8 _  __ 3-v8 
x 3+V8 3478 3~-J8 (3)°—(W8)" 
= 3-8 = 3-8 
9-8 
iy ~o = 3+V8 +3—/8 =6 
x 
1 
(1) [x42] a 36 
x 
or x 42x45 236 
x 
or x — =34 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


1. Rationalize the denominator 


3 3 V3 3v3 


a3 4/3 V3 4N3x3 


_3v3_ V3 


43). 4 
4 _ 14 V2 
Jos 72 2 


1 1 bn 25 


3425 34205 3-25 
3-2/5 _3- 25 
3-295)? 9-20 
_3-2V5 

=H] 

15 
V31-4 

15 w3it4 


~Fai-4 J3144 


(vi) 


(vii) 


er 
(Vi i ~ (4) 


_15(V31+4) 


31-16 

35 (3144) 

- iran 

= /31+4 

25 OP NS tv3 

W5—J3 V5—V3 V5+3 
20/5 + V3) 
~ 5)? - 3? 
_2{V5+¥3} 

5-3 


=4(5+¥8) 
“Tz 


=J5+V3 
V3-1 ‘-A3-1, V3-1 
341 Bal V3-1 
(8-1)(8) 
(3) 0 


(V3) 41? -2(1) v3 
2 


_ 341-23 
2 


(vii?) 


(iv) 


(v} 


(58) 


(5) (8) 
(J5 +8 


5-3 
(V5 +(V3), +2(V5)(¥3) 
\ = 
_ 5434 2N15 
2 


_8+2VI5 
2 


_2(4+V15] 


2 

= 4415 

Find conjugate of x+ Jy : 
34V7 

Conjugate of 347 is 3-V7 
4—J5 

Conjugate of 4—VJ5 is 44V5 
243 

Conjugate of 243 is 2-V3 
2+V5 

Conjugate of 245 is 2-5 


5+ 7 


(vi) 


(vii) 


(viii) 


Q.3 
®) 


Conjugate of 54+V7 isS—V7 

4—J15 

Conjugate of 4 —J15 is 4+V15 
7-V6 
Conjugate of 7 —J6 isT+ v6 
94/2 
Conjugate of 9+ V2 is9-V2 
if x=2—V3i find + 

x 

2-3 


1 \ 


x = 


21 fz 
Die a Me 


= 243 


Rey ee find —- 
x 
1 atv 
4/17. 44-17 
4st 


4417 


a 
— _(44V17) 
= <d4eai7 


1 
(iii) ie *=V3+2, ting +5 


x= ¥3+2 
‘| is 2 
x 3+) “Be 2 
1 3-2 
* (v3) -(2y 
1_V3-2 
x 3-4 
1 Y3-2 
x -] 

| 1 4222-8 
x 
xt—= f5 +2- 88 +2 
er 

xX 


Q4. Simplify 
1442 a9 
W543 5-3 


(1 s)(i5-V8)_(1-va)(V5-45) 
(v5)-(v3)(v5)'~(v3)’ 
_(1+V2)(V5—V3) | (1-v2)(v5-+83) 

“ 5~3 5-3 
ENS: V2v3 ae ~V2V3 


Safe Srl 


Mi Bb + BB 6+ N54 — Fo 
2 
_2¥5-2V6 
2 
_2(5-ve) 
pane) 
Sie 6 


aa 5 8] EG 


2-43 2(V5 + 3) 2-~V5 
(2)'-(a) (5) (8) =(5) 
2-3, 2(V5+v3) 25 


4-3 5-3 4-5 


I 


=2-/3+ ASA) 2h 


= Z- cage hii a 
(iii) 


Bi Be Ei 


ry aS 


x — 


i a2 52 


Z(V5- 3) | ees a _ B(v5-v2) (V5) +(V2) -2(V5)(V2) 


ear cael ————— a 
~ 
= 


pe) 
= of§ — gomen ss Pa end t2=2Vi0 
=9 | , 
QS) If x=2+V3, find value of x—_. a1 2vi0 
x 3 
2 
and { x) 13 7+2v10 
iB x 7-2¥10 7+2y10 
x=24+¥3 
| ode i 3(7+2,10) 
x) 243 * (7) -(2v10) 
x 2+ V3 2-3 
1___ 2-3 1 3(7+2Vi0) 
* (2y~(v3) | x 49-40 
1| img B | AN) 
/ xX 
x-==2443-(2-¥3) 17a 
x 3 
ge alee | vp bn 72 2v10 , 7+2Vi10 
= 23 x 3 3 
(x4) =(2¥8) _ 71-2410 +7+ 2410 _ 14 
x 3 3 
-\ Now 
[-Z)-¥ ria 
x 3 
Gi) If x= v5 -v2 find the value of Squaring 
v5+42 ty fiay 
lee | OD 
a x? ssa and x° + x 3 
Bi, 5-5 a 
x= x 
J5+V2 V5.—V2 gil 1G > 
(5-Va) .. 36 
eee >, 1 _ 196-18 178 
(V5) -(v2) Mie age og 


Also 


_ 2744 


Q6. Determine the rational numbers 


a and b. if 


pai 


v3-1 v3 +1 =at+by3 


ae = 
Bat AB=! 


Ql. If ees find 


x 
(i) x" +--> 
(i) x+—=3 
x 
2 
Ga -(3) 
x 
ae 2=9 
x 
2, 1 
x +—- =9-2 
x? 


(ii) x + 4 
x 


34 N34 
341 B-1 =atbv3 
v3-1, V3=1 pail, f341 ere: 


Vast Va-1 Vat vB+t) 
(a) 84) as 
(ay ay (v8) 07 


(v3) +07 -2( 8), (V3) +0) 223 


=atbv3 
=) 3 a+bv3 


341- . see oe 


ice a6 ees 


2 


Han) 204, - 


= 91 Ne 
4= atbv3 


LG +bV3 =4 


Hence on comparing the two sides, we get 


=> a-=4 and b=0 


1 
x+—=7 
x 
F a, 1 
(ii) wr 
x 
i 2 
+5] =(7 
[e+z] = 
rae 
x +—~+2=49 
a 
deg al 
x + =49-2 
x 
Pan 5, 
x 


Q2. 


(ii) 


Q3. 


Now 


If peg find 
x 


(i) x? re (ii) x" ran 
x Xx 


Find value of x+y and xy if 


x+y=5 and x-y=3 
Axy =(x+ yy -(x-y) 
dxy = (5) ~(3)" 


dxy = 25-9 =16 


16 _ 


4 


x+y=5 


taking cube both sides 


(x+y) =(5)' 

x+y + 3xy(x+ y) =425 
x + y? +3(4)(5)}=125 
xity?+60=125 

x'+y° =125—60 


x+y =65 


1 
Q4. If P=2+3 find (i) aor 


(ii) P-— (iii) P? toy (iv) P? - os 
P=2+v3 
1 wt §-2/3 
P 243 2-3 
1 2-v3__2-v3 


eM aya} 4-3 
i) P+—=2+ A 42- fi =4 
ii) p-— = 1 +V3-2+V3= 3 


P—Je-(peg | et) =a) 


P 
=-8 V5 
=(4)(v3) Q6. Simplify 
=8/3 r va? +24+Va?-2 
Q5. Ifq= V5 +2Find (q+ + ae a 
l 2,1 : 1 _ Nat +2+ a’ -2 Nai +2+ a? -2 
Wa-t Gees Gy Get Gada Vahed eda? 
Solution: q= J5 +2 ( Pe ye a2) 
11 se2 ee 
q V5+2 V5-2 (va? +2] ~( a’ ~2) 
1 5-2 Z Z 
are i . Vas) + (Jara) +2( lat 43)(Va?—3] 
é le=o 4 of +24 +2 
ri) a+ Za? - 2420-4 
4 
" 
Of ene _2a?+2Va"—4 
= WS 4 
Gi) gta 542-V542 £(a*+Va*-4) 
q = pean A 
= A 
1 a’+Va'—4 
ii) q+ nD Sc 
gq 2 
ry 2 :— aaa 
Ga mies) a-Va—-x at+Vva’~x 
q+ oe +2=20 Ae Su 
i a-Va@-x ata’? —-x’ 
e+ =20 -2 1 __a-vaFoe 
es De ai atva-x Fae Fae 
+— = 
i q cs at eax a- ener 
© : v ? 
(iv) qe =[a+2] (a—1] (a) -( va? - x") (a) -( ax} 


4x + 3y — 2 is an algebraic 
(a) Expression 


{b)} Sentence 

({c) Equation 

(d) In equation 

The degree of polynomial 


4x*+2x7y a 

(a) 1 (b> 2 
(c) 3 (d) 4 
a+b’ is equal to_ 

(a) (a+b) (a’+ab+b7) 
(b) — (atb) (a -ab + b’) 
(c)  (a~b) (a* ~ab + b*) 
(@) — (a-b) (a” + ab -b’) 


(3+ ¥2)(3-v2) is equalto: 


(a) 67 (b) -7 

(c) -i (d) 1 
Conjugate of Surd a+ Vb is___ 
(a) ~at+vb (b) a-vb 


d) Va+vb @) Va-vb 
1 : 
~ 1S equal to 
a—b a+b 
2a 2b 

(a) ae: ob) =- b2 

—2a —2b 
© =a OZ 


Wa? -x? 


tL 


ae 
| ai is equal to: 
(a) (aby (b)_ (atb)’ 
(c) atb {(d) a-b 
(va+Vb) (Va -vb) is equal 
te... 
(a) a+b? (b) a?-b? 
(c} a~-b (d} a+b 
The degree of the polynomial 


xy 4+3xyty’ is 

{a) 4 (bo) 5 

(cc) 6 (ad) 2 

x? 4 = 

(a) (x-2) (x42) (b) (x—-2) (x-2) 
(c} (x +2) (x+2) (d) None 


(a) 2145 (b) ie 
x x 


(c) x? 4+1- = (d) x? AW 
2(a* + b*) = 

(a)  (atb)* + (ab)? 

(b) (a+b)? -(a-by* 

(c) — (atb)” (d)  4ab 
Order of surd Yx is 

(a) 3 (b) 


Es 
3 
©: 0 @ 1 


14. 


15. 


(a) 24-3 


16. 


(b) 2-3 


@: 2443 -@ 2-38 7. 


(atb)° - (a-b)’ = 


(a) 2(a*+b’) (b) 4ab ~ 


(c) 2ab 


V14.35 = 
(a) © 10 (b) 7/10 
(c) 710  (d) 8V10 


A surd which contains a single 
term is called surd. 
(a) Monomial 


(d) 3ab (b) Binomial 
(c) Trinomial 
(d) None 
ANSWER KEY 
oo BIRT 
eee. | 2 | id. | a | 
12. [a | 13. | a | 14. | a [ 15. [6 | 


05 FACTORIZATION 


Factorization: If a polynomial p(x) 

can be expressed as p(x) = g(x) h (x), 

then each of the polynomials g(x) 

and h(x) is called a factor of p(x). 

The process of finding the factors is 

called factorization. 

{a) Factorization of the Expression 
of the type ka + kb + ke. 


Factorize 5a-5b+5c 
Solution 
Sa ~ 5b + 5c = S(a—b+c) 
Factorize 5a — 5b — t5c 
5a —5b —15c = 5(a - b= 3c) 
(b) Factorization of the Expression 
of the type ac + ad + be + bd 
We can write ac + ad + be + bd as 
(ac + ad) + (be + db) 
=a(c + d) + b(c + d) 
=(a+b) (c+ d) 
Example 
Factorize 3x — 3a + xy — ay 


Regrouping the terms of given 
polynomial 
3x + xy —3a—ay =x(3 + y)-a(3 ty) 


=(3+y)(x—a) 


3 


Factorize pqr + qr —pr’ + 


Solution: 


The given expression = r (pq+qr~pr—1’) 
= | (pq-+qr)— pr- | 


= rLa(ptr)-r(p+r)| 
=r(ptr)\(q~-r) 
{c) Factorization of the Expression 
of the type a? +2ab+b". 
We know that 
(i) a’ + 2ab + b? = (a+b) = (a+b) (atb) 
(ii) a” — 2ab+b’ = (a—b)” = (a— b) (a—b) 


25x74405+16  =(5x)?+2(5x)(4) + (4)? 
= (5x+4) 
= (5x+4) (5x+4) 


12x? —36x+427 = 3(4x? —12x+9) 


= 3{ (2x) ~2(2%)3) +3)" ] 
= 3(2x-3)" 
= 3(2x —3)(2x~3) 


(d) Factorization of the Expression of the type a” — b’. 


ple Factorize 


(i) 4x’ -(2y —z)* (ii) 6x*— 96 
@ = 4x*~(2y-z)? = (2x)? -(2y-2) 
= [2x—(2y - z)|[2x+ (Qy- z)] 
=(2x-2Zy+z)(2x+2y—2z) 
(ii)  6x7-96 =6(x*-16) 
= 6| (x7)? ~(4)?| 
= 6(x? ~4)(x? + 4) 
=6| (x) ~2)" |(? +4) 
= 6(x—2)(x+2)(x? +4) 
(e) Factorization of the Expression of the types a” + 2ab + b* ~ c’. 
We know that 
a” +2ab+b? -c? =(atb)? ~(c)* =(atb—-ciatb+e) 
Maxample 
Factorize (i) x7 +6x4+9—4 y? 


(ii) = 14+ 2ab—a? -b? 


(i) x? 46x49-4y? = (x43)? —(2y)? 
=(x+3+2y)(x+3~—2y) 

(ii)  1+2ab—a?-b? =1-(a?—2ab+b?) 
= (1)? -(a-by 
=[1-(a-b)]fi+(a—b)] 
=(l-a+b)(1+a—b) 


Q.1 Factorize | =3y (3x —4x7 + 6y) 
(i) abc —4abx + 2abd 


ar 22, 2 
=2ab(c—2xn+d) (iii) 3x“y—3x+9xy 


E3 _3y2 
(ii) 9xy~12x"y +18y7 =~3x(xy+1~—3y*) 


{1¥) 


(¥) 


> 


(vi) 


Q.2 


(il) 


(iii) 


(iv) 


Q.3 


Sab2c? —10a7b%¢+20a*be* 

= 5abe (be? —2ab? +4a7c) 
3x>y(x—3y)—7x’y* (x—3y) 
(x —3y)Gx°y-7x’y’) 

(x —3y).x?y (3x —7y) 

xy (x —3y)(3x — Ty) 

2xy” (x? +5)+8xy- (x2 +5) 
(x? +5)(2xy’ +8xy") 

(x° +5) 2xy’ (y+4) 

= 2xy* (x7 +5)(y+4) 


(ti) 


(i) Sax —3ay—Sbx + 3by (iit) 
=5ax --5bx —3ay + 3by 

=5x (a—b)—3y(a—b) 
=(a--b)(5x—-3y) 

3xy +2y-$2x—-8 Gv) 
=3xy—J2x+2y—8 

=3x (y—4)+2(y—4) 
=(y—4)(3x +2) 

x? +3xy ~2x*y-6y° 
=x3—2x7y+3xy* —6y° 
=x? (x—2y)+3y” (x—2y) 
=(x~2y) (x? +3y") 

(x? -y*)z4(y?-2°)x 
=x74—y*7+y°x—2°x 
=x22~-2xty*x-yz (ii) 
=xz(x—-z)+y" (x—-2) 
=(x—-z)(xz+y’) 

(i)  144a*4+24a+1 


=(12ay" +2(12ay(+(y” 


=(12a+1)* 
=(12a+1}(12a+}h) 


| 
xe 
o|e 
aa 

| 
= CON 
o|s 
a 
a, 
or 
Nad 

+ 
fen ee 
x flo 
, rar 

NO 


(x+y)? —l4z(x+y)+492" 
=(x+y)?—2(x+y)(7z)+ (72) 
=(X toy —72zy 
=(x+y—7z)(x+y—7z) 

12x? —36x +27 

=3(4x° —12x+9) 


=3[ (2x)? -2(2x))+(3) | 
=3(2x—3)° 

=3(2x —3)(2x—3) 

(i)  3x?—Jby? 
=3(x? —25y”) 

=3[ (x) -Gy) | 
=3(x+5y)(x—5y) 
x(x-)-yly—-) 
=x7—x-y*+y 
=x*—y*—-x+y 
=(x+y)(x—-y)—-I(x—y) 
=(x—-y)(xty—) 


(iii) 


(iv) 


Q5 


(ii) 


(iii) 


(iv) 


128am? —242an? 

=2a (64m? -121n7) 

=2a| (8m)? ~( In)’ | 
=2a(8m+1 In)(8m—-11n) 
3x —243x? 

=3x (I-81x’) 

=3x| (1)°— Ox)? | 

=3x (1+9x)(1-9x) 

(i) x*-y’~6y~9 

=x" —(y? +6y+9) 

=x" | (+20) )+@)" | 
=(x)" =(y +37 
=[(x)+(y+3)][@0~(y +3)] 
=(x+y+3)(x—y—3) 

x? ta? 4+2a-1 

= x? (a? —2a+l) 
=(x)?—(a-1)? 
=[(x)+(a-D][()-(a-D] 
=(x+a—1)(x—a+l) 

4x? —y?_2y=1 

=4x? —(y?42y +1) 

= (2x)? ~(y +1)* 

=[(2x) +(y+D][Qx-(y+D] 
=(2x+y+1(2x—y-]) 

x? —y?_4x~2y+3 

=x? _y? —4x-2y+4-] 


=x? —4x+4—y?—2y-1 
=(x)? —2(x)(2)+(2)° -(y? + 2y +) 
=(x-2)" (y+)? | 
=[(x-2)+(y +) ][(x—2)-(y+)] 
=(x—2+y+)(x-2~y-lD 
=(xt+y—l)(x-y-3) 
(v) 25x? 10x +1-362 
=(5x)” —2(5x) (1) +(1)” - (62) 
=(5x~1)? —(6z)* 
=[(5x —)+(6z)]| (Sx -D—(6z)] 
=(5x -14+6z)(5x -—1—6z) 
=(5x +6z—1)(5x -—6z~1) 
(vi) x? Eve ~4x7+477 
=x? ~4xz+427—y" 
=(x)* —2(x) (22) +(2z)" -(y)* 
=(x-22)?-(y)’ 
={(x~2z) +(y)][(x~2z)-(y)] 
=(x—2z+ y)(x-2z-y) 
(a) Factorization of the Expression 
of types a*+a*b? + b* or a‘ + 4b4 
Factorization of such types 


of expression is explained in the following 
examples. 


Example 


Factorize 81x4 +36x7 y* +16 y4 


Solution” 


81x! +36x2y? +164 
= (9x7)? + 72x? y? + (4y?)? ~36x2y? 
_ (00) (497) 42(02 ay") 3607 


= (9x7 +4y°)? —(6xy)" 

= (9x7 +4y? + Oxy) (9x? + 4y? —6xy) 
= (9x7 + Oxy + Ay? Ox? — Oxy + Ay? ) 
xainiple 


Factorize Ox* +36 sa 


0x4 + 36y4 
29x44 36y4 + 36x y 36x y 
=(3x°)° +2(3x7 (6y") + (6y"¥° —(Gxyy? 
= (3x7 +6y?)? —(6xyy" 
= (3x7 +6y" + 6xy\(3x7 + 6y" —6@xy)} 
= 3x" + 6xy + 6 v7 (3x7 — 6xy-+ 6y") 
(b} Factorization of the Expression 


of the type x? 4 px+q. 


Kample 
Factorize (i) x7 ~7x+!2 
(ii) x7 +15x—-36 


(G) x? 70412 

From the factors of 12 the suitable pair of 
numbers is —3 and —4 since 

(-3)+ (4) =—7 and (—3)(~4) = 12 

Hence x7 —7x+12 =x? —3x—4x4+12 

= x(x-3)- 4(x- 3) 

=(x—3)(x—4) 

(i) x° +5x~36 

From the possible factors of 36, the 
suitable pair is 9 and ++ because 
9+(—4)=5 and 9x(—-4) =—36 

Hence x74+5x—36 =x" 4+9x—4x—36 

=x(x+9)~4(14 9) 

=(x+ 94-4) 


(c) Factorization of the Expression of 
the type ax’ +bx+c, a0 


Example 


Factorize (i) 9x7 +21x-8 


(i) 2x =Sx- 42 
(iii) 10x? —4 xy +21y? 


(i) 9x7 +21x—-8 


In this case, on comparing with 
ax* +bx +c, ac =(9)(-8) =-72. 
From the possible factors of 72 the 
suitable pair of numbers (with 
proper sign) is 24 and ~3 whose 
Sum = 24 + (--3) = 21, (the 
coefficient of x) 
And their product = (24) (~3) = 
72 aC 
Hence 9x7 +21x—8 

= 9x7 +24x—3x-8 

= 3x(3x+8)-1(3x+8) 

= (3x+8)3x-—1) 

(i) 2x? -8x—42 = 2(x7 — 4x-21) 
Comparing 
x° —4x—21 withax” +bx+e 
We have ac = (+1) (-21) = —21 
From the possible factors of 21 the 
suitable pair of numbers is ~7 and 
+3 whose 
Sum =—-7+3=—4 and product =(—7)(3)=-21 

Hence x* ~4x—21 

= x7 4+3x—-7x-21 

= x(x+3)-—7(x% +3) 


=(x+3)(x—-7) Hence 2.x? ~8x—42=2(x? ~4x—-2)1) 
= 2(x+3)(x-7) 
(ii) = 10x” —4 Ixy +21 y? 
Here ac = (10)(21)=210 


Two suitable factors of 210 are —35 and —6. 
Their sum = —35 -6 = -41 
And product = (-35) (6) = 210 


Hence 10x* ~ 4ixy+ 21y" 
=10x* ~35xy —6xy+21y? 
= 5x(2x-7y)—-3 y(2x-Ty) 
=(2x—Ty)Gx-3y) 
{d) Factorization of the following types of Expressions. 
(ax? +b+c) (ax? +bxt+d)+k 
(xtaynxtb\atcyxtdt+k 
(xta)(xt+b)(x+c)(x+d)+kx? 
Factorize (x? ~4x—5)(x* —4x—12)-—144 
(x? —4x~—5) (x? -—4x-12)-—144 
Let y=x° —4x. Then 
(y—5)(y—-12)-144 = y’—-17y+60—144 
= y’-17y—84 
= y?-2ly+4y—84 
= y(y- 2) +4(y—-2)) 
=(y-2)(y+4) 
= (x? —4x—21) (x? -4x4+4) (Since y= x? —4x) 
= (x? —Tx43x—2D| (x)? -2(2)(2) + (2) | 
=[x(x-7)+3(x—-7)] (@- 2)" 
= (x—7)(x+3)(x—2)(x-2) 


Example 
Factorize 
(x4) (x4 2) (4 +3) (4 +4)—120 


We observe that 1+4=2+3. 
It suggests that we rewrite the given 
expression as 
[(x +1) (e+ 4)] [Cet 2) (4 + 3)]-120_ 
(x? +5x+4)(x* +5x+6)-120 
Let x” +5x=y, then 
We get (y + 4) (y + 6) — 120 
= y? +10y + 24-120 
=y 2410 y—96 
=y* +16y—6y—96 
= y(y+16)—6(y +16) 
=(y+16)(y—6) 
= (x? +5x+16)(x" +5x—6) (since y=x’ +5x) 
= (x? +5x+16)[ x? +6x —x—6) | 
= (x? +5x +16)[(x+6)-I{x + 6)] 
= (x? +5x4+16)(x+6)(x—1) 


Factorize (x2 —5x+6) (x? +5x+6)—2x" 


(x? —5x46)(x? +5x46)—2x7 

Sey -3x-2x+6]| x” 43x+ 2x+6|=2x" 

=[x(x—3)—2(x—3)] [x(x +3) + 2(x+3)]- 22? 
=[(x-3)(x—-2)] [Oe +3) e+ 2}~-2x? 
=[(x—2)(x4 2)][(x-3) (x+3)]- 227 
= (x? —4)(x7 -9)— 2x7 


Hy NSx” 43162 2x 

= x4 —15x7 +36 

= x* —12x7 —3x” +36 

= x? (x? —12)—3(x -12) 
= (x? —J2)(x? —3) 


=|? - v3) ||? - 3) | 
= (x—2V3) (x +203) (x— V3) («+ V3) 


(e) Factorization of Expressions of 
the following Types 


a? +3a7b +3ab* + b° 
a —3a°b+3ab* —b" 
Factorize x° -8y° - 6x7 y+ 12xy" 
xa —8y° —6x*y +12xy? 
= (x)? —(2y)' -3(x)"(2y) + 300) 2y)? 
= (x)? -3(x)(2y) +3(a(2y" — (2) 
=(x-2y) 
& (x—2yMx-2y\a- 2y) 
(d) Factorization of Expressions of 


the following types a’+b° 
We recall the formulas, 
a? +b? =(a+by(a? —ab+b*) 
a>—b* =(a—b)a? +ab+b’) 
Factorize 27 ~ + 64 y° 


21x +64y? =x) +(4y)° 
= (3x-+4y)| Gx¥ -G04y)+ yy | 


= (3x4+4y) (9x? ~12xy +16y") 


Exam ple 
Factorize 1—-125.° 


1-25x> =)? ~(5x)? 


=(l ~5x)| ( 1)? +(1)(5x) + (5x)? | 


= (1—5x) (1+ 5x+25x7) 


Q.1 


(i) nae oe ee 
x? 


axt4-5 2-441 


ae & 1 


(ii) 3x? 412y4 | 
=3(x++4y4) 
=3| (x7)? +(2y?)? +2(x")(2y")—4x7y" | 
=3| (x? +2y?)? xy)” | 
=3(x* +2y? + 2xy) (x? +2y7-2xy) 
=3(x? +2xy+2y7)}(x? —2xy+2y”) 
(iii) a +3a*b? +47 
at +44a7b? +4b* —a2b? 
=(a7)? +2(a*)(2b7)+-(2b7)? -a2 b* 
=(a? +2b*)? —(ab)? 
=(a* + 2b? +ab)(a? + 2b? —ab) 
_ =(a” +ab+2b7) (a —ab+2b7) 


(iv) 


(vi) 


Q.2 


(ii) 


Ax* +8] 
=(2x")* +(9)? +2(2x7)(9)—36x7 
=(2x7 +9)" —(6x)° 

=(2x” +9+6x)(2x*+9-6x) 
=(2x? +6x +9) (2x7 —6x +9) 
x4 +x? 425 

=(x7)? +2(x7) (5) +5)? —9x" 
=(x? +5)" —(3x)* 

=(x7 +543x)(x? 45a3x). 
=(x? +3x +5)(x? —3x+5) 

x4 44x? +16 

=(x?)? +2(x7)(4)-+ (4)? -4x? 
=(x7 +4)? —(2x)* 

=(x? +442x)(x* +4—2x) 
=(x? +2x +4)(x?—2x44) 
(i) x? +14x +48 

=x? 6x +8x+48 

=X({X +6}+8(x +6) 
=(x+6}(x+8) 

x7 21 ¥ L108 
=x?—9x—12x +108 

=X (x-9)-12(x—-9) 


=(X—9)(x-12) (vi) 3x”-38xy-13y? 


ie 2 

(tii) x" ~11x—42 =3x? ~39xy+xy-13y” 
=x" +3x—-14x-42 =3x (x —13y)+ y(x—13y) 
=Xx(x+3)~14(x+3) =(x-13y)(3x+y) 
=(x +3)(x—-14) (vii) 5x7 +33xy—14y 

‘ 3 ‘ 

(iv) xo +x—132 =5x? +35xy—2xy —i4y” 
=x? +12x—1lx—132 =5x(x+7y)—2y (x+7y) 
=x (xX+12)-11(x +12) =(x+7y)(5x—2y) 
=(x+12)(x—-11) h \” 1 

fies | +4] 5x+— |4+4 

Q3 G) 4x2412x45 on sx *) . & *) 

4x7 42x410x45 ‘ 

aig Ween -(sx-4] +2 5x1) a+) 
=2x(2x+1)+5(2x+1 x x 
=(2x+1)(2x+5) im ee 

i 2 -{sx-442] 

(ii) 30x° +7x—-I5 x 
=30x7+25x-18x-15 -{sx-+2}[sx-L42 
=5x (6x +5)—3(6x +5) . : 
=(6x +5) (5x —3) Q.4 (i) (x? +5x +4) (x? +5x+6)—3 

(iii) 24x?—65x+421 Let x? +5x=y 
= 24x" —56x-9x4+21 pe g 
=8x (3x -7)—3(3x-7) (x° +5x+4)(x* +5x+6)-—3 
=(3x —7)(8x —3) =(y+4)(y+6)—3 

(iv) 5x? -16x—21 =y? +4y+6y+24-3 
=5x?4+5x—21x—21 =y* +10y+21 
=5x (x +1)-21(x +]) =y" +3y+7y +21 
=(x +1)(5x—21) =y(y+3)+7(y+3) 

(Vv) 4x?-17xy +4y? 7 =(y+3)(y+7) 

Putting value of y 


= 4x" —16xy-xy+4y" 
=4x (x—4y)—y(x—4y) 
=(x~4y)(4x~y) (ii) (x? -4x)(x?-4x-1)-20 


=(x? 45x +3)(x? +5x+7) 


Let 
then 


x" 4x =y 


(x? —4x)(x? —4x~1)-—20 
=y(y—l)-20 
=y?—y20 
=y*+4y—5y—20 
=yly+4)—-S(y +4) 
=(yt4)fy—5) 


Putting valueof y 
=(x?—4x +4) (x? ~4x —5) 
=| 00)? -2(x2)+ 2)? |] x? +x 54-5] 


=(x-2)?[x(x+D-5(x +0} 


=(x—2)? (x +1) (x-5) 


(ii) 


Let 


(x+2)(x+3) (x +4) (x +5)-15 
=|(x+2)(x+5)][(x 43) (x +4)]-15 
=(X? +2x 45% +10)(x? +3x +4x412)—-15 
=(x7 +7x +10) (x? +7x+12)-15 
a +7x=3y 

=(y+10}(y+12)-15 
=y*+10y+12y+120-15 

=y? +22y+105 

=y? +7y +15y +105 

=yyr Dros) 
=(y+7)(y+15) 


Putting value of 'y' 


(iv) 


(x2 47K 4-7)(x2 47x 415) 
(x+4)(x—5)(x+6)(x—7)-504 


= (x? +4x—5x~20)(x? +6x—7x —42)—504 


=(x? —x—20)(x? —x—42)—504 


Let 


x? —xX=y 
=(y—20)(y—42)—504 

=y? —20y—42y+840—-504 
=y* —62y +336 

=y° —6y—S6y+336 
eG y+ 6) 

sty ae JO) | 


Putting value of 'y' 


(v) 


Let 


=(x? —x—6)(x*~x —56) 
=(x? +2x —3x—6)(x? +7x —8x —56) 
=| x(X+2)—3(x+2) |[x(x+7)-8(x+7)] 
=(x +2)(x—3)(x+7)(x—8) 
(x+1)(x +2)(x +3) (x +6)—3x7 
=(x +1)(x + 6)(x +2)(x +3) —3x? 
=(x7 +K+6x +6) (x? +2x 4 3x +6) —3x 
=(x? +64+7x) (x? +645x)—3x2 


2 


2 
=" 5] (x? +64+7x)(x2 +64+5x )~3x? | 
X 


=| term er sors 4 


= Pf 
=x? fa SaT}(xs e+5)-3| 
a ae X 
6 
x+—=y 
x 


=x" [(y+7)(y+5)-3] 
=x? (y?+7y+5y+35—3) 
=x*(y* +12y+32) 

=x? (y* +4y +8y +32) 
=x" |y(y+4)+8(y+4)] 
=x" (y+4)(y+8) 


Putting value of y 


= [x rS4](x+83] 
X X 


@2{ F446 |f x°+8x+6 
xX xX 


= (x2 +4x +6) (x7 +8x +6) 


=(x” +4x +6)(x? +8x +6) 

Q.5 

(@j)  -x°+48x—-12x?-64 
=x>—12x* +48x—64 
=(x)° =3(x7)(4)+3(x)(4)? (49° 
=(x—4)° 
=(x—4)(x —4)(x—4) 

Gi) 8x3 +60x?+150x +125 
=(2x) +3(2x)° (5) +3(2x (5)? + (5)° 


=(2x+5)° 
=(2x +5)(2x +5)(2x +5) 


Git) x3-18x?+108x—216 
= (x) —3(x)7(6)+3(x)(6)" -(6)° 
=(x~6)° 
=(x—6)(x—-6)(x-—-6) 
(iv) 8x? —125y? -60x2y +150xy” 
—8x3—60x7y +150xy? —125y° 
=(2x)' 32x}? (Sy)+3(2x)(Sy)” — Sy) 
=(2x—Sy) 
= (2x ~Sy)(2x —Sy)(2x—Sy) 
Q.6 (i) 2748x? 
= (3)? +(2x)° 
=(3+2x)[ (3) -G)2x)+ 2x)? | 


=(3+2x)(9~6x +4x7) 


or = (2x +3)(4x? —6x +9) 
Gi)  125x°-216y? 
=(Sx)’—(6yy° 
=(5x ~6y)| (5x)? + (5x) 6y)+ Gy)? | 
=(5x —6y) (25x? +30xy + 36y”) 
(ii) 64x°+27y° 
=(4x)° +3yy° 
=(4x +3y)| (4x)°-4nyGy)+ By)” | 
=(4x +3y) (16x? —12xy +9y*) 
(iv)  8x?+125y° 
=(2x)' +(Sy)° 
=(2x +5y)[ (2x) —(2x)(Sy)+ (Sy) | 


=(2x +5y) (4x7 —10xy + 25y”) 

{f a polynomial p(x) is divided by a 
linear divisor (x—a), then the remainder 
is p(a). 

Let g(x) be the quotient obtained 
after dividing p(x)by(x-a). But the 
divisor (x—a) is linear. So the remainder 
must be of degree zero i.e., a non-zero 
constant, say R. Consequently, by division 
Algorithm we may write. 
pP(xy=(x—-a)qQtR 

This is an identity in «and so is 
true for all real numbers x. In particular, 
it is true for x =a. Therefore, 

pla) =(a-—a)q(a)+ R=O+R=RK 

i.€., play=. the remainder. 
Hence the theorem. 

Note: Similarly, if the divisor is (ax—b), 
we have 
p(x) =(ax—b)qQ +R 


ae b 
Substituting x=— so that ax — b = 0, 
a 


we obtain 
r[*|=0 [2 }+R =O+R=R 
la a 
Thus if the divisor is linear, the 
above theorem provides an efficient way 
of fmding the remainder without being 
involved in the process of long division. 
To find remainder (without dividing) 
when a polynomial is divided by a 
Linear Polynomial 
Find the remainder when 
9x° —6x + 2is divided by 
(i) x~3 (ii) x+3 
Gi)  3xtl (iv) x 
Let p(x) =9x* —6x+2 
(i) When p(x)is divided by x—3, by 
Remainder Theorerh, the 
remainder is: 
R= p(3)=9(3)? —6(3)4+2=65 
=9(9)-1842 
P(3) = 81-16 
= 65 
(ii) When p(x) is divided by 
x+3=x-~-(—3), the remainder is 
R = p(-3) = 9(~3)* —6(-3) +2 
= 9(9)+18+2 
= 81+20= 101 
(i) When p(x)is divided by 3x+1, 
the remainder is 


rf dpa) oe 


(iv) When p(x)is divided by x, the 

remainder 1s 

R= p(0) =9(0)? —6(0) +2 =2 
Example 

Find the value of k is the 
expression x +kx? +3x~4 leaves a 
remainder of —2 when divided by «+2. 
Let p(x) = x + kx? +3x-4. 
By the remainder Theorem, when p(x) is 
divided by x+2=x-—(—2), the remainder 
is: 


p(—2) = (-2)° +k(-2)* + 3(-2) —4 


=-~-$4+4k-6-—4 
=4k —18 
By the given condition, we have 
p(-2)=-2 > 4k -18=—2 


—) k=4 
5.2.3 Zero of a polynomial 

If a specific number x = a is substituted 
for a variable x in a polynomial p(x) so 
that the value p(a@)is zero, then x=a is 
called a zero of the polynomial p(x). 

The polynomial (x—a@) is a factor 
of the polynomial p(x) if and only if 
play=0. 

Proof: 

Let g(x) be the quotient and R the 
remainder when a polynomial p(x) is 
divided by (x-a)}. Then by division 
Algorithm, 

POX) =(x-a)g(x) +R 
By the Remainder Theorem, R = p(a). 


Hence p(x) =(x—a)g(x)+ pla) 
@) Now if pla) =0, then 
P(X) =(X~a)g(x) 
Le., (x—a) 1s a factor of p(x). 
(ii) Conversely, if(x—a@) is a factor of 
p(x}, then the remainder upon 
dividing p(x)by(x—a) must be 
Zero Le., p(a) = 0. 
Example 
Determine if (x—2)is a factor of 


4x7 43x42, 


Solution: 


Let 

P(x)= x 4x7 +3x+2 

Then the remainder for (x—2) is: 

p(2) = (29° ~ 4(2)* + 3(2) +2 
=8-16+6+2=0 


Hence by Factor Theorem, (x ~2) 
is a factor of the polynomial p(x). 

Find a polynomial p(x) of degree 3 
that has 2, —1, and 3 as zeros (i.e., roots). 

Since x=2,-1,3 are roots of 
P(x) =0. 

So by Factor theorem 
(x—2),(x+1) and(x—3) are the factors 
of p(x). 

Thus p(x) = a(x -2)(1+D(x-3) 
Where any non-zero value can be assigned 
to a. 

Taking a = 1, we get 

p(a)=(x~ 2+ 1(x-3) 
=x°—4x*4x+6 as the 
required polynomial. 


Q.1 Use the remainder theorem to 
find the remainder, when. 
(i) 3x° ~10x” +13x —6is 
divided by (x —2) 
Sol: 
Let P(x) =3x?—10x* +13x—6 
When P(x) is divided by x — 2 by 
remainder theorem, the remainder is: 
R =P(2)=3(2)' —10(2)° + 13(2)—6 
=3(8) -10(4)+ 26-6 
=24-40+26~—6 
= 50-46 
=4 


(ii) 4x° —4x + 3is divided by (2x —1) 
Sol: 

Let P(x)=4x*—4x+3 when P(x) is 
divided by 2x — 1 by remainder theorem, 
the remainder is 


mi QQ 


ze -3 
z 

(iii) 6x*+2x*—x+2 is divided by 

{x + 2) 
Sol: 
Let P (x)= 6x*+2x°>—x+2 when P(x) is 
divided by x + 2 by remainder theorem, 
the remainder is 


R=P(-2) =6(-2)'+2(-27-(-2)42 
=6(16)+2(-8)+24+2 
=96-16+4 
=80+4 

R =84 


(iv) (2x -1)° +6(3+4x)? -10 is 
divided by 2x + I 
Sol: 
Let p(x) = (2x-1)*’ +6(34+4x)’ -10 when 
P(x) is divided by 2x + 1 by remainder 
theorem, then remainder is 
1 2 
s+4(-2)| —10 
2 


3 
waa(L)-fo{-2)-1] +6 
=(-1—-1)° +6(3—2)? -10 
=(-2)' + 6(1)’ -10 © 
=—8+6-10 
=-12 \ 
(v)  x°—3x?+4x—~14 is divided by x +2 
Sol: 
Let P(x) = x°—3x?+4x-14 when P(x) is 
divided by x + 2 by remainder theorem, 
then remainder is 
R=P(-2) =(—2)* —3(—2)? + 4(-2)-14 
=-—8—3(4)-—8-14 
=—-8~12-8-14 
=—42 


Q.2. 
(i) If (x+2) is a factor of 


3x° —4kx —4k”, then find the 
value(s) of k. 

Sol: 

Let P(x)=3x*—4kx—4k? 

As given that x + 2 is a factor of P(x), so 
R=0 
i.e. P(—-2) = 0 

So 3(-2)° —4k(—2)-4k? =0 

12+8k —4k? =0 

Dividing by 4 

34+2k—k? =0 

34+ 3k—-k-k’=0 

3(+k}—k(1+k)=0 

(1+k)(3—k)=0 

>1+k=0or3—k=0 

—=>k=-! ork=3 

fii) — If (x —1) is factor of 

x*°—kx?+11x—6 then find the value of k. 

Sol: 

P(x)=x° —kx* +11x-6 

As given that x — 1 is a factor of P(x), so 

R = 0 


Pl) = 0 
(1)? -k()?+110)-6 = 0 
I-k+11-6 = 0 

6-k = ) 

— 6 


Q.3 Without actual long division 
determine whether 

(i) (x — 2) and (x — 3) are factors of P 
P(x)=x* -12x? +44x —48 


Sol: 
P(x)=x'—12x"+44x—48 
Taking x —2 
R=P(2) 
=(2)' -12(2) + 44( 2) — 48 
=8-—12(4)+88—48 
=8-48+88—48 
=0 
as the remainder is zero, so (x — 2) is a 
factor of P(x) 
Now P(x)=x'-12x"+44x—48 
Taking x —3 
R=P(3) 
= (3) -12(3)° +443) -48 
= 27 -12(9) + 132-48 
= 27-108+132—148 
=340 
As the remainder is not equal to zero, so 
(x—3) is not a factor of P(x). 


(ii) (x —2), (x + 3) and (x — 4) are 
factors of q(x)=x*° +2x°—5x-6 
Sol: 
q(x)=x° +2x* -5x—-6 
Taking x-2 
R=q(2)=(2)' +22) —5(2)—-6 
=8+2(4)-10-6 
R=0 
As the remainder is zero 
so( x —2)isa factor of P(x) 

Now q(x)=x° +2x* —5x-6 
Taking x +3 


R=q(-3) 
=(—3)° +2(-3) —5(-3)-6 
= —-27 +2(9)+15—-6 
=—27+18+15—-6 
=0 
As the remainder is zero, so (x + 3) isa 
factor of P(x) 
Now q(x)=x’ +2x’—5x-6 
Taking x -4 
R=q(4) 
=(4)° +2(4) -5(4)-6 
= 644+ 2(16)-20—6 
-644+32—20—6 
=7O#40 
As remainder is not equal to zero, so x — 4 
is not a factor of P (x) 
Q.4 For what value of m is the 
polynomial P(x)=4x° —Tx" +6x—3m 
exactly divisible by x + 2? 
Sol: 
m=? 
P(x)=4x° —7x? +6x—3m 
Taking x +2 
Asp(x)isexactly divisible by (x + 2),so 
R=0 
P(-2)=0 
4(—2)° —7(-2)* +6(-2)-3m=0 
4(—8)—-7(4)-12—3m=0 
—32—28-12~—3m=0 
—72-3m =0 . 
—3m=+ 72 


m=~— 24 
Q.5 Determine the value of k if 
P(x)=kx? +4x7 43x —-4and 


q(x)=x°—4x+k. Leaves the same 
remainder when divided by x — 3. 
Sal; 
K = ? 
When p(x) is divided by (x-3) by 
remainder theorem then remainder is 
R,=P(3) 

=k(3)° +4(3)° +3(3)—4 

=27k +364+9—4 

=27k+41 
When q(x) is divided by (x-3) by 
remainder theorem then remainder is 
Ry =q(3) 
g(x) =x -Axtk 

=(3)° —4(3)+k 

=27-12+k 

=15 +k 
As given that when P(x) and q(x) are 
divided by x — 3, then remainder is same, 
so 


27K+41 =15+k 
27k—-k =15-41 
26k =—26 


Q.6 


The remainder of dividing the polynomial 
P(x)=x°* +ax7+7_ by (x + Lis 2b. 
calculate the value of ‘a’ and ‘b’ if this 
expression leaves a remainder of (b + 5) 
on being divided by (x — 2) 

Sol: 

P(x) =x? +ax74+7 

The remainder by dividing 

P(x) by x + Lis 2b, so 

P(-D=2b 

(~1) +a(—1)? +7=2b 

-—l+a+7=2b 

a+6=2b 


Taking x --2 

The remainder by dividing 
P(x) by (x — 2) is (b+5), 50 
P(2)=b+5 

(2)? +a(2)? +7 =b+5 
8+4a+7=b+5 
4a+15=b+5 
4a—b=5-15 
4a—b=~10 (ii) 
Multiplying (ii) by 2 
8a—2b =—20 ..... (iti) 

By Subtracting , (iii) from (i) 


a ~2b =.-—6 
_81_#2b = $20 
—TFa = J 
pea i 

7 


Putting (1) 


a-2b=-6 
~2-—2b=-6 
—2b=-64+2 
—2b=-4 
b=2 
Q.7 The polynomial 
x +éx? +mx+24 has a factor (x + 4) 
and it leaves a remainder of 36 when 
divided by (x—2). Find the value of ¢ 
and m. 
Sol: 
Let P(x)=x° +x? +mx +24 
As(x+4)isa factor of P(x), 
Soremainder will be zero.ie | 
R=P(-4)=0 
P(-4)=0 
(4)? + (4)? + m(-4)+ 24=0 
—64+160 —4m+24=0 
16£—4m—40=0 
16£-4m=40 
Dividing by 4 
44—m=10.....() 
Now as given that P(x) is divided by (x — 2) 
leaves a remainder 36, so 
R=36 
i.e. P(2)=36 
(29) +.€(2)* +m(2)+24=36 
8+4£+2in+24=36 
4@+2m+32=36 
-424+2m=36—32 
4é+2m=4 
Dividing by 2 
2f+m=2.......(ii) 


Adding (i) and (ii) 


Putting value of ''in (ii) 

2f+m=2 

2(2)+m=2 

m=2-4 

m=—2 

Q.8. The Expression /x? + mx” —4 Jeaves 
remainder of —3 and 12 when divided 
by (x-1) and (x+2) respectively. 
Calculate the values of £ and m. 

Sol: 

Let P(x)=¢x?+mx?—4 

As given that P(x) when divided by x — 1 
leaves remainder —3, so 

R=-3 

Pd)=-3 

£0)? +m(1)? —4=—-3 

€+m—4=-3 


oi eee (i) 

As given that P(x) when divided by (x + 2) 
leaves the remainder 12, so 

R=12 

P(—2)=12 

é(-2y° +m(-2)? —4==12 

—8£+4m—-4=12 

—8£+4m=12+4 

~8£+4m=16 


Dividing by 4 
—2é+m=4........41) 
Subtracting (ii) from (4) 


f+me=l 
—2/+m=4 
eae 
3@ =-3 
i ee 
3 

f =-l 
Putting value of 'f'in (i) 
f+me=l 
—l+m=1 
m=i+| 
m=2 


Q.9 The expression ax’ —-9x? +bx+3a 
is exactly divisible by x” —5x+6. Find 
the values of a and b 

Sol: 

Let P{x) ~ax?—9x7 +bx+3a 

Taking x? —5x+6 

=x7—2x—3x+6 

=x(x—2)—3(x—2) 

=(x—2)(x-3) 

As given that P(x) is exactly divisible by 
(x — 2), so P(2)=0 

a(2)° —9(2)? +b(2)+3a=0 
8a—36+2b+3a=0 

1la+2b=36......... (i) 

As given that P(x) is exactly divisible by 
X—3, sO 

P(3) =0 


a(3) —9(3)" +b(3)+3a=0 
27a—8$14+3b+3a=0 

30a+3b=81 

Dividing by3 

10a 4+ b=27......€4) 

Multiplying (ii) by 2 and subtracting (i) 
from it. 

20a+2b=54 

Jla+2b=36 


9a =18 
18 
ar 
a =2 
Putting value of ‘a‘in (ii) 
10a+b=27 
10(2)+b=27 
b=27—-20 
ba=F 
Rational Root Cheorem 
Let 


Ag XX Feces t Oy |XAGy =O, #0 
be a polynomial equation of degree n with 
integral coefficients. Uf p/q is a rational 
root (expressed in lowest terms) of the 
equation, then p is a factor of the constant 
term a, and q is a factor of the leading 
coefficient ao. 


Factorize the polynomial 


x 4x? +x4+6, by using Factor 
Theorem. 


We have P(x) =12 -4x7 4x46. 


Possible factors of the constant 
lerm p = 6 are +1, +2, +3, and +6 and of 
leading coefficient q = 1 are +1. Thus the 
expected zeros (or roots) of P(x)=0 are 


Ze £1,42,+3 and+6.If x=a is a zero of 


P(x), then(x—a@) will be a factor. 
We use the hit and trial method to 
find zeros of P(x). Let us try x = |. 
Now P(t) =(1)?-4(1)* +146 
=1-44+1+6 
=470 
Hence x = | is not a zero of P(x). 
Again P(~1) = 1) -4 (-1l)’ -1 + 6 
=-—1-4-14+6=0 


factorize each of the tollowing cubic 
polynomials by factor theorem, 


QOL x? -2x7—-x 42 
Let P(x)=x? —2x* —x 42 
Put x =1 
P=)? + 2(D* -—()+2 
=|-2~1+2 
=—3+3=0 
As, R=0, 
So (x—l)isa factor 
Puix=—1 
P(-1I)=(~1)* -2(-1)? -(-) +2 
= —1-24+142 
AsR=0, 
So {x+1) is the second factor of p(x). 


Exercise 5.4 


Hence x=—1 Is a zero of P(x} and 
therefore, 
x—(-1)=(r4+])is a factor of P(x). 
Now P(2)=(2)? —4(2)? +2+6 
=8-164+2+6=0 => x=2is a root. 
Hence (x~—2) is also a tactor of P(x). 
Similarly P(3)= (3)? —4(3)° +346 
=2/—3613+6=0 > x=3is a zero 
of P(x). 
Hence (x—3) is the third factor of P(x). 
Thus the factorirzed form of 
P(x) =x -4x7 +x46 iy 
(x+1(x—-2)(x—3). 


Put x =2 
P(2)=(2)° —2(2)* —(2)+2 
=§—8—2-+2 
=10—10 
=0 
AsR=0, 
So(x ~2)is the third factor 
Hence P(x)=x° =95" 3k49 
=(x-1)(x+])(x—-2) 
Q.2 x?-x?-22x+40 
Sol: 
Let P(x)=x?—x* —-22x +40 
Put x=] 
P(1)=(1)° —(1)? — 221) +40 
=1]—1—22+40 


=1840 
Hence x —1lis nota zeroof P(x} 
Put x=—1 
P(-1)=(-1)? —(l)? —22(-I) +40 

=—]—1+22+40 

=60#0 
Hence x =— lis nota zeroof P(x) 
Put x =2 


P(2) =(2)° -(2)? —22(2)+40 

=8—4—444+40=0 
Hence x —2isa zeroof P(x) 
So(x —2)isa factor 
Putx=-2 


P(-2)=(-2)* -(-2)? — 22(-2) +40 

=~8-44+44440=72 
Hence x =— 2is not a zeroof P(x) 
Put x =3 


P(3)=(3)* -(3)? ~22(3) +40 
=27-9-—66+40 
= 67-75 
=~-8#0 
Hence x =3 is not a zero of P(x) 
Put x =—3 


P(—3)=(-3)° — (-3)* —22(-3) +40 
=—27-9+-66+40 
= 106-36 
=70#0 
Hence x =—3is nota zeroof P(x) 
Put x =4 


P(4)=(4)° — (4)? —22(4) +40 
=64-16-88 +40 


= 104—104 
=0 
Hence x = 4 isa zeroof P(x) 
So (x—4)is sec ond factor 
Put x =—4 
P(—-4) =(-4)? —(-4)? —22(—4) + 40 
=—64—-16+88 +40 
= -80 + 128 
=48+40 
So, x=~—4isnota zeroof P(x) 
Put x =5 
P(5)=(5)° — (5)? ~22(5) +40 
=125-~25—-110+40 


=165-135 
=3040 


So, x=Sis not azeroof P(x) 

Put x=—5 

P(-5) =(—5)° —(5)* —22(-5) +40 
=-125-254+110+40 
=—150+150 
=0 

So, X=—Sisazeroof P(x) 

Hence x + 5 is third factor of P(x) 

Hence P(x)=x? —x* -22x +40 

=(x—2)(x-4)(x+5) 

Q.3 x>~—6x74+3x+10 

Sol: 


Let . P(x)=x?—6x?-6x7+3x +10 


Put x=1 


P(1)=(1)° — 60)? +3(1) +10 
=]—64+3+16 


=14-6 
=8+0 
So, x= I is not a zero of P(x) 
Putx =—] 
P(-1)=(-1)° —6(-1)? +3(-1) +10 
=~1-6-3+10 
=-10+10 
=0 
So, x =~1 is a zero of P(x). 
Hence(x +])isa factor of P(x) 
Putx =2 


P(2)=(2)? -6(2)* +3(2) +10 


=8—-24+6+4+10 
= 24—24 
=O 


So, x = 2 is a zero of P(x). 

Hence{x —2)is second factor of P{x) 

Putx=—-2 

P(~2)=(—2)° -6(-2)7 +.3(~2) +10 
=-8~—24-6+10 
=— 28240 

So, x=—2is nota zeroof P(x) 

Put x =3 


P(3)=(3) —6(3)? +3(3) +10 

= 27—-6(9)+9+10 

=46-54 

=-840 
So, x=3is nota zeroof P(x) 
Put x=--3 
P(-3)=(-3)° —6(-3)7 +3(-3) +10 

=-27 -6(9)—9+10 
=—90+10 
=~80+0 


So, x=—3isnotazeroof P(x) 
Putx=4 
P(4)=(4)° —6(4)? +3(4) +10 
= 64-—6(16)+12+10 
= 86-96 
=~1040 
So, x=4is nota zeroof P(x) 
Put x=-4 
P(—4) =(—4)° -6 (4)? +3(-4) +10 
= ~64-— 6(16}-12 +10 
=-64-96-12+10 
=—172+10 
=-162 
=-162#0 
Put x=5 


P(5) =(5)° -6(5)" +3(5) +10 
=125—-150+15+10 
= 150-150 
=0 
So, x=5isazeroof P(x) 
Hence (x —5)is third factor of P(x) 
Hence P(x) =x? —6x7+3x +10 
=(x +1)(x-2)(x-5) 
Q.4 x? +x?-10x+8 
Sol: 
Let P(x) =x? +x? ~10x +8 
Putx=1 
P(1)=()* +)? - 100) +8 
=1+1-10+8 
=0) 


So, x=lisa zeroof P(x) 


Hence (x — Disa factor of P(x) 

Put x=—1 
P(-1) = (-1)? + (-1)* -10(-1) +8 
=—1+1+10+8 
=18+40 

So, x=~lisnotazeroof P(x) 

Put x=2 


P(2) =(2)° +(2)? -10(2) +8 


=8+4—20+8 
= 20-20 
=0 


So, x=2isazeroof P(x) 
Hence x—2 is second factor of P(x) 
Put x=—2 


P(—2)=(—2)? + (-2)* -10(-2) +8 
=—$+4+204+8 
=244 0 
So, x=—2is nota zero of P(x) 
Put x =3 


P(3) =(3)* +(3)° ~10(3) +8 
=27+9—30+8 
= 44-30 
=1440 

Put x =~2 


P(—3)=(—3)° + (—3)? -10(-3) +8 
= —-27+9430+8 
=-27+47 
=2040 

So, x=~—3is nota zeroof P(x) 

Patx=4 


P(4)=(4)° +(4)? —10(4) 48 


=64+16—40+8 
=88—40 
=4840 
So, x=4isnota zero of P(x) 
Putx=—4 
P(-4) =(-4)* + (~4)” —10(-4) +8 
=— 64+16+40+8 
=— 64+64 
=0 
So, x=—4isazeroof P(x) 
Hence x +4 is third factor of P(x) 
Hence P(x)=x? +x7-10x +8 
=(x —1) (x -—2)(x+4) 
Q.5 x? -2x?—5x+6 
Sol: 
P(x)=x? —2x? —5x +6 
Put x =1 
P()=(1)3 —2(1)? —5(1) +6 
=l=2=5+6 
=7F-7 
=0 
So, x=lisazeroof P(1) 
Hence x — lisa factor of P(x) 
Put x=-—1 
P(-1)=(-° —2(-1)” -5(-) +6 
=—] -2+546 
=—3+11 
=8240 
So, x=—lis nota zero of P(x) 
Putx=2 
P(2)=(2)° —2(2)? -5(2) +6 


=§8—8-10+6 =—1840 
=-—470 So, x=—Lisnota zeroof P(x) 
So, x=2isnot a zeroof P(x) Putx=2 
pene P(2)=(2)3 +5(2)? —2(2)—24 
P(-2)=(—2)° —2(-2)” —5(-2) =8+20-4-24 
=—8-8+10+6 =28—28 
So, x=—2isazeroof P(x) So, x=2isazeroof P(x) 
Hence (x + 2)is second factor of P(x) Hence (x — 2)isa factor of P(x) 
Put x =3 Put x =—2 
P(3)=(3)° —2(3)? —5(3) +6 P(-2) =(—2)° +.5(—2)? —2(—2)— 24 
=27-18-15+6 = —845(4) + 4 — 24 
= 33—33 =—32+24 
So, x =3isa zeroof P(x) So, x=—2isnota zeroof P(x) 
Hence (x —3)is third factor of P(x) Put x=3 
Hence P(x) =x° —2x? —5x +6 P(3)=(3)° +5(3)* =2(3)— 24 
=(x—1)(x+2)(x—3) = 27+5(9)—6—24 
Q.6 x? 45x? —2x-24 a ate 
: =4270 
Sol: 
3 > So, x=3isnota zero of P(x) 
Let P(x) =x" +5x° —2x-24 
-Putx=-3 
Put x=1 : : 
P(—3)=(-3) +5(-3)* -2(-3) — 24 
P(1)=(1)° +50)? — 20) - 24 
re =~—27+45+6—24 
=1+5—-2-24 
-6-2% =51-51 
= - 
=-20 #0 
: d So, x=—3isazeroof P(x) 
So, x=lisnot a zeroof P(x} : . 
Hence (x +3)issec ond factor of P(x) 
Put x=—1 
: ; Put x=4 
P(-D=(-JY* +5(-1)* —2(-1) — 24 
a a a P(4)=(4)° +5(4)? -2(4)—24 
=—-1+54+2—24 
= 64+5(16)-8—24 
=7-25 


=144—32 


=112+#0 
So, x=4isnota zeroof P(x) 
Put x =-—4 
P(-4)=(4)? +5(—4)" -2(-4)- 24 
=—64+804 8-24 
=0 
So, x =—4isazeroof P(x) 
Hence (x + 4)is third factor of P(x) 
Hence P(x)=x? +5x*—2x-24 
=(X-—2) (x +3) % +4) 
Q.7 3x? ~x?-12x44 
Sol: P(x)=3x*~-x?-12x4+4 
Put x =] 
PC) =3(1)? ~ 0)? ~12() +4 
=3-1-12+4 
=7—13 
=—6#0 
So, x=lisnota zeroof P(x) 
Put x =— 
P(-1)=3(-1)° ~(-1) -12(-1) +4 
=—-3-14124+4 
=-A+16 
=12 #0 
So, x=~lisnota zeroof P(x) 
Put x=2 


P(2)=3(2)° —(2)* —12(2)+4 
=24~4-24+44 
= 28-28 
=O 
So, x=2isazeroof P(x) 
Hence (x ~2)is a factor of P(x) 


Put x=-—2 
P(-2)=3(-2)* ~(-2)* -12(-2) +4 
=—24-—4+244+4 
=—28 +28 
=0 
So, x=—2isazeroof P(x) 
Hence (x +2) is sec ond factor of P(x) 
Put 3x=1 


So, x =1 is a zeroof P(x) 


Hence (3x —1)is third factor of P(x) 
Hence P(x)=3x> —x?—12x +4 
| ={X—2)(x+2)(3x-1) 

Q.8 2x7 +x? -gx-1 
Let P(x)=2x? +x?-2x-1 
Put x=] 
P(1)=2(1)? +1)? -2() -1 
=2+1-2-] 
=3-3 
=0 
So, x=lisa zeroof P(x) 
*Hence (x —1)isa factor of P(x) 
Put x=—I 


/-N=2(-1° +1)" -2-D-1 


=—24+1+2-1 

=-1+1 

=0 
So, x=— lisa zeroof P(x) 
Hence (x + 1) is second factor of P(x) 
Put2x=1 


So, x—2isnotazeroof P(x) 


Put pera 


So, x =Fis azeroof P(x) 
Hence 2x +1is third factor of P(x) 


Hence P(x)=2x° +x? -2x-] 
=(x-1(x+))(2x+)) 


‘1. The factor of x°-5x+6 are: 
(a)x+1]1,x-6 (b) x~—2,x-3 
(c)x+6,x-l (d) x4+2,x+3 

2. Factors of 8x* + 2Ty° are: 
(a) (2x43 y) (4x"-9y*) 
(bo) (2x-3y) (4x’- 9y") 
(c) (2x + 3y) (4x?- 6xy + 9y’) 
(d)  (2x—3y) (4x7 + 6xy + 9y*) 

3. Factors of 3x* ~ x2 are: 

(a) (x+1) (@x—2) (b) (x+1) (3x42) 

(c) (x1) (3x-2) (d) (1) (3x+2) 
4, Factorsofa*—4b*are:_ 

(a) (ab) (a+b) (a74+4b*) 

(b) — (a’—2b”) (a + 2b”) 


(c)  (a~b) (atb) (a*-4b?) 
(ad) (a~2b) (a’+ 2b’) 
5. What will be added to complete the 
square of 9a’ -1 2ab?___ 
(a)  -l6b? (b)  16b° 
(c) 4b? (d) 4b’ 
6. Find m so that x? + 4x+m is a 
complete square: 
(a) 8 (b) -8 
(c} 4 (d) 16 
7. Factors of 5x? — l7xy ~I2y* are___ 
(a) (x+4y) (Sx+3y) 
(b) — (x-4y) (Sx ~ 3y) 
(c) (x -4y) (Sx + 3y) 
(d) (Sx —4y) (x +3y) 


10. 


11. 


1 
Factors of 27x* 5 are 
x 


a 
2 


if x —218 a factor of 

p(x) = x°42kx+8, then K=_ 
(a) 3 (b) 3 

(c) 4 (d) 5 
4a’+4ab+(.....) is a complete 


12. 


13. 


14. 


iS; 


(xty) (x°~xy + y) = 
(a) xy? (b) x+y’ 

(ec) (xty)? @) &=yy’ 
Factors of x*- 16 is ___ 

(a) (x-2y 

(b) — (x—2) (x+2) (x44) 

(c) (x-2) (x+2) 

(d) (x42)? 

Factors of 3x — 3a + xy — ay. 

(a) (3+y) (x-a) 

(b)  (3-y) (K+a) 

(c) (3—y) (x-a) 

(d)  — (3+y) (x+a) 

Factors of pqr + qr’ ~ pr’ —r is: 
(a) r(pt+r) (q-r) (b) r(p-r) (qtr) 
(c) r(p—r) (q-1) (d) r(p+r) (qtr) 


A hk RSE 
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12. | b | 13. |b | 14] a | 15. [a | 


Hi 
If two or more algebraic 
expressions are given then their common 
factor of highest powcr is called the H.C.F 
of the expressions. 
Least Common Multiple (L.C.M) 
If an algebraic expression p(x) is 
exactly divisible by two or more 
expressions, then p(x) is called the 
Common Multiple of the given 
expressions. The Least Common Multiple 
(L.C.M) is the product of common factors 
together with non-common factors of the 
given expressions. 
We can find H.C.F of given 
expressions by the following two methods. 
(i) By Factorization 
(ii) By division 
H.C.F. by Factorization 


Find the H.C.F of the following 
polynomials. 


4,7 +4044,2x7 +x—6 


By factorization, 
x* —4=(x+2)(x—2) 
x? 44x44=(x42) = (x4 2) (x42) 
2x? +.x-6= 2a? +4x—31x-6=2x(14+-2)—3(X4-2) 
=(x+2)(2x-3) 
Common factors = x + 2 


H.C.F. by Division’ 


Use division method to find the 
H.C.P. of the polynomials 


pixy=x° -7x* +14x-8 and 
g(x)=x° —Tx+6 


0 -7x4+6 


=Tx* +21x-14 
Here the remainder can be 
factorized as 
~Tx? +21x-14=~7 (x? -3x42) 
We ignore —7 because it is not 
common to both the given polynomials 


and consider x* —3x+2. 
x+3 
40x? —7x4+6 
+x —3x" 42x 
ies: -f- wi 


x? —3x42 


3x* 9x +6 
3x7-Ox +6 
wn + panes 


0 
Hence H.C. F of p(x) and q(x) is 


x? 3x42 


Example 


Find the L.C.M of p(x)=12( - y?) and g(x) =8(x° — xy”) 


Solution 


By prime factorization of the given expressions, we have 
p(x) = 12(x? — y3)=2?x3x(x— y) (x? +p t+ y?) and 
q(x) =800 — xy”) =8x (x? - y?) = 2? x(x+ y)(x— y) Hence L.C.M. of p(x) and qx), — 
2? x3xx(x+ y)(x- yx? +xyty*)=24x(x+ ye — 
Relation between H.C:F and L.C.M 
By factorization, find @) H.CF Gi) LCM of p(x)=12(x°-x*) and 
q(x)=8(x* —32° +3x"). Establish a relation between p(x), g(x) and H.C.F and L.C.M of 


the expressions p(x) and q(x). 


Sohition 


Firstly, let us factorize completely the given expressions p(x) and g(x) into 


irreducible factors. We have 
p(x) =12(x° —x*)=12x4 (x-1)=2? x3xx4 (x-1) and 
g(x) = 8(x* —3x9 +27) =8x7 (x? -3x+2)=2? x? (x-1)(x-2) 
H.C.F. of p(x) and g(x) = 2? x7 (4-1) =4x7 (x—1) 
L.C.M of p(x) and g(x) = 2? x3xx4 (x~-1)(x-2) 
Now p(x) q (x) = 12. x* (w—1) x 8x? (x- 1) & - 2) 
= 96 x° (x1) (4-2) .oeeeeeeeeee (i) 
and (L.C.M) (H.C.F) 
=(2?x3xx*(«-1) @-2)1 [4x7 @-D] 
= [24.x4 (x-1)(x-2)] [4x7 (&-1)] 
= 96 x4 (x—1)? @—-2) 2... (ii) 
From (i) and (ii) 
L.C.M x H.C.F = P(x) x q(x) 
(2) If L.C.M, H.CF and one of p(x) 


ad) LCM= pisyxa@) or or q(x) are known, then 
7 sees . L.C.MxXH.C.F 
HCR= POG) BO 
a L.C.MxH.C.EF 
qt x) = arecelatieeyanga Pinan OReee 


p(x) 


Example 
Find H.C.F of the polynomials, 


p@ = 20(2x7 +3x? -2x) 

g(x) =  — 9(5x*+40x) ma 
Then using the above formula (I) find the L.C.M of p(x) and g(x). 
We have 


p(x) = 20(2x° +3x? —2x)=20x(2x? +3x-2) 
~20x(2x? +4x—x—2)=20xf 2x (x+2)— (x +2)] = 20x(x+ 2) (2x1) = 2? x5xx(x+ 2)(2x-N) 


q(x) = 9(5x4 +40x)=45x(07 +§8)= 45x| (x? }+ (2)°| 

s A5x(x+2)(x* —2x+4)=5x3? xx(x+2)(x? —2x+4) Thus H.C.F of p(x) and 
q(x), is: 

= 5x(x+2) 
Now, using the formula L.C.M. = P(x)xG@) 

H.CF 
We obtain 
aT 2? x5xx( x+ 2)(2x-1) 5X37 x x(x+ 2)(x7 —2x+4) 
— 5x(x+2) 
= 4x5x9x x(x4 2) (2x1) (x -2x4+4) 
= 180x(x+2)(2x-I)(x? -2x+4) 

= 12(2x? + 3x1) 

Find the L.C.M of Thus, ignoring 12, we have 

p(x)=6x°—-7x?-27x+8 and 3x-8 

2 3 2 

g(x) =6x° +17x7 +9x~4 2x" +3x-1 me Oe ones 
6x + 9x" —3x 

We have, by long division, Ses = 

1 ~16x* —24x48 
6x9 —Tx? —27x+8)6x9 +17x7 +9x—4 -16x? ~24x+8 
6x° 7x" —27x+8 + + = 
- + + - Qo. 
24x* +36x-12 Hence H.CF of p(x) and q(x) is 


But the remainder 24x? +36x—12 = 2x7 +3x-1 


x’ +6x—-27 =x? —3x4+9x—27 
= x(x-3)+9(x—-3) 
=(x-3)(x+9) sasse(ii) 
2x? -18=2(x°-9) 


= 2] (x) ~(3)"] 
= 2(x+3)(x-3) 
From (i), (ii) and (iii) 
Common factors = (x-3) 
HCF =x-3 
iii) x -2x* +x, x7 +2x-3, x7 +3x—-4 


ey) 


Sak. By factorization 
Me Yatguge x(x? —2x+1] 
=x(x°-x-xc+1) 
=4[x(x-1)-I(x-1) | 
=x(x~1)(x-1) seorrereth} 
P42x-3=4x° —x4+3x-3 
=4(x-1}+3(x-1) 
=(x-1)(x+3) eet) 
P43e-4e° —x44x—-4 
=x(-l)+4(x-1) 
=(x-I)(x+4)  \... (iii) 
From (i}, (ii} and (iti) 
Common factors: x—1 
HCF =x-1 
i) 18(x'+9x" +8x), 24(27 -3x4-2) 
$l: By factorization 
I8{x' 9x" +8x) =18x(x” —9x+8) 
=18x(27—x—8x+ 8} 


=18x] x(x-1)—8(x-1)| 


=2x3x3 x(x-1)(x-8) (i) 
24 (x? ~3x+2)= 
24(x’-x-2x+2) 
= 2x2x2x3| x(x—1)-2(«-1)] 
= 2x2x2x3(x—-1)(x-2)....(ii) 
From (i) and (ii) 
HCF = 2x3({x-1) 
= 6(x-1) 
v) 36(3x*+5x° —227), 54(27x* —x) 
Sok: By factorization 
36(3x* +52x° — 2x? } =36.° (3x7 +5x—2) 
= 36x- (3a> +Ob- x 2) 
= 36x" | 3x(x+2)—1{x+2)| 
= 2x2x3x3x.x(x+2)(3x—1) ....(i) 
54(27.x* — x) =54x(27x* ~1) 
=54x/ (3x) —(1)’| 
=54x(3x=1)| (3x) +(3x)(1)+() | 
=2x3x3«3x(3x-1)(9x° +3x41) .....(ii) 
From (4) and (11) 
Common factors = 2,3,3,.x,(3x—L)} 
HCF = 2x3x3x(3x-1) 
=18x(3x-1) 
Q3. Find the H.C.F of the following 
by division methal. 
i) p(x) =x +3x" -16x+12, g{x)= x +x? -10x4+8 
Sol: x +.2° -10x+8)x° +3x? -16x +12 
-x' +x F1Ox+8 
2x? ~6x+4 
Dividing remainder by 2 


x’ —3x+2 
__x+4 
x? 3x42) % +x7-10x48 


Hence HCF = x? —3x+2 
ii) P(x)=x° +x) -2x? +x~3, 
q(x) = 5x? +3x? -17x4+6 
al x+2 
5x +3 ~17x+6)3x4 + -2x? +x-3 
5 
Sa 45x —10x? +5215 


(Multiptyirig by 5) 


“Wot 6x° $34x412_ 
29.7 +29x—-87 
Divided by 29 
x +x—3 
Sx=2 
x +x-3) 50° 43x? -17x+6 
DIK +5x? 515% 
Pee — 26 + 6 
Pet Kt 6 
0 


Hence H.C.F= x* + x-3 
iii) p(x) =2x° —4x* -6x, 
q(x) =x? +x* ~3x -3,’ 


x tx° 3x? 33°) 2 a! ~6X 


AE 22x* 5609 56x 
—6.x' + 6x7 + 6x? —6x 
Dividing by - 6 


rer 


xy x? tx) +2 ~3x° —3x* 
—A ext ete 
IE — 26-42 
228 § YO F2x* £2 


~2x? —2x 


Dividing by — 2 
+x 
x*-2x+! 
x +x) 0-2 <x +x 


Hence HC.F = x? +x=x(x+1) 

Q4. ‘Find the L.C.M of the following 
expressions: 

i) 39x’ y*z and = 91x° y®z’ 

Sok: By factorization 

39x! yz =13X3 XXXIV YZ 

Obey? =13XT KXLY YYZ 

Hence L.C.M = 

13X3X7. XX AX AK YY LLL 

= 273x' y°z’ 

ii) 102.xy*z, 85x° yz and i87xyz" 

Sol: By factorization 


102xy*z = 2X3XI7x.y.y.z . 
85x’ yz = 5xX17x.x.y.Z 
187 xyz? = 11x17.x.y.z.z 


Hence L.C.M = 17x11x5x3x2.xxy, bar A 
= 5610x’ y*z? 
Q5. Find the L.C.M of the following 
expressions by factorization: 
i x°~25x+100 and x?—x—20 
Sol: By factorization 
x’ — 25x +100 = x —5x-20x+100 
= x(x—5)-20(x-5) 
=(x—5)(x—2O)crcserese (i) 
xX ~x-20=x°-—5x+4x—20 
= x(x—5)+4(x-5) 
=(x-S)(x+4) (ii) 
From (i) and (ii) 
L.C.M =(x—5)(x-20)(x+4) 
ii) x +4x4+4, x? -4 2x? +x-6 
Sol: By factorization 
XM +4x445 x7 42042044 


= x(x+2)+2(x+2) 

=(x+2)(x+2) a (i) 
x ~4=(x)’~(2) 

=(x+2)(4—2) reese (ii) 


2x +x~6= 2x" +4x-3x-6 
= 2x(x+ 2)-3(x+2) 
=(x+2)(2x-3) (iii) 
From (i), (ii) and (iii) 
LCM =(x+ 2)(x+2)(x-2){2x—3) 
=(x+2)° (x—2)(2x-3) 
iti) oe ey): 3(x° +2x’y—xy’ -2y'*) 
Sol: By factorization 


2(x'-y*)=2/ (J -(9*) | 


22(P eye 97) 
=2(x?+y?)(x+y)(x-y) ee (i) 
3(¥° +2x°y—ay? ~2y°) =3[ 0? (x4+2y)-y*(x+2y)] 
=3(x+2y)(x?—-y’) 
=3(x+2y)(x+y)(x—y) eee (ii) 
From (i) & (ii) 
L.C.M = 
2x3(x+ y)(x~ y)(x? + y?)(x+2y) 
=6(x*—y*)(x+2y) 
iv) 4(x*-1),6(x° — 2° -x+]) 
Sol: By factorization 
4(x'—1)=4] (x) "| 
= 4(x? +1)(x? -1) 
=2x2(x*+1)[(x)’-(1)"| 
=2x2(x7 +1)(xt1)(x-1) nee (i) 
6(x° x? ~x41)=6[ x*(x-1)-1(x-1)] 


= 6(2=1)(x? 1) = 2%3(x—1)[ (x)° -(1)"| 
= 2x3(x~1}(x-1)(x+1) wu (it} 

From (i) & (ii) 

LCM= 2x2x3(x+1)(x-1)(x? +1)(x-1) 
=12(x*-1)(x-1) 

Q6. For what value of k is (x+4), 
the H.C.F of x’ +x-(2k+2) and 
2x" +kx-12? 

Sol: k=? 
p{x)=x° +x-(2k +2) and 
q(x) = 2x7 +kx~-12 

As given that x+4 is HCF, so p(x) and 

q(x) will be exactly divisible by (x+4) 


poe ae 
x4) +0 2k +2) 


uae: 4x 
mrs 
73k F12 
12-(2k +2) 
=12—2k-2 
=10-2k 
As p(x) is exactly divisible by x+4, so, 


k=5 
Q7. If {x+3)(x—2) is the H.C.F of 
p(x)=(x+3)(2x°-3x+k) and 
q(x) =(x-2)(3x°+7x—I), find & and 
i. 
Sol: k=? and /=? 
As (x+3)(x—2) is the H.C.F, so p(x) 
and q(x) will be exactly divisible by 


(x+3)(x-2)ie., p(s) ) has remainder 
HCF 


ZCtO. 


(53) (2%? —3x+k) 2 2x? —3x+k 
(43) (x-2) x-2 


ax+] 
x—-2)2x? -3x4+k 


Le 


As remainder = 0, then 
k+2=0 


k=—2 


and a(x) has zero remainder 
HCF 


(5-2) (307 4 7x—1) 3x2 47x— “1 


(x+3) (x2) x43 


ee 
x43)307 472-1 
33% 49x 
PI -l 
FR FO 
{+6 
As remainder = 0 
+6=0 
-{=-6 
=> 1=6] 


Q8. The LCM and HCF of two 
polynomials p(x) and g(x) are 


2(x*-1) and (x+1) (x? +1) 


respectively. Hf p(x)=x°+x4+1, 


find q(x). 
Sol: LCM =2(x*-1), 

HCF = (x+1)(x? +1} 

p(x) a=xe4k txt q(x)= 2 
As p(x)xq(x)=(LCM )x(HCF) 


P(x) 
_2(x* eile ize Cs +1) 
+x txt] 


Q9. Let p(x)=10{x? —9}(2 -3x+2) 
and q{x)=10x(x+3)(x-1). W 
the H.C.F. of p(x),g(x) is 
10{x+3)(x-1), find their 
ee 

Sol: (x) =10(27 _ 9) (x eox 2) 
ee 10x(x+3)(x- 1) 

HCP. =10(x+3)(x-1), LCM=? 

As (LCM )x(H.C.F) = p(x)xq(x) 
Lem. PE) 


_10(x° -9)(? ~3x+2)x10x(x+3)(x—1)" 
MS (+3) (x- t) 
_(27-9)(x? -3x+2) )x10x (43) (x~T} (x—1) 
(5) (xt 
=10x(x~1)(x°-9)(x? -3x+2) 
=10x(x-1)(x* —9}{x? —x-2x+2) 
) 


( 
=10x(x 1)(x? 9)| x( (x-1)-2(x-1)| 
( 


=10x(x~1)(x* -9)(x~1){x-2) 
=10x(x-1) (x? -9)(x-2) 

Q10. Let the product of L.C.M and 
HC.F of two polynomials be 
(x+3) (x—2)(x+5). If one polynomial 
is (x+3)(x-2) and the second 
polynomial is x’ +4x+15, find the value 
of k. 

Sol: k=? 

Product of L.C.M. & H.C.F is 

LCM XHCF =({x+3) (x—2)(x+5) 
p(x)=(x+3)(a—2) 

q(x)=x° +kx+15 


As p(x)xq(x)= LCM x HCF 
(x+3)(x—2}{x? + kx +15) 
= (x+3)’ (x-2)(x45) 


(x+3 oF (5 (045) 


(e435) (s-F) 
x +ke+15=(x+3)(x+5) 
XK EREAUS = 397 434-5415 
x +hke ti Sax +8x415 
Comparing co-efficient of ‘x' 
>kx = 8x 


[k=8 


Qil. Wagas wishes io distribute 128 
bananas and also 176 apples equally 
among a cerfam number of children. 
Find the highest number of the 
Children. Who can get the fruit in this 
way? 
Sok: No. of bananzs = 128 

No. of apples = 176 

Highest no. of children who get the 

fruit in this way is H.C.F, 
So No. of bananas = 

2X2X2X2%2xK2x2 

No. of apples = 

2X2xX2x2xi] 
Hence required no. of children = 

aX 2X2X2 = 16 


xX +kxe+15= 


Simplify 
x+3 x2 xt+1 


pebi 1,2,3 
x? Bathe, rae gaa x7 -5x+6— 


- “x43 x+2 _ x4! 


x 2 3449 x 4x43 x? -—5x+6 
x+3 x+2 xt! 
- + +} —. —— 
x? —2x—-x42 x ~3x—x43 x? —3x—2x+6 
fps oR, wg a SN 
© x(=2)—Mx-2) 1-3) (4-3) x3) 20-3) 


_ #t3 Go Se ie ed ; 
"ae 2)(x-1) be 3x-1) (x-3)(4~2) 
” (x + 3)(x- 3)+ (x +2) (x~ 2)+ (x +1I(x =I): 
has 2)(x-3) 

x —0- +7 —A+x” —] 


(x1 2x3) 


eee 
(x—D(x~2)(x—3) 


x8 x? +6x+8 
Cert 


Express the product 
7 Koad ar aoe 


as an algebraic expression reduced lowest 
forms x# 2,-2.1 


Solution 


By factorizing completely, we 
have 


x -8 x +6x48 


YF x 2x +1 
(4-2) (0? 42x44) x (x42) (444) 
(x2) (¢42)X(2 
Now the factors of numerator are 
(x-2), (x7 +2x+4),(x+2) and (x44) 
and the factors of denominator are 
(x-2),(x+2) and (x~1)?. 


CE) 


Therefore, their H.C.F. is (x — 2) x (x + 2) 

By cancelling HCF i, 
(x 2)x(x-+2) from (i), we get the 
simplified form of given product as the 


2 
: 4 
fraction Sa be ee ? 
(x-1) 
Example 
3 
+x4+1 =1 
Divide ate ne 
x" - x Ae $3 


and simplify by reducing to lowest forms. 


We hava 2 txt 7 ie =f 
ea x —4x43 
q (x? +x41) | (x? -4x+3) 


(x? —9) Cae 
_ (2 txt? 2-343) 
(x? ~9)(x3 1) 
(x? +x+0)[ x(x —1)~3(x-1) | 
(x+3}({x-3)(x -1)(x? +x41) 


; (7 + x41)e-3x-1) zed 
(x+3)(x-3)(x—1) (x? +x41) x3? 


x#-3 


Exercise 6.2 


Simplify each of the following as a 
rational expression. 
x= x-6 x7 +2x-24 
1, — + i a re 
Q x’ -9 x? —x~12 
oa —3x+2x- O5 x°+6x— -Ax— 24 


(x) (3) x? +3x-4x-12 


_ x(x~ -3)+2{x4- 3), x(x+6)—4(x+6) 
(x+3)(x—3) x(x+3)—4(++3) 


pecs 3) (x+3)(x—-4) 
_*+2 eth _*4+24+2446 


snore ae x43 x+3 


_ 2x4+8 

~ x43 

_ 2(x+4) 

x43 

xt+l x-l] 4x 4x 
aa) eee 


? aes | 


et (x+1) -(x-j)g 1) is 4x 4x 
(x-1) ~(x-1)(x+1) | x’ +1 


(x * +2x+1)— )—(2° 2x43) _ Ax 4x 
oo = + 

‘| GY-0 v4 

r #4 2xtiaa+ x+2x-1 4x if 4x 


aya ae. 


- x=] 
_ 12x 
x’-I 
1 I 2 
08. 
x -Bx415) y—4x43 x7 -6x45 
1 I 2 


“faa eae) oa eS oe ee 
x -3x-S5x4+15) x°-3x-x4+30 x°-Sx-—x+5 


eet Serer Seen Bae ee, 
x{x—-3}-5(x-3) x(x—3)-1(2-3) x(x—5) A x-5) 


= RG a ee 
(x-3}(x-5)  (x-3)(x-I) (x-5)(x- tp 

_ ¥-14+x-5-2(x—3) 
(x-1)(x-3)(x~-5) 

_ x—-1+x-5—2x+6 


~ (x=1)(x-3)(a-5) 


er cam (x-4)(x—x-6) 
_(2+2)(x43) (x+2).2(x?-16) 
(x) 13); "@- 4)(x? +2%-3x~6) 

_(x+2)(r43) 2(8+2)[(4) -(4))] 


(x~ (2-3)(e43) (x—4)(x? +2x~3x-6) 
_ (*+2) _2(et2)(a244)(2- 4) 


x-3 (¥-4)(x42)(x—3) 


_Xt2  2x+8 
x-3 = x-3 
_X+24+2x+8 
x-3 
_ 3x+10 
x—-3 
x+3 1 4x 
ear a a —_ 5 . 
2x°+9x+9 2(2x-3) 4x°-9 
et3 1 4x 
“Rela CASA! BIGLI aL ine 
2x°+6x+3x+9 2(2x-3) 2x)’ -(3) 
x+3 1 4x 


2x(x+3)+3(x+3)  2(2x—3) (2x43)(2x—3) 


ot ise a POE ates 
2x+3  2(2x-3) (2x+3)(2x-3) 

_ 2(2x—3)+2x+3—2(4x) 

2(2x+3)(2x-3) 

_ 4x-6+ 2 

~ 2(2x+3)(2x—3) 

_ r2x—-3 

~ 2(2x43)(2x—3) 


— =LDeeS) 
—-2(2e+5) (22-3) 


—| 


~ 2(2x—3) 
_ 1 
2(3—2x) 
Q6. A-=., where a=oh 
at 
A atl 


7 {a’ +2a+1)—(a’ ~2a+1) 
 (a)'-(1y 
_ a +2041 ~ 420-1 


a’*—-1 


a —-) 


vac { 4x 


ae. pt 2 | at 4] 


x-2 2-x) Lx+2 4-2 
-(x-l) 2 Pes 4 | 
2-x 2- x x+2 (2) -(x)° 

x+l | 1 
eee One) 

+ 


a a 1)(2- 3) 
ax || @+s)@-a) 


2x — x a 
(24+x){2—x) 


Sed | OEE i 

ig, | (2+x)(2- x) 
ome 
(2+x}({2 x) 


7 


49 —* eee) 
2-x |; (24x)}(2—x) 

_3-x oS 
2x | Bre (2-9) 


~O-x oA 

IZ ts 

=a 

2150 

~ 2-x 

=0 

Q8. What rational expression should 

be subtracted from 2x 420-7 to get 
x +x-6 

ea eer 


x2 


Sol: Let the required expression be A, 


2x? +2%— U oe as I 
x +x- 6 x- x2 
2x? +2x— me he 

x +ix-6 oo 

2x" +2%—7 aaa 


then 


or 


So A=—p~ "ae 
XxX’ +3X—2x-6 x-—2 
. +2x—7 rr 
~ ¢(g+3)—2(2+3) Fe 
2x7 +2x-7 1 
© (x43)(x— 2) x-2 
_ 2x + 2x—7—(x~1)(x+3) 
(x+3)(x- 2) 
_ 2x? +2x-T—-(x? =x+3x=3) 
(x+3)({x—2) 
_ (2x7 +2x-7)~(x? +2x-3) 
(x+3)(x-=2) 
_ 2x? +2x-7-x? - 2x43 
(x+3){x-2) 
x -4 
© (x+3)(x-2) 
__()~Ry 
(x+3)(x-2) 


ger) 
Perform the indicated operations and 
simplify to the lowest forms. 


oe tse 2x-6 (a) = ~(2)’ 


x2 3x+2x—6 GA (3)" 


_ ¥(x+3)- 2(x 23) (x+2}{x-2) 
( ( 


x- ae 3) {x+3)(x-3) 


m8 x 46x48 
-4 x -2x+1 


; x? + 2xte4x4+8 
x z 


in*# = xb xt] 


(x2) (x+2) Galley 
_Xt2x+4 (348) (x44) 
eS (x-1)(x~1) 


_(# +2x+4)(x+4) 


x’ —8x 2x~1 x+3 
Qx74+5x-3 x°+2x+4 x*-2x 
x(x°-8)  x-1 x43 


9x7 +6x—-x-3 x7 4+2x+4 x(x-2) 


AGP HOP] ae xt 
~ 2x(x+3)—1(x+3) x? +2x4+4 0 x(x—2) 


Qil. 


2y°+Ty-4 Ay” a 
3y’ -l3y+4 6y’ | 


_ 2y(y+4)- -A(y+4) Q 
y(3y-1 


~3y'y-12y +4 Gy? +3y—2y-1 
(2y+1)(2y—-1) 


)-4(3y—1) 3y(2y4+1)-1(2y+]) 


_yt4 

y-4 

o13.| 22%. "|, [22 a~y 
Pum 2.2 Z 
xy x+y [x-y xty 


(x— v}( xty) 


(x? +y7 y a -yy | Ce yy" ea | 


(2?-y?)(x? +y?) | 
xt y'+2x7y? (xt + y*-22"y") 
(P-F)\e+y) 

Ze +y ra x? —y? +2xy 
x~y? 


A+ fl +209" ag —-f te ¥ 


es 


+t 7 +28) fo - f + 2ay 


ee 


Square Root of Algebraic Expression. 
The square root of a_ given 


expression p(x) as another expression 
g(x) such that g(x) .g(x) = p(s). 

As 5 x 5 = 25, so square root of 25 
is 5 

It means we can find square root of 
the expression p(x) if it can be expressed 


as a perfect square. 


Use factorization to find the square 
root of the expression 


Ax* ~12x+9 


‘Solution 


We have, 4x7 -12x+9 


= 4x7 ~6x-6x4+9= 2x(2x-3)~3(2x-3) 


= — (2x~3)(2x-3) =(2x-3) 
Hence /4x7-12x+9 
= +(2x-3) 


Example 
Find the 


square root di 


1) 438,220 


x A aa[ as 
x Xf 


Soluttost: 


We have x iN t12{ eet} sae 
x 


Hh 


x? + 4D? [x41 }136 
x x 
(adding and subtracting 2) 


(x45) 12(1 Jor" 
= x+—] +2] x+— |(6)+(6) 
x Xx 


_ fafet 6) 


since a” +2ab+b? =(a+b)° 
Hence the required square root is 


x[ xt les) 
x 


Example 


Find the square root of 


4x4 +1203 4x7 —12x4+4 


2x7 +3x—2 


WE 412.3 42212044 


V2 4x7 12044 


2D 
Ax” +3x Lyd 295! 
4x” +6x—2| 9)? 12544 
78x torts 
0 


Thus square root of given 


expression is + (2x? +3x—2} 


Find the square root of the 


expression . 
2 2 
4= +8 +164+122 492, 
y ¥ Xx BG 


We note that the given expresston 
is in descending powers of x. 


7 aly ae ea 
y x 


2 2 
4°5487+16+122 +975 
y y a 


i) 
I+ 


x M eared y? 
Sees | 124+12--+9-— 
y x x x 


Hence the square root of given 
4 3 x 
expression is (22+ 2432) 


y x 
Example 


To make the 
x) —10x° +33x7-42x+20 a perfect 


expression 


square, 
{i) What shouid be added to it? 
(ii) What should be subtracted from it? 
(iii) | What should be the value of x? 

x 5x44 , 


x* 10x? +33x7 —42x+20 


x 
+x4 


nm 


~10x° +33x 


a 
onan 10x37 +2522 
+ = : 


8x? —42x+20 
~8x* -40x+16 
+ - 


~ox+4 


2x7 —1Ox+4 


For making the given expression a 
perfect square the remainder must be zero. 


Hence (iii) We should take —2x+4=0 to find 
(i) = We should add (2x-4) to the the value of x. This gives the required 
given expression | value of Fier. 
(ii) We should subtract (—2x+4) from | 


the given expression 


Ql. Use factorization io find the 


om i \ 
square root of the following ae x3) 
expressions. ars Cae 
i) 4x? ~l2xy+9y2 | Hence fee dayeh y? 
ae 16 12 36 
=(2x)"-2(2x)(3y)+By)? | ro RE 
EP 7-3] 
=(2x-3y) V4" 
—— ra be 
Hence J4x Wael | =2(5 a y] 

2 3 4 3 
= y(2x-3y) iv) 4(a+b)"~12(a? -b?)+9(a-py' 
peer oy) =(2 (a+b)} =2x2(a+b)x3(a-b)+[3(a—2)] 

i) P14 =[2(a+b)-3(a—a)P 
4x oT 
; 2 
= (x)? -2(x) xh(e =(-a + 5b)’ 
2x 2y 
= (Sb- ~ay 
4 —S~— - 
seats bare ee 
= [x3] = V(5b- a) 
Pd 
; =+(5b—a) 
=e[x-2) PRE 
ax y +e ieee} — 
ii aoe git > 9x4 4.2437 y* * 416 y+ 
ie 36° 22°) -2(288)(ay 439°) 
(2x?) -2(2x"}(399) +(3y 


TWO |“ patamryeey 


| _ =); y 
| (a? +4y ay 


4x6— ey? +9y° 


Hence 
Ox! +24x7 y? +16y4 


Let x--—=a 


Squating E : 1) =(a\? 


1 
x45 -2=a" 
Xx 
+s +2 
EF 


So expression (i) becomes 
=a? +2+2-4a 
=a" —4a+4 


= (a) ~2(a)(2)+(2)° 
=(a-2)° 


Putting value of ‘a’ 


iy 
(1) 


: 


-+{1-4-2) 
x 
2 2 
vil) Ge | ~4{x+4] +12...) 
ES \ 


2 
Squaring E + | =(a) 
ae 


1 
x 4++-+2=a 


Xx 


2 


Poa | 
: ++-=@"-2 


PP 
So expression (i) becomes 
2 a Z 

=(a’-2) -4(a)' +12 


2 
={a”) ~2{a7)(2)+(2)° -4a? +12 
=a’ —4aq* +4~4da? +12 
= q+ —8a7 +16 


ee aa 
(a 4)’ 


Putting wee of a” 


f a. J 2 
Hence = & fone io ~4{ x41) +12 


er ae ae 
=a[x ere 2} 
viii} (x? +3x+2)(x? 44x43) (x? +5146 


} 
=(x tat 2x+ 2)(x? +x43x43){x? +2x4 3x46) 
=[ x(x) +2(x-+1) ff (+1) +3{-+4) | a(x+2) +3(x+2)] 

) 


= (x+1)(x+ 2)(x+1)(x+3)(x+2)(x+3 
=(x+1)°(x+ 2)? (x43) 


Hence 


Jf? +3x+2)(x? +4x43)(2? +5246) 
= y(x+i? (x+2)° (x+3) 


=+(x+1)(x+2)(x+3) 


ix)(x?-+8x+7)(2x7 —x~3)(2x? +L1x-21) 


=(x 4047x4727 +2x-3x-3)( 23? +14x—3x~21) 
=[x(x+1)+7(x+l) |[ 2x(x+1)-3(x+1)] 


[ 2x(x+7)-3(x+7) | 


=(x+1)(x+7){x+1)(2x—-3)(x+7)(2x—3) 
=(x+1)° (x+7)° (2x3) 


Hence 


fe +82+7)(28 1-3) 2 


= (x41)? (x47)? (2x~3)" 
=t(x+1)(x+7)(2x«-3) 
Q2. Use division method to find the 


square root of the following 


expressions, 


i) 4x” +12xy4+9y" +16x4+24y +16 
axt3yt4 
4x? +12xy+9y? +16x4+24y +16 


4x 

129+ 9y" +16x+ 24y+16 
LBxy +Py° 

l@x+24y+] 
Lx +94 y +16 


0 


2X 


4x+3y 


4x+6y+4 


Hence the square root of given expression 
is 


+(2x+3y+4) 


ii) x* —10x7 + 37x? — 60x +36 


x -S5x+6 


x1 -10x' +3747 -60"-36 


3 


=i 


2x7 -5x | -1 a 37x" -60x~ 36 
afc = 25° 
2x7 -10r46 |] 12k —60r+ 36 
-14? + giv 6 


Hence V¥x*—10x° +37x? —60x +36 


=+(x? —5x+6} 


iii) 9x4 -—6x° 47x27 -2x41 


3x7 


* 
6x" -Xx 


6x7 -2x+1 


Hence ¥9x* —6x° +7x7 -2x+1 


=+(3x7-x+l) 


iv) 4425x? -12x~24x° +16x* 
In descending order 
=16xt — 24x? + 25x" -12x+4 
4x? -3x+2 


16x4 2497 +25x2 1244 
_l 6x" 


» ile 


4x? 


8x* —3x 


8x? —6x+2 


Hence V16x" — 24x? + 25x" —12x+4 
=4(4x?-3x+2] 
2 2 
y) X-10=+27-102 +75 
y ¥ x x 
(x#0, y #0) 


Hence 


se | 


2 ; 2 
[xp-1oSsar-10ley 
¥gie Y xox 


The required square root 


=:(4-5+2] 
y x 


Q3. Find the value of ‘k' for which 
the following expression will 
become a perfect square? 


i) Ax —12x° +37x" —42x+k 


2x7 —3x+7 
9x] 4x*- 12x°3 +37x? —42x+k 


42° +37x7 -42x+k 
as P+9x? 


4x2 —6x+7| 28k? ~42h+k 
Aha? F42x449 


4x? -3x 


As given that the given expression is a 
perfect square, so 
Remainder = 0 
k~-49=0 


k =49 
ii) xt 4x9 +10x? ~ ke +9 
x ~2x+3 


xt 4x3 410x2 ke 49 
4 


~~ 


4a? + 10x? —kx +9 
F 44x? 


As given that the given expression is a 
perfect square, so 
Remainder = 0 
(-k+12)x=0 
As «40,80 -k+12=0 
=> |k =12 
Q4. Find the values of 'J'and ‘m’ for 
which the following expression 
will become perfect square. 


i) x4 449 41627 + itm 


x7 4+2x46 


Pita +16x7 +he-+m 
4 
4x4 16x? + lym 
_ A +.4x? 
12k? + bet 
_IPx? 244436 


G - 24)x + {in _ 36) 


2x? +2x 


2x7 +4x +6 


As the given expression is to be a perfect 
square, so 
Remainder = 0 
(1-24) x+(m—36)=0 


As x #0, so /—24=0 and m-36=0 

> and 

ii) = 49x* ~ 700° +109x7 +4¢-m 
Tx? 5x46 


49x4 —703 410947 + —m 
_49y4 


70K? +1090? + ix—m 
$7007 + 25x? 


84" + Lx —m 
_8Ax" F 607 +36 


(2+ 60)}x—m--36 


Tx" 


l4c? —5x 


14x? -10x+6 


As the given expression is to be a perfect 
square, so 

(1+60)x-—m—36=0 
As x#0,s80 /+60=0 and —m—36 =0 
= and 


Q5. To make the expression 


9x2 12x) +22x7 -13x+12 a perfect 
square. 

i) What should be added to it? 

ii) What should be subtracted from it? 
iii) What should be the value of ‘ x’? 


3x* 2443 


9x" 1245 422%" 13412 


a 
W203 + 4x? 


1Bx? 13+ 12 
_ipe?Flax+9 


x43 


3x2 


6x? -2x 


6x? —4x43 


To make the given expression a complete 
square 

i) x~3 should be added 

li) —x+3 should be subtracted 


tii) For value of ‘x’ 
Remainder = 0 
—-x+3=0 
a3 
Q6. Find H.C.F of following by 
factorization 
8x* — 128, 12x" - 96. 
Solution: 
8x*-128 =8(xt- 16) 
=8 (Ox? ye —(4y ) 
28 (x +4) (x? - 4) 
=8 (x +4) (x+2){xX-2) 
12x°-96 = 12(x° 7%) 
= 12(x*°- 2°) 
= 12 (x-2) (x742x+4) 
Common factor = 4 (x-2) 
H.C.F = 4 (x-2) 
Q7. Find H.C.F of following by 
division methed. 
y’ + 3y’-3y - 9, y° + 3y”— By — 24 
Solution: 
] 


y’+3y°—3 y~9 y>+3y? -By—24 
-y? +3y* 3yF9 
—Sy—-15 
-3(y+3) 


v3 
(y+3) y'+3y*-3y-9 
- y+ By" 
3y-9 
F3y+9 
. x 
H.C.F sy +3 
Q8. Find L.C.M of following by 
factorization. 
12x” 75, 6x” ~ 13x — 5, 4x” — 20x +25 
Solution: 
12x?~75 =3 (4x?_ 25) 
= 3 ((2x)’ —(5)’) 
=—5 (2x+5)(2x- 5) 
6x? — 13x -—5 = 6x? ~ 15x + 2x— 5 
= 3x (2x — 5) + 1(2x —5) 


= (3x + 1) (2x — 3) 
4x’ 20x +25= (2x)? +55) 2(2x) (5) 
= (2x -5)" 
= (2x — 5) (2x —5) 
L.C.M = (2x -5)* x3 (2x + 5)(3x4+)) 
= (2x = 5) (2x45)Gx+1) 


Q?. if H. C.F of x74-3x745x7426x+56 and 


2 


x’ + 2x°- 4x? _x + 28 is x + 5x + 7, 


find the 
Solution: 
| x 430 4? +2 +56] x 4247 +28 
L.C.M = -_ a = 
x +5x47 
x —2x+8 


eee |x) 43x24 57 426x456 
—N 4539477 


~2 2x? +26x+56 
v + Ox? Fl4x 


8x? +40x+56 
8x7 +40x+56 
x 


L.C.M 
=(x?-2x+8)(x* +2x3— 4x? -x +28] 
Q10. Simplify 


‘ 3 3 
o Sows 
KT ERT +X+ XT -—X°4+x-1 
3 3 


ie Srl 


_ _%-3 -K-3 
(x? +1)(x41)(x- 1) 

— ~ 0 
(x +1)(x+1)(x-1) 

4 
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KS ober A SISA a 


-6 1 I 
a A = you ais 
fa ae = x tptaeiol x+t)+2s 
oe ath " a’ —ab 1 2 1 
(ii) ob a? —2ab+b? a [x+4) +10[ +1 |e2s 
a atb __a(a-b) : : 
(a—b)(a+b}  (a—by’ Let x+—=a 
x 
= a = a’ +i0at+25 
a~b a~b + 
- | | at = ({a+5) 
BH<b a Taking square root 
! —  |.42 
he = J[#(0+5)] 
Qil. Find square root by using = 
factorization = £(a+5) 
range | 1 ( 1 
[. +5 }st0( x42) 427 (x#0) = +{ +145] 
7 X 
Sohution: 


ss [ti eto[ eet} 2se2 
x . 


Q12. Find square root by using division method. 


2 2 
40" 5 205 5 20 Ee) 
y x x 
Solution: 
ae 45-22 
¥ * 


30y Oy? 
2x fa E413 202 
y r ¥ x 


Required square root = + = 


y 


10. 


‘(a) x+1 


H.C.F of p*q—pq’ and p°q’ —p’q° 
is 

(a) pq(p’-q°) — (b)_ pq(p-q) 

(c) p’q’(p-qg) — (d)_ pa(p*-q’) 
H.C.F. of 5x’y* and 20 x*y* is: 
(a) 5x’°y” (b) 20 xy? 
(c)100x°y° (a). xy 

H.C.F of x — 2 and x” +x -6is__ 
(a) W+x-6 (GE 
{c) x-2 (d) X+2 
H.CF of a’ + b’ and a? — ab + b? is 


(a) a+b 

(b) a’ —ab+b? 

(c)  (a-b) (d) a+b? 
H.C.F of x?-5x+6 and x” — x -6 
is_: 

(a) x-3 (b) x+2 

«© ww 4d x-2 
H.C.E of a” -b’ and a’ —-b*is 
(a) a—b (b) a+b 


(c) a tab+b? (d)a’-ab+b* 
H.C.F of x? + 3x +2, x? + 4x 43, 
x7 + 5x +4 is: 

(b) (x+1)(x +2) 
(c) (x + 3) (d) (x44) (x + 1D) 


L.C.M of 15x’,45xy and 30 xyz 
is 

(a) 90xyz (b) 90x’yz 
(c) 15xyz (d) 15x’yz 


L.C.M of a’+b* and a‘—b* is:__ 
(a) a +b (b) a’-b 

(c) a'-b* (dd) a-b 

The product of two algebraic 
expression is equal tothe ____ of 


11. 


12. 


13. 


14. 


their H.C.F and L.C.M. 


{a) Sum 

(b} Difference 
(Cc) Product 
(d) Quotient 


1 


; a 
S t f + _ 
implify Sue aap 
: 4a 
@ — > 
9a” —b* 
4a—b 
(b) 
9a? ~b? 
4a+b 
{c) 
9a” —b* 
b 
@ =; 
9a” —b” 
2 
é E 3 
Simplify ate 14 at i. 
a’ ~3a-18 a-2 
at+7 at7 
a —— (b 
(a) =e (b) ae 
at+3 a-3 
¢c —— (@ 
(c) a—6 @) at+2 
Simplify 
ab? [at tab+b? |_ 
Pes a? +b? — 
1 ] 
a b 
(a) at+b () a-b 
a—b a+b 
(c) (qd) 5 
a? +b? 2 4b? 
Simplify : 


15. 


16. 


17, 


18. 


@ —— 
x+y x-y 
© = @ = 
Xx y 
The square root of a” — 2a +1 is __ 
(a) t(at+l) (b) +Ha-l) 
(c) a-] (d) ati 


What should be added to complete 
the square of x* + 64? 
(a) 8x? (b) 
(c) 16x” (d) 


1 : 
The square root of x4 +—; +2 is 
* 


: 
8x" 


4x“ 


(a) x 


©) 4{x-4) (d) 2{x°-3) 
x x 


20. 


ai. 


LAM. 


eS) 
p(x) x H.C 


¢) px) 
q(x) xX H.CF 

Mae 

(a) P(x) x q(x) 

L.C.M 

) 2 
q(x) xL.CM 

L.C.M x HCF= 

(a) p(x)xq(x)  (b) 

(c) q(x}xL.CM (d) 

Any unknown expression may be 

foundif sof them are known 

by using the relation 

L.C.M x B.C.F = p(x) x a(x) 


POs) <a(x) 
H.CF 
LCM 
(d) 


PH) x g(x) 


(b) 


p(x) xX HCF 


None 


(a) Two 
The square root of 4x7-12x+9 is: (b) Three 
(a) +(2x — 3) (c) Four 
(b)  +(2x +3) (d)__None 
(c) x +3y 
(J) (2x-3y 
ANSWER KEY 
1. a 2 al 3. ce] 4 ToT s fal 
6 [atm fal & {bl % |e] 10. fe 
i. [c | 12 [a [13 [al 14 [a] 1s [b 
16. | c | 17. | b| 18 | a | 19. | a] 20. | a 
21. | a | 22. | b 


LINEAR EQUATIONS AND INEQUALITIES 


Detine Linear Equations 
A linear equation in one unknown 
variable x is an equation of the form 
ax+b=0, wherea, be Randax0. 
A solution to a linear equation is 
any replacement or substitution for the 
variable x that makes the statement true. 
Two linear equations are said to be 
equivalent if they have exactly the same 
solution. 
Example 


Solve the equation = a fat 


Solution 


Multiplying each side of the given 
equation by 6 


3 6 


9x-2(4-2) = 25 
= 9x-2x+4 = 2) 
= AS 21 
> x = 3 


Substituting x = 3 in original 


equation, 
3 3-2 25 
call ge see — cl 
* ) 3 6 
came = 5 
2 3 
250 25 


6 6 
Since x = 3 makes the original 
ilatement true, therefore the solution is 
correct. 


Some fractional equations ma 
have no solution. ; 


Example 
3y 


Solve Bier, LA y#l 


y-l1 y-1 
Multiplying both sides by y — 1, 
we get 


3-2(y-l) = 3y 
=a 3-2y+2 = 3y 
= ~—Sy -5 
> y = I 
Substitutingy = 1 in the 
given equation, we have 
3 4 3) 
1] 1-1 
a 3 
a ae 


But F is undefined. So y=1 


cannot be a solution. 
Thus the given equation has not 
solution. 


Solve 


Selution 


Multiplying each side by 3(x — 1) 


3x-1 2x 


(x-1}Gx-D-6% an 3x(x--i) 
>3x?—-4x41-6x = 3x* 3 
<> —Wx+] i ~3x 
=> —7Fx = ~] 


equation is verified a te statement. That 
means the restriction x*l has uo efiect on 


: 1 
the solution because 4 HE. 


Hence our solution x=- is 


correct, 
Define Radical equation? | 
When the variable in an equation 
occurs under a radical, the equation is 
called a radical equation. 
Solve the equations 


(a)  f2x-3-7=0 
(b) 3x+5 =3/3x4+5 =H x-1 
| | 


(a) To isolate the radical, we can 
rewrite the given equation as 


Y2x—-3 = 7 
> 2x-3 = 490 
2a =52. = eS Zp 


Let us substitute x=26 in the 
original equation. Then 
2(26)-3-7 = 0 


S2-3-7. = 0 


49-7 = 0 
0 = 0 
Hence the solution set is {26}. 
(b)  Wehave 


ees | = fest 
Taking cube of cach side 

= 3x+5 = x-t, 
2x1=—06 = x=—3 


We substitute x = --3 in the origina 
eqiation. Then 
3/3(-3) +5 = Y-3-1 


pes = ta 


, 
a) j4 = ¥-4 
Thus x = —3 satisfies the origina 
equation. 


Here 2/4 is a real number becavse 
we raised each side of the equation to an 
odd power. 

Thus the solution set = {-3} 


JSx-7- 


Solve and check: 


x+10 =0 


Solution: 

When two terms of 
equation contain variables in the radicand, 
we express the equation such that one of 
these terms is on cach side. So we rewrite 
the equation in this form to get 


a radical 


J5x-7 —yx+10 =0 


Squaring each side 


5x—-7T = x+i0, 
5x-x=104+7 

J 
Ax aly pee 


[Cheek | 
. ae LT. «; oe 
Substituting ers in original 


equation 


JSx—T-s[x +10 = 0 


[(2)-7-[2-0 = 0 
a7 [a 
ta 


: 17 : 
Le., av makes the given equation a 


0 


= 0 


true statement. 


Thus solution set = a : 


Exainple' 


Solve fxt7 +fxt+2=f6x+13 


Solution: 


VxtT + x+2= 6x+13 
Squaring both sides we get 
KETA KAZE S(X+7)(44+ 2) =6x413 - 


=> Aix? +9x+14 = A4x+4 
=> yx? +9x+14 = 2x+2 


Squaring again 


x°4+9x4+14 0 = 4x" +8x4+4 
=> 3x*-x-10 = 0 
=> 3x7-6x+5x-10 = 0 
=> 3x(x—-2)+5(x-2) = 0 
= (x-2)(3x4+5) = 0 
=> x= 2, 2 


On checking, we see that x=2 

: -5 
satisfies the equation, but ae dees not 
satisfy the equation, So solution set is (2} 


and ert is an extraneous root. 


Qi. Solve the following equations. 
P ; ore | 
i} oS ee i ie ie 
3 2 6 
Sel: Multiplying both sides by 6 
AB fi 
4x--3x=6x4+1 
x=6x4+1 
—-l=6x-x 
—j=5x 


Zz} 


*6(22}-'6[3x]-(3)+6| 2 


wal 
= ee 
Check: 
Substituting x=—-- in the given equation 
*(-2)-4(-Z)=-5+4 
a Sy 2 Bye 36 
Ded | ioe 
——- f+ 4+ -— 
15 10 5 6 


443-645 


3030 
1 1 or 

—— =-——- which is true 
30 30 


1 
Hence solution set = {- :| 


i) |-—_.ae 


Multiplying both sides by 6 


(8) loa 
2x- 6 -3x+ 6 =-6 


—xy=-6 


ag 
Check: 
Subse x =6 in the given equation 


-l=~] which is true, so solution 


iii) s[x-2} += ts 573) 
, Woes 6°32 
tN e574 

2” 12°3°6°6 ~3(2x) 


Multiplying both sides by 12 


(5 +}-42( 5 }+ 92(2)- (3) wa()- 12x) 
6x—1+8=10+2-12x 


6x+7=12—12x% 
6x+12x=12-7 
18x=5 

5 
x= 


18 


Check: 


Substituting x= = in the given equation 
ifs | / a a ae = 
<= [t= l+—| —-Zx— 
2+48—67-—F, 6 342 +8 
1(5-3),2_|5 (ae 
+—=—+ 
{2} 3 6 3\ 6 
1 4 2 So 
+ = 
18) 3 61 18 
{+12 15-2 


18 18 


1B B- cad which is true, so 
18 18 


Solution set = 3 
1sf 
(iv) xt2= 2fx-2\_6x 
3 3) 


X¥ Ll. 2x — oe 6x 
3 3 
Multiplying both sides by 3 


xt Bx =3(2x)- a(4)- 3(6x) 


3x+1=6x-4~—18x 
3x+1=-l2x-4 
15x=-5 

5 
1S 


1 
x=-— 
re | 


v 


Check: 


his Bs : 
Substituting x =—— im the given equation 


on2{-4)s2 

3 

0=-2+2 

0=0 which is true, so 


XY 


Solution set = | 5 
[| 3 


v} site De =j-= 
6 
Multiplying both sides by 18 
sexP—9) _ 19, a *0(5) 
6 ¥ 
15(x-3)—18x =18-2x 
15x—45-—18x =18- 2x 
15x—18x+2x=18+45 
~—x = 63 
=> x=-63 
Check: 
Substituting x =—63 in the given equation 
5(-63~3) (-63} 
6 Belt 


it 
[66 } ef 
+63 =1+— 


—( 63) =1- 


2 


—55+63=14+7 
8=8 which is true, so 
Solution set = {~63} 


vi) x =2- 2a 
3x—6 x2 
: 2x 


sie Lee 
3{x—2) x~2 
Multiplying both sides by 3(x-2) 


jx =--12| 


Check: 

Substituting x=—12 in the given equation 
-12, 2(-12) 

3( 12)~-6 -—12-2 

12) (-24) 

—36~—6 —-1+ 

12,2 

—~42 7 

214-12 

5; 7 

2 tts 2 which is true, so 

74 

Solution Set = {—12} 

Ex waa 5 

Vii) a , x2 

2x+5 3 4x+10 2 

2x ane 5 


2x+5 3 2(2x+5) 
Multiplying both sides by 6(2x+5) 
6(2445)x-, = 2 5x76 (2x45)- Or a { 2x*5) 
12x =8x+ 20-15 
12x—-8x=5 
4x=5 
4x=5 
=, 
x=— 
| 4 
Check: 


soo D4 ; : 
Substituting x= Fi in the given equation 


5 
Z 2 2 
keane | 
#21 
Ww 3 3 
ie : 
>=—-— which is true, so 
3 13 
Solution set = ‘3 
4 
ss 2 1 § 2 
vill} = -— - = —- f- 
x-1 3 6 x-] 
Multiplying both sides by 6( x~1) 
DX ames 1 
6 x + 6 x~I)x— 
eG z 
= B(x) +6( xT) is 
12x+21~2= 51-5412 
12x+2x-5x=2-5+12 
9x=9- 
9 
x= 
9 
x=] 
Check: 
Substituting x=1 in the given equator 
2 
cA ae 
1-1 3 6 1-1 
2240-3. 32 
fom 
0 3:6 0 


AS 4 is undefined, so x=1 cannot be a 


solution thus the given equation has no 
solution. - 


ix) 2 eres eo 
xl xt1 x41 


2 fe a 


—_—~__, 


Multiplying both sides by (x+1)(x-1) 


2 
Gee<1) ey 
LAT I =p eT (0-1) 


2-x+1l=x-1 
2+itli=zx+x 


2x=4 
4 
x= 
2 
raZ 
Check: 
Substituting x =2 in the given equation 
2 ~ URE. 
(2) 4 2+1 241 
ae ee? 
4-1 3 3 
2 11 
a3 - 3 
: ae eo 
~=- which is true, so 
3 3 
Solution Set = {2} | 
x) 2 <— : > x#—2 
3x+6 6 2x44 
2 1 1 


3(x+2) oa 2(x+2) 
Multiplying both sides by 6(x+ 2) 


‘Kang 


4=x-l 
44+1l=x 
x=5 
Check: 
Substituting «=5 in the given equation 
en 
3(5)+6 6 2(5)+4 
ae, | 1 
15+6 6 10+4 
pe ae fe! 
21 6 14 
2 7-3 
21 42° 
2 4 
21 42 
a = which is true, so 
21 24 


Solution Set = {5} 


Q2. Solve each question and check 
for extraneous solution, if any. 


i} V3x+4=2 


Squaring both sides 


(V3x44) =(2) 


Check: 
Substituting x=0 in the given equation 


V¥3x+4 =2 


V0+4=2 
nS ee 


2=2 which is true, so 


Solution Set = {0} 


ii) 


Y¥2x-4-2=0 
YIx-4=2 


Taking cube of both sides 


(¥22—4) =(2) 


Check: 


32-4 -2=0 


0=0 which is true, so 


Solution Set = {6} 


iil) 


V¥x~-3-7=0 
or ¥x—-3=7 
Squaring both sides 
(Jx-3) =(7) 
x-3=49 
x= 4943 
532 


Check: 
Putting x=52 in the given equation 
x-3-7=0 
52-3-7 
V49~7=0 


0=0 which true, so 


Solution Set = {52} 

iv) 2Vtt+4=§ 

at "acd 
2 


Squaring both sides 


Check: 


Putting ¢ = ; in the given equation. 


No 
~ 
+ 
aS 
I 
tar 


No 
blo 
+ 
a 
i 
nr 


\o 
+ 

— 
N 


i) 
Il 
in 


a 


N 
nN 
a 

wn 


5 
I 


43) 
5 


5= 


which is true, so 


Solution Set = 13} 


vy) ¥2x+3 =Yx-2 

Taking cube of both sides 
3 3 

(V 2x+3] =(2 x-2) 
2x+3=x—-2 
2x-x=-2-—3 
x=~5 

Check 

Putting x=—5 in the given equation. 
¥2x+3 =%x-2 
¥2(-5) +3 = %/—5-2 
¥-104+3 = Y-7 


Y-7 = 3-7 which is true, so 


Solution Set = {—5} 


vi) 


¥2—-t = ¥/2r—-28 


Taking cube of both sides 


Check: 
Putting 


(v2=1) =(¥2r=28) 
2~f=2t-28 
2+28=2+1 


t=3 in the given equation 


¥2-10 = ¥2x10—28 


¥-8 = 420-28 
¥-8 =¥-8 which is true, so 
Solution Set = {10} 
vii) V2t+6—- V2t—5 =0or 
V21+6 = J2t—5 
Squaring both sides 
(Var+6) = (=) 
2t+6=2t-—5 
B-M+6=-5 
6=-—5 which is not possible, so 
Solution Set = { } 


eae x+i1 5 
Vili) =2 by + —— 
2x+5 2 


Squaring both sides 


2 
x+1 2 
2) =i2) 
xt+l 
2x+5 
x+1=4(2x+5) 
x+1=8x+ 20 
1-20 =8x-x 


=4 


The absolute value of a real 
number ‘a’ denoted by Jal, is defined as 


tal : 2 if a BY 


-a, ifa<0 
e.g., |6}=6, (0l = 0 and |-6l = -(~6) =6 
Some properties of Absolute 
Value 
If a,b € R, then 
fi)  lalz0 . 


-19=7x 
19 
> x= 
i 
Check: 


id... F ; 
Putting x= ae in the given equation 


x+]1 =) 
2x+5 


J4 =2 


2=2 which is true, so 


Solution Set = =I 


ga ioe lal 
Sit} abl lal II 

a| la! 
i —|=—~, b #0 
OY) Blip 


Solve and check, [2x + 31 = 11 
Solution 

By definition, depending on 
whether (2x + 3) is positive or negative 
the given equation is equivalent to 


+(2x+3) =1Llor —(2x+3)=11 
In practice, these two equations are 
usually written as 


9x43 = +41lor 2x43 = —}1 
ax =8 or 2x = —14 


x =4 er x = —7 


Substituting x = 4, in the original 
equation, we get 


I2(4) + 31 = ti 
1.2., ii = LL, true 
Now substituting x = —7, we have 
2-7) +3100 = Vi 
I-IH = H 
in 11, true 


Hence x = 4, —7 are the solutions to 
the given equation. 
Or Sclution set = {-7, 4} 


Solve 18x — 31 = 4x + 5! 

Since two numbers having the 
same absolute value are either equal or 
differ in sign, therefore, the given equation 
is equivalent to 
8x -3 =4x4+5 or 8x-3 =—(4x4+5) 
8x —3 = 4x45 or 8x-3 =—4x-5 
8x —-4x=543 or 8xt4x=—-54+3 
4x = or 12x = -2 


Ql. Identify the following statements 
as True or False. 
i) |x]=0 has only one solution. 


(True) 


‘Exercise 7.2 


= -1/6 
find 


x =2 or x 


On checking we that 


both satisfy the original 
equation. 
) ; it 
Hence the solution set 6" . 


Sometimes it may happen that the 
solution(s) obtained do not satisty the 
original equation. Such solution(s) (called 
exirancous) must be rejected. Therefore, it 
is always advisable to check the sulutions 


The given equation is equivalent to 
+(2.x+10) = 5x+6 
ie, 3x+10 = 5x+6 or 3x+10 = —(Sx+6) 


3x410 =5x+6 or 3x4+10 = —5x-6 
3x-5x = 6-10 or 3x+5x =-6-10 
—2x =—4 or 8x =-16 

x = 2 or x -2 


On checking in the original 
equation we see that x = ~2 does not 
satisfy it. 


Hence the only solution is x = 2. 


ii) All absolute value equations have 
two solutions. (False) 
iii) The equation |x|=2 is equivalent 


to x=2orx=-2. (Truc) 


iv) The equation |x-4|=-4 has no J i3y42]=15 
y 


solution. (True) 
y) The equation |2x—3|=5 is [Bx+2|/=15x2 
equivalent to 2x-3=5 or |3x+2| =30 
2x+3=5 (False.) +(3x+2)=30 or —(3x+2)=30 
4 ? 
Q2. Solve 10" al 3x42=30 or  3xt+2=-30 
i)  Bx-S|=4 3x=30-2 or 3x=-30-2 
> +(3x-5)=4 or —(3x-5)=4 3y—20 or 3x = --32 
3x-5=4 or = 3x Sa 4 ae o | kw ae 
3x=4+5 or 3x=-4+5 3 | 3 
3x=9 or  3x= Check: 
¢=3 ar Pee : Putting x= : in the given equation 
Check: Aly 28 42\-4=11 
Substituting x =3 in given equation 2 B 
BG)-5|=4 fing 42|-4=11 
I9—S|=4 7 
laj=4 ee 
4=4 which is true 1 
Puttin gee in given equation g0orsant 
? 3 . 15-4=1] 
3(5) = | 11 =11 which is true 
| 3 Now putting Gites in the given 
-si=4 | 
equation. 
ie ly ca a, | ar ees 
4=4 which is true, so 2| a 4 ta-a= 
f.1 
Solution Set = {3.3} s}32+ 2|- 4-11 
“s Il 
ii) abet2[-4=01 4) 30|-4=11 
2 


Jay 4aj=ue4 1 
5 Bet 2[=11+ 5(30)-4=11 


15-4=11 

11=11 which is true, so 
Hence Solution Set = {78. -3 

me 3 

iif) = [2x+5/=11 
+(2x+5)=11 or —(2x+5)=11 
2x+5=11 or 2x+5=-1] 
2x=11-—5 or 2x=-11-5 
2x=6 or 2x =—-16 

6 -16 
f= or x = — 

2 Bs 
x=3 or x=-§ 
Check: 

Putting x=3 in the given equation. 
|2(3)+5|=11 
l6+5/=11 


ugp=1t 


1L=11 which is true 


Now putting x =~8 in the given equation. 


|2(-8)+5]=11 

|-16+5/=11 

j~11] S11 

H=11 which is true, so 
Solution Set = {3, —8} 
iv) = 3+ 2x}=|6x-7| 

[3 + 23| 

=! 

l6x-7| 
3+2x 
6x—7 


3+2x 34+2x . 
+ =1 or -( = 
6x—-—7 6x~7 


3+2x 


= or = 
6x-7 6x-7 
3+2x=6x-7 or 34+2x=-6x+7 
3+7=6x-2x or 2x+6x=7-3 
10=4~x or 8x=4 
{0 4 
=> y= — or x= 
4 8 
5 I 
y= — or x=~ 
2 2 
Check: 


Putting x= 2 in the given equation 


alah laa)? 
[3+5]=|15-7| 
Bi=( 


8=8_ which is true 


Now putting x= 5 in the given equation 


1 1 
Azz) 
3+1/=[3-7] 
j=] 

4=4 which is true, so 
Solution Set = or 1) 

224 
vy) |x+2)/-3 = 5-|x—2] 


jx+2|+|x+2)/=543 
2|x+2|=8 


jee F 


lIx+2/=4 


+(x+2}=4 or —(x+2)=4 
X+2=4 or x+2=-4 
x=4~-2 or x=-4~-2 
x2 or x=-6 
Check: 


Putting x=2 in the give equation 
[2+ 2|-3=5—|24+2) 
i-3=9-[4 
4—-3=5-4 

l=] which is true 
Now putting x =—6 in the given equation. 
|-6+2/-3=5~|6+2| 
M4[-3=5--4 
4-3=5-4 

1=1 which is true, so 
Solution Set = {2,-6} 


vi) 7 \x4+3]421=9 
9! 
l, 
=|x+3|=9-21 
2 


1 43/12 
2 


jx+3| = ~24 
As the value of absolute cannot be 


negative, so Solution Set= { } 


vii} — 


no Wire 


i 


I 

! 

i . 
Wile Wihs 


map & 


i 
ll 


3-5x 3—5x 

= or —- =—] 

4 4 

3-S5x=4 or 3-5x=-4 
3-4=5x or 34+4=5x 
—-1=5x or 7=5x 

j q 
x=- + or X=— 

5 5 
Check: 


Putting x= -= in the given equation 


1 
os ee 
: S| 2 


4 3 3 
i es 
4} 3 3 
122 
3 3 
,1.2 
Bae 
eae which ts true 
3 3 
So, solution set = 34 
vin | 2226 
—Xx 
(#2 )=6 5 -(=*)-« 
2-x 2-Xx 
x5 _ oF x+3 _¢ 
2-x 2-Xx 
x+5=12-6x or x+5=12+6x 
x+6x=12-5 or 54+12=6x-x 
Tx=7 or ¢ if a 
> = 7, 
x=l1 or x=- 
5 
Check 
Putting x=1 in the given equation. 
1 
I+5)_¢ 
2-1 
sn 
i 
|6|=6 
6=6 


Now putting x= a in the given equation 
5 
5 | 


I 
a 


6=6 which is true 


So, solution set = ey 


Let a, b be real numbers, then a is 
greater than b if the difference a — b is 
positive and we denote this order relation 
by the inequality a > b. An equivalent 
statement is that b is less than a, 
symbolized by b < a, Similarly, if a — bis 
negative, then a is less than b and 
expressed in symbols as a <b, 


1. Law of ‘Lrichotomy 
For any @a.,beR , one and only on 


of the following statements is true. 
a<b or a=b, or a>t 
An important special case of thi 
property is the case for b = 0, namely, 
a<Q or a=0o0r a>OforanyaeR 


2. Transitive Property: 


Leta, bce R. 
{t) a>bandb>c, thena>c 
(ii) Ifia<bandb<ce,thena<c 


For a,b, ce R, 

(i) Ifa>b, thnat+c>bt+e 
Ia<b, thena+c>b+e 

{ii} Ifa>0O andb> 0, thena +b>0 


[fa<0 andb<0,thena+b<0 
«Multiplicative Property 

Let a, b, c, de R, 
(i) If a> Oand b > 0, then ab > 0, 
whereas a < Oandb<0>ab>0 
(ii) Ifa>bandc > O, thenac > be 
Or if a < b andc > O, then ac < be 
Ifa > bande <0, then ac < be 
Or if a < band c <0, then ac > be 
The above property (iii) states that 
the sign of inequality is reversed if each 
side is multiplied by a negative real 


(it) 


number. 
(iv) Ita@>bandc>d, then ac > bd 


Solve 9-7x>19—2x, wherexeR. 


Swlution - 
9-—7x>19—2x 
Dm Sx>19 
—5x>10 
x<-2 
Hence the solution set = {x!x<— 2} 
Example.’ 


Solve Pesan , where xER. 
2 3 3 


a 


‘Solution ° 
l 
Hie eee) 
2 3 3 


To clear fractions we multiply each 
side by 6, the L.C.M of 2 and 3 and get 


64 ~2 of x43 
a. 3 


(eres Penese 
2 3 3 


or 3x~4< 6x42 
or ~4—2<6x-3x 


or —6<3x 
or —~—Sx 
3 


—25x2x2-2 
Hence the solution set 
= {xlx2-2} 
Solve the double inequality 


2< arses , where ve R. 


Solution’ 
The given inequality is a double 


inequality and represents two separate 


inequalities 
pa ty 
=) zx and 12x <] 
3 3 
|» woe 
3 
or —§ <1-2x<3 
or —7<-2x<2 
7 
or —>x>-l 
“} 


he 


ie.,-1<x<3.5 
Hence S.S = {xl-l<x<3.5} 


Solve the inequality 
4x—-1<3<7+2x, where xe R, 


The given inequality holds if and 
only if both the separate inequalities 
4x—153 and 357+2x hold. We solve 
each of these inequalities separately. 

The first inequality 44—I<3 

gives 
4xs4 ie xsi beset) 


3S57+2x>-452x Combining (i) and (ii) we have 


1:6: —2<x<1 
—2Sx>x2-2 fei Thus the solution set = {x1-2< x<]}. 
Exercise 7,3 

Q1. Solve the following in equalities. 4d 
. ) or xs— 
i) 3x+1<5x-4 a 

1+4<5x-3x 44 

5<2x Solution Set = jrixs 

2 1 

an i iv) x-2(5-2x)26x~35 

: 7 
= ee, | %-2(5~2x)P 6x—> 
Solution Set = { xlx> 2 Multiplying both sides by 2 
2 


2x—4(5—2x)212x-7 
2x ~-20+8x% >12x-7 
2x+8x-12x 220-7 


ii) 4x—-10.3< 21x-1.8 
4x—21x $10.3-1.8 


FE ere -2x>13 
a a 2x<-13 
285 Bb 
17 £-5 
x2-0.5 in 
Solution Set = {x| x2 -0.5} Solution Set = {xtxs-2 
iii) guia e ly vy) 3x42 2x+1 _ 
2 4 9 7 
44733 ye) Multiplying both sides by 9 
ee 3x+2—3(2x+1)>~9 
X+2x 
112 3x+2-6x-3>-9 
4 i 
—3x-1l>-9 
{112—% ~3x>1-9 
—3x > —8 
lix4. —8 
3 x<— 
3 8 
3 


Solution Sct = J xIlx< 3} 


vi) 3(2x+1)—2(2x+5) <5(3x-2) 
6x+3~4x—-—l0<15x-10 
2x-7F<l5x-10 
10-7 <15x*-2x 
3<13x 


or > 


f 3 l 
Solution Set = / x1 X>o 
Ler 13s) 


vii) 3(x-1)—(~-2) > -2(x+4) 
3x-—3-x+2>—-2x-§ 
2x—l>—2x-8 
2xe+2x>1+8 
4x >—-7 


7 
x >—- 
4 


) 
Solution Set = {x Ix> 7 


viii) 2a a+ =(5x 4)>—3(8e+7) 


get 552-4) >-5(81+7) 


Multiplying both sides by 3 
8x+2(5x—4) >—(8x+7) 
8x4+10x—-8 >-8x-7 
[8x-—8>-8x—-7 
18x+8x>8-—7 

2021 


x>— 
26 


: I 
Solution Set = 3 Ilx> nl 


26 | 
Q2. Solve the following inequalities. 
i) —-4<3x+5<§ 
4<3x+5 aod 3xXx+5<8 
4-—5 < 3x and 3x < 8-5 
—9<3x and 3x <3 
g 3 
an 7 ars x<— 
3 
—3<x and x<l 
—aexc] 
Solution Set = {x f-3eox< I} 
oe 5< 4—-3x “4 
wi) ny Se > a 
=4 
§ <2 and — Dal 
-fOxs4—3x and 4—-3x <2 
~JO~-4<—-3% and —3x< 2-4 
-[4<-3x and —3x < —2 
f4>3x and 3x>2 
bs 2x and  x> 2 
3 3 
Us 2xX> e 
3 3 
Solution Set = <x aid 2XxX> 2Z 
3 3 
-9? 
iit) ~“6<7 72 <6 
4 
fe and = <6 
4 
—24<x-2 and x-2<24 
—244+2<x and x<2442 
—22 <x and x <26 
Solution Set = {x!—-22 <x < 26} 


iy Bel St 
ie) 


cae 
2 2 
627-x and 7—x2>2 
6—72>~x and —-x 22-7 
-12>-x and —x = —§ 
lsx and x5 
Isx<5 
Solution Set = {xl1< x<5} 
y) 3x-l0<5<x+3 
3x-1055 and S<x+3 
—~5~—10<~3x and —*<3-—5 
—-I5<-3x and  -x<-—2 
15 >3x and x>2 
52x and x>2 
5D ate 2 
Solution Set = {x15 2 x> 2} 
vi) 35274 eg 
—§ 
Baad ma and OT 
—§ 5 


Ss Goes jay ~2etyey 
5 5 
18>x-4 and x-4>20 
15+42>x and x>4—20 
19>x and x>~I6 
19>x2>-16 


Solution Set ={x1192x> —16} 

vii) 1-2x<5—x<25-6x 
1-2x<5-—x and 5-x<25-6x 
1-5<2x-x and 6x-x<25-—5 


—4<x and 5x<20 
hex and x<4 
-4<x<4 


Solution Set ={xl4<x<4} 

viii) 3x-2<2x41<4x417 
3x-2<2x+1 and 2x+1<4x417 
~2-1<2x—-3x and 2x-4x<17-1 


—3<~—x and ~2x<16 
3>x and 2x>-16 
3>x and x>-8 3>x>-8 


Solution Set = {xi3>x>-8} 


Review Exercise 7 


Q3. Answer the following short 
questions. 
i) Define a linear inequality in one 
variable. 
Ans. Linear Inequality in one variable 
Let a, b be real numbers, then a is greater 
than b if the difference a—b is positive and 
we denote this order relation by the 
inequality a > b. An equivalent statement is 
that b is less than a, symbolized by b < a. 
Similarly, if a — b is negative, then a is less 
than b and expressed in symbols as a <b. 


ii) State the trichotemy and 
transitive properties of inequality. 
Ans. Trichotomy Property of 
inequality 
For any a,be R, one and only one 
of the following statements is true. 
a<bora=b,ora>b 


Transitive Property of inequality 


Let a,b,ce R 
i) Ifa>bandb>c, thena>c 
it) Ifa>bandb<c, thena<c 


i 


The formula relating degrees 
Fahrenheit to degrees Celcius is 


F= zC+32 - For what value of € is 
F<@. 


its. According to formula “F” will be 


ngetF < OL. negative C< y. 


i) 


zero, if 3C+32=0 


C=-2x5 
160 
eae 


160 


Seven times the sum of an integer 
and 12 is at least 50 and at most 
60. Write and solve the inequality 
that expresses this relationship. 


i, Let the required integer be x then 


I 


50S x +12<60 

SO0Sx+12 and x+12<60 

5S0-12Sx and x<60-{2 

38 <x and x = 48 
385x<48 

Solve each of the following and 


check for extraneous solution, if . 


any. 
V2t+4 =Vt_-1 


Squaring both sides 
(Jot+4) =(ffa1) 
2t+4=t~] 
2t—t=—1~4 


ii) 


(i004 = J 

V-6 = V-6 Which is tme, so 
solution Set = {-5} 
V3x-1~2V8-3x =0 
V3x-1=2V8—2x 

Squaring both sides 

(V3x-1) =(2V8-2x)° 
3x~1=4(§—2x) 

3x ~1 = 32—8x 


3x +8x = 3241 
LIx = 33 


Check: 


¥3x -1~2V8—2x =0 
J3(3)-1-2/8~2(3) <0 
V9--1~2V8—6 =0 
V/8=2/2=0 


$9 =39=0 
0 = 0 Which is true, so 


solution set = {3} 


Q5. Solve for x 
i) 3x +14]~2=5x 
I3x+14]=5x4+2 
+(3x+14)=5x+2 
3x+14=+(5x 42) 
3x+14=5x+2 or 3x+14=~5x-2 
3x —-5x =2-14 or 3x+5x =~2-—14 
—2x =-12 or 8x =-16 
eae or peered 
Z 8 
x=6 or x=-+2 
Check: 


3x +14/-2 = 5x 
13(6)+14|~2=5(6) 
118+14|-2=30 
|32/—-2 =30 
30~—2=30 
30 = 30, which is true 
Now put x = —2 
|3(~2) +14] ~2 # 5{-2) 
|-6+14|—-2 # ~10 
\s| 2 # -10 
8—-2%-10 
6 # ~10 which is not true 
So, Solution Set = {6} 


3 1 1 

ii) gx ala gk +3 
Ix—3] 3 
Ix+2| 2 
3-3 
¥a2l 3 

o(2=3)=2 

x+2 2 
| 1 
gi ala 52 
3\2 
19 


1=1, which is true 
So, Solution Set = {—12,0} 
Q6. Solve the following inequality. 


i) es Zi 
3 


1, <1-5 
3 


at x<—-4 
3 
Multiplying both sides by —3 
x 212 
Solution Set = {x /x 212} 


or hae 
x4+2 2 
x-3 3 x-3 3 
—— eee or a 
x4+2 2 x4+2 2 


2{x -3) =3(x+2) or 2(x-3) =—-3(x+2) 
2x—6=3x+6 or 2x+3x =6-6 
—x=12 or 5x=0 
x=-12 of x=0 
Check: 
Put x =—12 


1 
Bi ~3{=—|x +2 

3 2 

1 1 
—|-12-3)=—[+12+2| 
3 2 


10 ae | 
—|+15|=--|-10] 
BLA 2 


1510 

Ee 

5=5, which is true 
Now put x =0 


1 

1 ig_aj= 1 o42) 

3 2 
1-—2x 


ii) —3< <1 


5 5 
Multiplying both sides by 5 
—-15<I-2x and 1-2x<5 
-15-1<-2x and —-2x<5-1 
-l6<-2x and —-2x<4 
Multiplying both sides by — 1 


16> 2x and 2x >—4 
16 —4 
—>x and X > ee 
2 2 
8>x and x>-—2 
8>x>-2 


Solution Set = {x /8>x >-2} 


Which of the following is the 
solution of the inequality 
3-4x< 11? 

(a) x2-8 


(d) None of these 

A statement involving any of the 
symbols <, > or < or 2 is called: 
(a) Equation  (b) Identity 

(c) Inequality (d) Linear equation 
x= is a solution of the 


inequality —2 < x <> 
(a) —5 (b) 3 
5 

(c) 0 (d) 5 

If x is not larger than 10, then 

(a) x28 (b) xs10 

(c) x<10(d) x>10 

If the capacity c of an elevator is at 
most 1600 pounds, then __ 

(a) ¢< 1600 (b) c21600 

(c) c $1600 (d) c> 1600 | 

x =O isa solution of the inequality 
(a) x>0 (b) 3x +5<90 

(c) x+2<0 (d) x-2<0 

The linear equation in one variable 
x is: 

(a)ax+b=0 

(b) ax? + bx +c =0 
(c)ax+by+c=0 
(d) ax? + by? +c =0 


— 


9, 


An inconsistent equation is that 
whose solution set is: ~ . 
(a) Empty (b) Not empty 
(c) Zero (d)None of these 
Absolute value of a real number’ a 


(a) i-\* Via Zs 


-a, ifa<0 

(>) i| a at as0 

: —a ifa>0 
| a ifa>0 
©) Be , ifa<0O 


(d) _ None of these 
10. |x|=a is equivalent to: 


(a) x=a or X=—a 


-1 

(b) x=— orx =— 
8 a 

—1 

(c) xX =a0rx=— 
a 


(d) None of these 
11. A bnear inequality in one variable 
X is: 
(a) ax+b>0, a#0 
(b) ax’ +bx+0<0,a40 
(c) ax thy +c > Q, at¥0. 
(d) ax? +by?+c<0,a40 © 
12. Law of Trichotomy is ... 
(a,be R) 
(a) a<bora=bora>b 
(b) a<bora=b 
(c)} a<bora>b 
(d) None of these 


13. 


14. 


15. 


16. 


17, 


18. 


19, 


20. 


Transitive law is __ 
(a) a<bandb<c, thna<c 
(b) a>bandb<c, thena>c 
(c) a>bandb<c, thena>c 
(d) = None of these 


Ifa>b,c>0 then: 


(a) ac<be (b) ac > be 
(©) ac=be (d) None 
Ifa>b,c>0O then: 
(a) ~ > b (b) = < b 
€ ¢ c c 
co 4.2 Ga 
c g c c 
Ifa>b,c <0, then 
(a} = < b (b) a > b 
¢ c c ¢ 
¢ oc c ¢ 
If a,b & R then: 
aj_{al jal 
(a2). j=! (b> lable! 
py © Mem 
b| _ {bj 
{c) —|=— (d) None of these 
a} jal 3 


When the variable in an equation 
occurs under a radical, the equation 
is called a ___ equation. 

(a) Radical (b) Absolute value 

(c) Linear (d) None of these 
[x]=0 has only solution. 

(a) one (b) two 

(c) three (d) noneof 
these 

The equation |x|=2 is equivalent to 
(a) x=2orx=—2 | 

(b) - x=-2orx=-2 


21, 


22. 


24. 


25. 


27. 


28. 


1 
c =2Zorx= — 
(c} x : ir 3 


: | 
d =? =— 
(d) x or x 3 


An ___ is equation that is satisfied 
by every number for which both 
sides are defined: 

(a) Identity (b) Conditional 
(c) Inconsistent (c) None 

An__. equation is an equation 
whose solution set is the empty set: 
(a) Identity {b) Conditional 
(c) Inconsistent (d) None 

A ___ equation is an equation that 


is Satisfied by atleast one number 


but is not an identity: 

(a) Identity (b) Conditional 
(c) Inconsistent (d) None 
X+4=4+xis__ equation: 
(a) Identity (b) Conditional 
(c) Inconsistent (d) None 
2x+1=9%is___ equation: 

(a) Identity {b) Conditional 
(c) Inconsistent (d) None 
X=X+5is__ equation: 

(a) Identity (b) Conditional 


. {c) Inconsistent (d) None 


Equations having exactly the same 
solution are called ____ equations. 
(a) equivalent (b) Linear 
(c) Inconsistent (c) None 

A solution that does not Satisfy the 
original equation is called __ 
solution: 

(a) Extraneous 
(c) General 


(b) Root 
(d) None 


ANSWER KEY 


An Ordered Pair of Real: Numbers 
An ordered pair of real numbers x and y is 
pair (x, y) in which elements are written in 
specific order. i.c., 
(i) (x,y) is an ordered pair in which first 
element is x and second is y such that 
(x, y) # (y, x) for example: 
(2, 3) and (3, 2) are two different ordered 
pairs. 
(ii) (x, y) = (m, n) if and only if x =m and 
y=n, 
Cartesian Plaiie 

The Cartesian plane establishes 
one-to-one correspondence between the 
set of ordered pairs R x R = {(x, y) |x, ye 
R} and the points of the Cartesian plane. 
In plane two 


mutually 


perpendicular straight lines are drawn. The 
lines are called the coordinate axes. The 
point O, where the two lines meet is called 
origin. This plane is called the coordinate 
plane or the Cartesian plane. 

Drawing different . geometrical. Shapes 


in Cartesian Plane 
(a) Line-Segment 
Let P(2, 2) and Q(6, 6) be two points. 
1. Plot points P and Q. 
2. Join the points P and Q, we get the 
line segment PQ. It is represented 
by PO. 


LINEAR GRAPHS AND THEIR 
APPLICATION 


them, we get a line segment PQ parallel to 
X-axis, 


Where ordinate of both points is equal. 


Example: 
Plot points P(3, 2) and Q(3, 7). By joming 
them, we get a line segment PQ parallel to 
y-axis. 
In this graph abscissas of both pomts are 
equal, 


¥ 


feo 


(c) Rectangle 


Plot the points PG, 2), Q(6, 7) and xample | 
R(9, 3). By joining them, we get a triangle Plot the points P(2, 3), Q(2, 0), 


POR. S(-2, 0) and R (~2, 3). Joining the points 
on P,Q ,S and R, we get a rectangle POSR. 
Along y-axis, 


2 (Length of square) = | unit 
|_| | 


For points OC, 0), P(3, 0) and. 
R (3, 3), the triangle OPR is constructed. 
Construction ‘of. 4. Table for Pairs.’ of Values. Satisfying &. Linear Equation in: Two 
Variables. 
Let2x+y=1 (1} 
Be a linear equation in two variables x and y. 


The ordered pair (x, y) satisfies the equation and by varying x, corresponding y is 
obtained. 
We express (1) in the form 


y=l-2x (ii) 
[y= 1-24] 


The pairs (x, y) which satisfy (i) are tabulated below. 


| atx=—-I1, y=(~2)(-1)4+1=24+1=3 
atx =0, y=(~2)(0)+1=0+1=1 
atx=1, y=(—2)(1)+1=-24+1=-} 
at x=3, y =~2(3)+1=-6+1 =—5 


Similarly all the points can be computed, the ordered pairs of which do satisfy the 
equation (i) 
son Le., if the age of son is x, then the 


Now we plot the points obtained in the father’s age is y. Draw the graph. 
table. Joining these points we get the 
graph of the equation. The graph of We know that y = x + 16 


Table of points for equation is 


given as: 
x{| 9 | 4,8) 12] 16 20 | 
y | 16 | 20 | 24) 28/1 32 36 

i | 


HEE 


| ne 
sk Eins See) oe Des Me a 


4 
Equation y = x + 16 shows the re] in todo 
relationship between the age of father and | 
Exercise 8.1: 
1, Determine the quadrant of the (iv)  S(2, ~6) IV quadrant 
coordinate plane in which the following 2. Draw the graph of each of the 
points lie, following. 
Ans. (i)P (~4, 3) TL = quadrant (i) LZ 


(tt) Q (~5, ~2) IM quadrant 
Gi) = P(2, 2) I quadrant 


exo old HE 

CHEE 
> 

RE onl OR 


EAT a. One 
SEEEEEE EE 
i cP Oe a Bg 


Table for y = 3x 


x | -1 [0/1 
|y | -3 [0] 3 | 


(viii) 


(ix) 


{x) 


-y= 2x 
Table for -y = 2x 


» es! ee a! 
y 2 


jndoantaenieie M+ 


(xi) 


(xii) 


Table for 3y = 5x 


[x] -1 Joli 
-y [a7 tola7 


wtp te 


aed | H 
é : | ' t { : ! . 
pote ate ape inet Pan ey See ee Sr 
! ; : : : : 
bp ; é- Se 


2x-y = 0 


Table for 2x - y =0 


[x | -1 Joli. 
Ny 2101-2 


te oh 3 


~y = 2 -2x 


fet | pe 
1 
n| > 
| 
a 
HN Ibe 
j 
ee Gad 


ee wpe 
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oon : heb, Q.3. Are the following lines: 
8 Pray 2 7: (i) Parallel to x—axis 
(xiii) x -3y +1=0 (ii) Parallel to y—axis 

Table for x —-3y+1=0 (i) 2x-1=3 
-3y =-x -1 2x=3+41 

4 

Keo 
2 


(ii) x+2=-1 
= x =—1-2 
aa x=-3 
Be ponte ee, aan ee Parallel to y—axis 
Y 


EL er (eee Ne eens MP en! es Ere Oe eT Be 
(xiv) 3x-2y+1=0 
—2y=-3x-1 
2y = 3x +1 
_ 3x+l 
ane’ 


Table for 3x—2y + 1 =0 
ees 
| y | -1 | 


(iv) 


{v) 


Q.4 


(a) 


x+y=0 

> X =-y 

neither 

2x — 2y=0 

2x = 2y 

xX=y 

neither 

Find the value of m and c of the 
following lines by expressing 
them in the form y = mx +c 
x~2y=-2 


a a —2-x 
2y = 2+X 
_ 2+X 
y = ry 
1 
y = re 
y = Seed estecies (1) 
2 
y = MX +c ...,.(2) 


comparing (1) and (2) we get 


1 
ma — and c= 1 
) 


(b) .2x+3y -1=0 


3y = —2x +1 
- —2x+] 
© 3 
—2 ij 
= gaat ti— ....¢1 
¥ 3 Xx 3 (1) 
y = MX+C....... (2) 


m= — and c = 3 

(c) 3x+y-i=0 
y = ~3x + F.....1) 
Also y = MX +C....., (2) 
Comparing (1) and (2) 
m= -3 andc = 1 

(dq) 2x~-y=7 
—-y = 7 —2x 
y = ~7 + 2x 
y = 2x -7.....(1) 
alsoy = MX+C....., (2) 


comparing (1) and (2) 
m= 2 andc =-~7 
(e} 3-2x+y=0 


y = —3 + 2x 
y = 2x-3 ....(1) 
Also y = mx + ¢,....(2) 
Comparing (1) and (2) we get 

wa = 2 andc = -3 

(f) 2x=y+3 

y = 2X —3 2.20... (1) 
Also y = MX + C.....(2) 
Comparing (1) and (2) we get 
m = 2  andc = -3 


Q.5 Verify whether the following 
Points lies on the line 2x — ¥+1=0Oo0r 
not. 


Ans, 


(i) 


240 
(ii) 


(iii) 


(a) 


between kilometre (Km) and 
Miles (M), we use the following 


relation: 
One kilometre = 0.62 miles, 
(approximately) 

And One mile = 1.6 km 


(i) 


against kilometre is given by the 
linear equation, 


kilometre, then we tabulate the 
ordered pairs (x, y) as below; 


2x-—y+1=0 
Csr So cae yes 
2x—y+1=0 
=> 2(2)-3+1=0 
4-3+1#0 
Point (2,3) does not lie on the line 
(0, 0) => x=0,y=0 
2x-yt+1l=0 
=> 2(0)-04+1=0 
#0 
Point (0,0) does not lie on the line 


(-1, 1) —™> x=-l,y=1 
2x-y+1=0 

=> 2(-1) -(1) + 1-0=0 
—2-1+1=0 


(iv) 


(v) 


—~2#0 
Point (-1,1) does not lie on the line 
(2, 5) SS XS2 ye5 
XT VTree 
=> 2(2)-5+1 =0 
4-5+1=0 
~l+1=0 
0=0 
Yes the Point (2,5) lies on the line 
(325) 5 x=S,y=3 
ox ya b 0) 
=> 2(5)-3+1=0 
10-2 = 0 
8+0 


The point (5, 3) does not lie on the line 


Example: (Kilometre (Km) and Mile (M) Pan 


To draw the graph 


(approximately) 


The relation of mile 


y = 0.62 x, 


If y is a mile and x is a 


The ordered pairs (x, y) coneanoniing: toy= 0. 62x are Tepiesesle in the Cartesian 
dlane. By joining them we get the desired graph of miles against kilometers. 


For each quantity of kilometre x along x-axis their corresponding mile along y-axis. 


(ii) The conversion graph of 
kilometer against mile is given by 
y = 1.6x (approximately) 
If y represents kilometers and x a mule, 


— 

Es 2a ee 
0} 16 | 32/48 | 64... | 
corresponding to the ordered pairs. 


(0,0), C1, 1.6), (2, 3.2) G, 4.8) and (4, 6.4) 
as shown in figure. 


find the conversion graph of kilometers 
against miles. 

(b) Conversion Graph of Hectares 
and Acres 

(i) The relation between Hectare and 
Acre is defined as: 


4) 
Hectare = saa Acres 
259 


= 2.5 Acres (approximately) 


In case when hectare = x aad 
acre = y, then relation between them 1s 
given by the equation, y = 2.5x 

If x is represented as hectare along 
the horizontal axis and y as Acre along 
y-axis, the values are tabulated below: 

emia S| 4. 
po mer 7.5 | 10... 


xy-plane as below and by joining the 
points the required graph is obtained: _ 


poe to 


! j i i 
‘ I ' 
nae as ' 
eae Lees Ea Eee SS sy 


aa re | 


(ii) Now the conversion graph 


J 
Acre= ae Hectare is simplified as, 


10 
Acre = — Hectare 
25 


= 0.4 Hectare (approximately) 
If Acre is measured along x-axis 
and hectare along y-axis then 
y =0 4x 
The orderea pairs are tabuiated in 


the following table: 
x | Oj] 1 | 2 | ca 
0 | 04 | 08 | 1.2... 
The corresponding ordered pairs 
(0, 0), (1, 0.4), (2, 0.8) etc., are plotted in 
the xy-plane, join of which will form the 


graph of (b)-ii as a conversion graph of 


(b)-1: 


(d) Conversion graph of US$ and 
Pakistani Currency 

The daily News, on a particular day 
informed the conversion rate of Pakistani 
currency to the US$ currency as. 

1 US$ = 66.46 Rupees 

If the Pakistani currency y ts an 
expression of US$ x, expressed under the 
rule 


b — (i) . 

{ec} Conversion Graph of Degrees eee 06x (approximately) 

. ‘ ; Then draw the conversion graph. 
Celsius and Degrees Fahrenheit ne 1 — 3 re 
(i) The relation between Celsius (C) s 66 ] 3 5 19 3 264. | 
and degree Fahrenheit (F) ts given by 

9 Plotting the points corresponding 
F =~C+4+32 to the ordered pairs (x, y) from the above 

5 ‘ ; ; table and joining them provides the 
The value of F at C = 0 is obtained as currency linear graph of rupees against 

pe ? x0 + 32 Bo +B Ba oe as shown in the pape 
a) 


Similarly, 


9 
F= et ee ee 


9 
= gO a= O25 


F= 2100 +32 180 + 32 = 212 


_.We tabulate the values of C and F. 
O° 7 10° | 20°) 50° [| 100°. | 
yg 6g° (\Q22" | 212°... | 
The conversion ‘graph ore with 
respect to C is shown i in figure. 


Conversion graph x = - y of y = 66x can 


be shown by interchanging x-axis to y-axis 
and vice versa. 


“We = = length 6 of square | 


Q.1Draw the conversion graph between 
1 litre and gallons using the relation 9 
litres = 2 gallons (approximately) and 
taking litres along horizontal axis and 
gallons alongs vertical axis. From the 
graph, read: 

(i} The number of gallons in 18 litres 
(ti) The number of litres in 8 gallons 
Ans. 


9 litres = 


1 litre = ; gallons I gallon => liter 


1 litre= 0.222gallons | 1 gallon=4.5 liter_| 


Let gallon be represent by y and litre be x 
y = 0.222x 
Table of values 


x [0 n 2 3 
y [0 0.222 [0.444 | 0.666 


{i) Number of gallons in litre 
y = 0.222(18) = =4 gallons 
(ii) |§ Number of litres in 8 gallons 


> (8) =36 litres 


Q.2 On 15.03.2008 the exchange rate of 
Pakistani currency and Saudi Riyal was 
as,under 15S. Riyal = 16.70 rupees. 
If Pakistani currency y is an expression 
of S. Riyal x, expressed under the rule 

= 16.70x then draw conversion graph 
between two currencies by taking 54. 
Riyal along x-axis. 
Ans, y = 16.70x. 
Table of values 
al ae ee 
0. —-| 16.70 | 33.40 | 


Q.3 Sketch the graph of each of the 
following lines: 


Ans. 
{i) x-3y +2=0 => -3y=-x-2 
__ kt2 
cn 
e | 38 1 4 
y a) i = 


(ii) 


3x -2y-l= 

—2y =1-3x 

2y =-1 + 3x 
_ 3x-1 
oat 


0 


Table of values 


(iil) 


br Pat 


2y-x+2=6 
ay =x-2 
x2 


a 


Table of values 


(v) 


ig 


y—2x =0 
y = 2x 
Table of values 


il 0 1 
y =) 0 2 


(Vi) yt+3x=0 y =1.6x 
Fy =f Sx 
Tat able of values 


(ii) One acre =0.4 Hectare 


| 
y = 04x 
. Table of values . 
(vii) x+68 = x. it O- desl ; ie 2 | 

2x=-6 mI 0. | 04 | O08 | 

[Band | 
X = -—=—3 

e | 


Heer HH : 


Q.4 Draw the ae for Pollawing 
relations: 

{i) One mile = 1.6 km 
Let mile be represented by y and | 


¢ 
km by x: (iii) Fa 20432 
y=1.6x 5 
Table of values The value of F at C = 0 is obtained 


a apne Sema 9 
oe ee P= -x043250432-32 
| y [16 Ss J | a re 


P=2x10432=36+32=68 


F=2x100+32=180432=212 


We tabulate the values of C and F 


C [0° | 10° | 20° | 50° | 100° 
F | 32° | 50° | 68° 


We solve here simultaneous 
linear equations in two variables by 
graphical method 

Let the system of equations be, 

BR VR or obs re) 


By plotting the points we get the 
following graph. es 
The solution of the system is the point R where the lines f and £’ meet at, i.e., 


R(1.7,0.4) such that x=1.7 and y=0.4 


. The points of intersections of the 

Solve graphically, the following lines representing equation (i) and (ii) are 
linear system of two equations in two given in the following table: 
variables x and y; a yess 

sai sa ean (i) ae: sm 

de ag oe (ii) Sat 
= : 

The equations (i) and (ii) are ~The pomts P(O, 1.5) and Q (3, 0) of 
represented graphically with the help of -. equation (i) are plotted in the plane and the 
their points of intersection with the corresponding line ¢: x + 2y =3is traced 


coordinate axes of the same co-ordinate 


by joining P and Q. 
plane. 


Similarly, the line 
’:x—y=2 of (ii) is obtained by plotting 
the points P’(0,-2) and Q’(2,0) in the 


plane and joining them to trace the line ¢’ 


as below: 

The common point 5(2.3, 0.3) on 
both the lines @ and 2’ is the required 
solution of the system. 

Exercise 8.3 
Solve the following pair of equations in The solution of the system is the 
x and y graphically, point R where the lines and ¢’ meet at 
Q.1 x+y=O0and 2x-—y+3=0 R(—1,1) such that x =—J and y= 1 
Solution: > y =0—-x Q.2 x-y+1=0Oand x-2y=-1 
Table of values Solution: y=x+1 
3 |-2 |-1 [i [2 | Table of satus: ; 
a |e fi =a [x | Pa ie - 
mn -W+3=3 Ly | A =I Oe la [3 
= -y =-3-2x ie? ame 
y =342x zc: Aaa 
Table of values ee a aa 
. [24st fe cee io 
yi 313 [7 | 2 
By plotting the points we get the following E fue of values. BGR 
ouph = 0105; 1 — ic HY 


By plotting the points we get the iollowins a 


The solution of the system is the point R 
where the lines & and @’ meet at R (—1, 0) 
such that x = —1 and y = 0 

Q3 2x+y=Oandx+2y=2 


Solution: y = -2x 

Table of the vaiues 

—2 | -1|0 t 1 | 2 | 3S seeth 

ipa fo l=ai=el=8te 

x+2y=2 

2y =2-x 

_2- Xx 
2] 19 ; | 2 > 
2 : 1.5] 1 10.5 — The solution of the systems is R(0,1) 

By are the points we get the following Q.5 2x+y-1 ~0, x=-y 
graph Solution: 2xt+y=l 


¥ = 1 2x 
Table of values 


rats ee 


Palite of values 


me Pett 


; ; : 2 4 
The solution of equations 1s n(-2 4) 


3 3 
Q4. x+y-1=0 
x-y+1=0 
Solution: x+y =1 
=l-x 
Table of values 


The solution of the system is the point R 
where the lines £ and ¢@’ meet at R(1, -1) 


Table of values, -such that x = 1 and y=—l. 


ne 


fF (x-1, y+1) = (0, 0}, then (x, y) is: 


fa) =, - cb) *Gal.1) 
(cy) 1 fd)__(—)—=1) 
Sf (x, O) = (0, y), then (x, y) is: 

{a} = (0, I) (b) (1, 0) 
(c) (0, 0) (G1) 
Point (2 —3) Hes in quadrant: 

(ay 1 (b) =o 

(c} Til (d)} IV 
Point (—3, ~-3) lies in quadrant: 

(ay) I (bo) 

(c} iil (d)} IV 

If y= 2x+1,x =2 then y is: 

(ay 2 (b) 3 

(c} 4 {a} 3 


Which ordered pair satisfy the 
equation y = 2x: 

(ay, 2) (b) 
(cy) (2, 2) (d) 
The real numbers x, y of the 


(2, D 
(0, 1) 


ordered pair (x, y}are called 
of point P(x,y) in a plane: 

{a) co-ordinates 

(b} x co-ordinates 

(c} y-coordinate 

(d) ordinate 

Cartesian plane is divided into __ 
quadrants: 

(a) Two (b) Three 

(c} Four (d) Five 


The point of intersection of two 
coordinate axes is called: 

(a) Origin (b) Centre 

(c) X-coordinate (d) y- 
coordinate 

The x-coordinate of a point is 
called__ 

(a) Origin (b) abcissa 
(c) y-coordinate (d) Ordinate 
The y-coordinate of a point is 
called: 

(a) Origin (b) x-coordinate 
(c) y-coordinate (d) ordinate 

The set of points which lie on the 
same line are called ___ points: 

(a) Collinear (b) Similar 

(c) Common (d) None of these 
The plane formed by two straight 
lines perpendicular to each other is 
called _: 

(a) Cartesian plane 

(b) Coordinate axes 

(c) Plane 

(d) None of these 

An ordered patr is a pair of 
elements in which elements are 
written in specific: 
(a) Order 

(c) Point 


(b) Array 
(d) None 


INTRODUCTION TO COORDINATE 
GEOMETRY 


ET SSE 


Define Coordinate Geometry 

. The study of geometrical shapes in 
a plane is called plane geometry. 
Coordinate geometry is the study of 
geometrical shapes in the Cartesian plane 
(coordinate plane). 

We known that a plane is divided 
into four quadrants by two perpendicular 
lines called the axes intersecting at origin. 
We have also seen that there is one to one 
correspondence between the points of the 
Diane and the ordered pairs in R x R. 
Finding Distance between two points 

Let PQ, Ya and Q(x, yz) be 
two points in the coordinate plane where d 
is the length of the line segment PQ. i.e. 
[PQI = d. 

The line segments MQ and LP parallel to 
y-axis meet x-axis at points M and L, 
respectively with coordinates M(x2, 0) and 
L(x), 0), 

The line—segment PN is parallel to x-axis. 


L(x,,0) 
Xy > 


M(x3,0) X 


iy-—_—_—_ 


In the right triangle PNQ, 
IQNI =I y2 — y, | and IPN} = lx. — x11. 
Using Pythagoras Theorem 


(Po) = (PNY = (ony 


2 2 
Ix_— F +1 yy —y,! 


2 2 


ro afl XY +] ¥o7 ¥y i? 


since d > 0 always. 
Example 

Using the distance formula, find 
the distance between the points. 

(i) Pi, 2) and Q(0,3) 


(ii)  S(1, 3) and R(3, -2) 
(IPQ! = (0-1) + (3-2) 
= ¥-n+0)" =/i=v2 
GiISRI = B3-(-D)* +(-2-3 


= (G41)? +(-5)" =/16+25= 41 


ollinear “or Non-collinear Points in the 
Plane 


Two or more than two points 
which lie on the same straight line are 
called collinear points with respect to that 
line; otherwise they are called non- 
collinear. ; 

Let PQ be a line, then all the points 
on line m are collinear. 


In the given figure the points P and 
Q are collinear with respect to the line m 
and the points P and R are not collinear 
with respect to it, 


Let P, Q and R be three points in 
the plane, They are called collinear 

H IPQI + IQRI = IPRI, otherwise 
they are non-collinear. 

Using distance formula show that 
the poinis, 


G) P(-2,-1}, Q(O, 3) and R(1, 5) are 
collinear. 
(11) The above P,Q,R and § (1,-1) are 
not collinear 
Sol. — By using the distance formula, we 
find 


|PQi= Y(0+2 +B +12 


= f4+16 =/20=2 V5 
JQR| = Ja —0) +645—3)7 
=V1+4 =¥5 


IPR| = (142)? +541)" 
= /9 +36 =V45 =3/5 

Since iPQ|+|QR|=2,/5 +./5 
=3/5 =|PR| 


points P,Q,R are collinear. 
(ii) The above points P,Q,R and § (4,-1) 
are not collinear 


Sol | PSl=y(-2—)? +(-14.17 
= (3 +0 =3 
Since! QS | =a 0)7-b(41=3)- 
= fisi6 = Vil. 
and IPQ1I+1QSI+4I1 PSI, 
Therefore the points, P,Q and S are 
not collinear and hence, the points P, Q, R 
and S$ are also not collinear, 
‘Define Triatiglé: 
A closed figure in a plane obtained 


by joining three non-collinear points is 
called a triangle. 

In the triangle ABC the non- 
collinear points A, B and C arc the three 
vertices of the triangle ABC. The line 
segments AB, BC and CA are called sides 


of the triangle. 
c 


Define Equilateral Triangle 
If the lengths of all the three sides 
of a triangle are same, then the triangle is 


cajled an equilateral triangle. 


The triangle OPQ is an equilateral triangle 


| 
since the points O(0,0), P(.0) and 
V2 


] 3 : 
—= .- —= | are not collincar , where 


2/222 


IOP = 


‘|- 


: | 
1.¢e., IOPI=IQO}=!|PQI=——., a real number 
V2 


and the points.O(0,0), 
oe oF jimor( $e | are not 


collinear. Hence the triangle OPQ is 
equilateral. 


OPO da 


An isosceles triangle POR is a 
tniangle which has two of its sides with 
equal length while the third side has a 
different length. 


The triangle POR is an isosceles 
triangle as for the non-collinear points 
P(-1,0), QC, 0) and R(O, 1) shown in the 


following figure. 


vf 


Rithd) 


Xx P(-1.0) Q QiLO} 


|PQi= Ja-Cpy +(0—0)? =/0+)? +0=V4=2 
iQRI=/o-1" +(1-0) =f? +P aVl41=VJ2 
IPRI= ((0~(-))? +(1-0)? =f) = V2 
Since |ORI=1 PRI= V2 and | PQI = 2% V2 


so the non-collinear points P, Q, R form an 


isosceles tri angle yok: 


A tnangle iw ich one of ihe angles hax 


measure equal to 90° is called a right angle 


inangle. 


Let OO, 0), P(—3, 0) and Q(0, 2) be three 
non-collinear points. Verify that triangle 


OPQ is right-angled. 
lOQl= la es = 


(POl= 57 3 = 3984 = 


Seale 1.5:1 


> 


Now 


10Ql +1 OP? =(2)? + (3)? =13.and1 POP =13 


Since 


jOQF +1 OP? = | POM, therefore. ZPOQ =90° 


Hence the given non-collinear points form 
a right triangle. 


Scalene Triangle. 


-A triangle is called a _ scalene 
triangle if measures of all the three sides 
are different. 


Show that the points P(1, 2), Q(-2, 1) 
and R(2, 1) in the plane form a scalene 
triangle. 


{PQI= (2-1)? + (1-2)? 
lQRI= y(2+2)? +=? 
=/4+0? =V4?=4 
and 


IPRI=\/(2~1)?+(1-2)" 
=/4+(-? =? +2 = V2 


Hence | PQI=V10,! QRl=4 and! PRi= V2 
The points P, Q and R are non-collinear 
since, | PQi+! QRI>{ PRI 


Thus the given points form a scalene 
triangle. 


D(-2, 2} be four non-collinear points in 
the plane, then verify that they form a 
square ABCD. 

Solation 


Since | ABl=V(2—-2)? +(-2 22 
= 0? +(-4? =Vi6 =4 
IBCls(-2- 2)? +(-242)2 

= (4? +0? = Vi6 =4 

Icpi= J(-2~(-2))? +(2—-(-2) 
= a7 +042 

= f0+16= V16 =4 
iDAley(2+2)? +(2-2) 

= (44)? +0 =VI6 =4 


Hence |AB! = IBC} = ICDI = IDAI = 4 


Also | ACI=y(-2~2)? + (2-2)? 

= V16+16 = 432 = 4/2 

Now | ABI’ +1 BCI? =(4)? +(4)?=32, and 
\AC| = (4/2)? =32 

Sincel ABP +1 BCI? =i ACI, 


therefore ZABC =90° 
Hence the given four non-collinear points 


form. a square. 


Saeeun7 Ct 
Bune 


A figure formed by four non-collinear 
points in the plane is called a 
parallelogram if , 

{i) its opposite sides are of equal length 
(ii) its opposite sides are parallel 

(ill) measure of none of the angles in 90° 
Example | 

Show that the points A(-2, 1), B(2, 1), 
C(3, 3) and D(-1, 3) form a parallelogram. 


Solution: 


_ Jan =: 
met 
By distance formula, 

| ABI= ¥(24+2)? 40-1? 

- (440 =Ji6= 4 
ICDI=y(B+1)? +(3—3)2 

= 47 +0=Vi6=4 
!ADI=y(-14.2)? +31)? 

Se Se 
IBCl=/(3—2)? +(3—1? 

= Page 

Since 

IABI=ICDI=4 and |JADI=iBC!=/5 


So opposite sides of the quadrilateral! 
ABCD are equal. 


AlsolACI= (342)? +31)" 


= (5)? +2? =/254+4 =,/29 


Now 
IAB? +IBC? =164+5=21 andlACl? =29 


Since in triaagle 

yey 2 x2 42 
ABCIABY +IBCI” 41ACI 
Therefore measure of angle at B 290° 


Hence the given points form a 
SAGA UE 


Let PO.) ae Ps ( (as ype be 


any two poinis in the plane and R(x, ¥) be 
a juid-point of points P and P, on the 


ling-sogment PP, ag shown in the figure 


below, 

y 

{ ae +¥a) 

¥o 7 tee 

M(x. y) RO. yy 

Y forrseeen —~] N(x>,y) 
| X= Xy_ XK 
F bye 

vf 5 PAK ¥p) 


gf) XY x Ad 
i — XX Pe Ky - XG 
y’ , 
If line-sepment MN, parallel to x- 


axis, has its mid- point Roxy), 
then, x,-—x=x~ Xy 


Xy + Xp 


=> 2X = Ay = Vy a ee 


Similarly, y mere dies 
Thus the point Riny) = R 


yy Va : ‘ : ee 
Sd ae ty) is the mid-point of the 
a aa, 


saints P(x, 9) and Py (Xy, V5). 


Find the mid-point of the line 


segment joining A (2,5) and B(-1, 1). 


If R(x, y) is the desired mid—point 
then. 
2-1 | S+i 6 


+= — =-— and y=— -=..=3 
= 2 oo ae 


Let ABC be a triangle as shown 
below. ff M,.M, and Mare the middle 
points of the line-segments AB, BC and 
CA respectively, find the coordinates of 
Mi, Mo and M3. Also determine the type 
of the triangle MiMo2Mb. 

B(S.8) 


Midpoint of ag=m i{- =i) =M, (1.5) 
aaa 


: : : S+5 842 
Midpoint of Pea ar | iss 
Z 


and Mid—point of 


3 
AC=M, PP? )em, (1,2) 
eae: 


ae 


The triangle MiM>M; has sides 
with length, 


— =4....0) 


IM,My J —5)? (2-577 


= fi6+9 =J/25=5_ .....{ii) 


and = $§IM M; l= (0-0 +(2- 5)? 
ret reste (115 2 
All the lengths of the three sides 


are different, Hence the triangle M;MoM; 
is a a Scalbily triangle. 


Let 1 00, 0), AG,0) and B(3,5) be 
three points in the planc. if M, is the mid 


point of AB and M, of OB, then show that 


j 


By the distance fornmla the 
distance 
lOAi= {02 +(0-0)? = v3" = 3 
The mid—point of AB is: 
+3 5+ . 

M,=M; (= ix0\E (3,2) 

2) \ 2) 
The ieee of OB ts: 


3+0 5 5+Q 3.5 
M; =M, (55 io *}- (> 3) 


Let Px, y,) and Q(x, ¥2) be any two 
points and their midpoint be: 


f 22) . Then M 
-) 


(1) is at cqual distance from P and Q 
c., IPMI=IMOl 

(ii) is anh interior point of the line 

seament PQ. 

Gii) every point R in the plane at equal 

distance from P and Q is not their mid 

point. For example, the point R(O,1) is at 

equal distance from P(-3, 0) asd QG, 9) 

but is not their mid-point. 


= (3)? +)? = /9+1= 10 | =e Sp | 


2 


IRPl=¥(0+3)" +€-0)" The point (0, 1) # (0, 0). 
ss /32 +2 =Vi0 (iv) ere is a unique midpoint of any 
two points in the plane. 
And midpoint of P(—3,0) and Q¢3, 0) is 


—3+43 


Where x= =0 


Qi. Find the distance between the | AB| =—14 


following pairs of points 
a) A(9, 2), B(7,2) 


Sol. |AB| = f(g —4) +0, +y, ye Sol. |AB| = (x, xX +(%.-¥) 


d) —-A{-4, V2), B(-4, -3) 


= j(7-9)' +(2-2) . = (444)? +(-3-V2) 
= (ay Hy = (0)" +(-3-v3) 
a 5 (-3-v2) 

b) A(2,-6), B(3,-6) =(3+v2) 

Sol. [AB| = (x, - +(x -ny =3+/2 


~ [-3% 4 (616) (e) A(3,-11), 8(3,-4) 
= eae Sol. |AB| = (x,-x,) +(%—9, 


ah = (3-3) +(-4-Cany’ 


=] 2 2 myX 2. 
= (0) +(7)? = (7 =7 
ec) A(-8, 1), B(6, 1) (oy +e" = er 
mea) A(0,0) B(O,-5) 
Sol. |AB|= (x, -%)' +(%»—9) |AB|= f(x, 4, +0, — 9" 
= |(6+8)' +(1-1" Sol. = (0-0) +(-S—0Y 


= (14) +(0) = Y0+(-5)’= (5)? =5 


* 
é 


Q2. Let P be the point on x-axis with 
x-coordinate a and Q be the point on 
y-axis with y-coordinate b, as given 
below. Find distance between P and Q. 
i) a=9,b=7 

|Pol= (9) +(7)° = v81+49 = vi30 


ii) a=2, b=3 


Po|= (2) +3) =V449 = vi3 


tit) a=-8, b=6 


\Po|= y(-8)' +(6)' = V64+36 = v0 = 10 
iv) a=-2, b=-3 


Pol= (2) +a V9 VB 


vy) a= 2, b=1 


\Po\= (V2) +(1) =V2¥1=v3 


vi) a=-9, b=-4 
|PO|= (-9) +(-4)° = v81-+16 = V97 


Ql. Show whether the points with 
vertices (5,-2), (5,4) and (—4,1) are 
vertices of an equilateral triangle or an 
isosceles triangle? 

SOL. Let P(5,-2) , Q(5,4), R(-4,1) 


\PQ|= (5-5) +(44+2)' = (0) +(6)" = V36 =6 
lor} = (4-5) +(1-4)° = v81+9 = V0 
|PR|= J(-4—5)° +(14+2)" = V8149 = V90 
Since |QR| =|PR|= 490 and 

|Po|=6 + 90 

So the nor collinear points P,Q,R form 
an isosceles triangle PQR 


Q2. Show whether or not the points 
with vertices (—1,1),(5,4), (2,-2) and 


(-4,1) form a square. 
Sel. Let a(-1,1), 2{5,4),c(2,-2), p(-4.1) 


Since [AB|=,/(5+1)' +(4-1) 


= 96° +3" = J3649 = V45 


|BC| = (2-5) +(-2-4) 
|BC| = (3) +(-6)° = (9+36 = V45 

\cD|= (4-2) +(1+2)° 

|DA\ = (441) +(I-1)" 

= (3) +(0) = V9 =3 
Hence |AB| =|BC|=|CD| = V45 


but |DA| #.¥45 

Hence given points do not form a square. 
Q3. Show whether or not the points 
with coordinates (1,3)(4,2), and {—2,6) 
are vertices of a right triangle. 

Sol. Let P(1,3), O(4,2) and R(-2,6) . - 


|Po| = (4-17 +(2~3) 
=o? +(0 = 9st = Vi 


lacl = ,(-3)' +(3y° = 9+9 =V/18 =3V2 


Now |PQl +|or? =(Vi0) +(V52) 
=10+52=62 
and |PR| =(VI8) =18 


|PQl’ +|or/ 
_ So triangle is not right angled 

Q4. Use the distance formula to 
prove whether or not the points 
(t,1),(-2,-8) and (4,10) lie on a 
Straight line. 
Let A(I,1), 


= ~ a 


Since |ABj= -8-t) 

=4/(~3)' +(-s a aa 3V10 
|BC| = (442) + +(10+8)° 
acl lar +a 


= /364+324 = /360 
= J/2x2x2x3x3x5 = 6/10 


|Ac|= (4-1) +(10-1)' 
= (3) +(9)' = 9481 = JO0 = 310 
{AB| +/Ac| =3V10+3V10 

=6,/10 = 


So {AB|+!AC;=|BC! the points A, B 


and C are collinear. 


Q5. Find X given that the point (2, Kis 
equidistance from (3,7) and (9,1). 
Sol. Let P(2,K),0(3,7) and R(9,1) 


[Pol =,(3-2) +(7-K/) 
= yl? +(7-KY =,/1+(7-Ky 


=f1+49-UNK+K? 
= §50~14k 4k? 
[PR| = V(9 -2)'+(1-K) 


=/49+1-20)k +k 


=V50-2k +k? 
As point P is equidistant from Q and 
So |PQ|=|PR| 


V50-14k +42 = V50—2k 4K 
50-14 k+ k° = 50—2k +k? 
-12k=0>k=0 
Q6. Use distance formula to verify that 
the points A(0,7), B(3,-5), 


C{-2,15) are collinear. 


So |AB|=,/(3-0)"+(—5— 


= v153 = 12.37 

lac| = /(-2-3)" +(1545)° 

= /25+400 =/425 = 20.62 

[Cal =/(-2-0)° +(15-7)° 
= 74464 =/68 = 8.25 


As [AB|+|CA|=|BC| 


So given points are collinear with A 
between B and C, 
Q7. Verify whether or not the points 


0(0,0), A(v3. 1}, B(V3- 1) are 
vertices of a equilateral triangle. 


Sol. |OA| = V3 -0)+0—0) 


“a +07 
=V3+1=V4=2 

\AB|= (/3- V3) +(-1-1" 
loa|= (3-0) +(=1-0) 


= (V3) +(-1" 
= ¥3+1=V4=2 
As |OA| =|AB|=|OB |=2 


Hence points are not collinear, 

. the triangle OAB is equilateral 

Q8. Show that the points 

A(-6,-5), B(S,-5), C(5,-8) ,D(-6,-8) are 


vertices of a rectangle. Find the lengths 
of its diagonals. Are they equal ?. 


Sol. |AB|= /(5+6)' +(-545)° 
= (1) +(0)" = Vai =11 
|= 4/(5-5)" +(-845)' 
= (0) +3) =v9=3 
Jpc|=y(5+6)'+(-8+8y 


= (11) +(0)° = v121 =11 
|AD|=)(-6+6)’ +(-8 +5)’ 
=\|(-3) = V9 =3 


Since |AB|=|DC|=11 and 


|AD| =|BC|=3 opposite sides are equal 


Diagonal | AC} = Vs + 6) +(-8+ 5)" 
=ViP +3 =V121+9 = 130 
Diagonal [BD| = (6-5) +(-8+5)° 
=ViP +3? =VI1214+9 = V130 
|AD[’ +|De) =|Acl’ 
ZADC = 907’ 
Also {AB|’ +|AD/’ =|BD|’ 


. ZBAD = 90% 
|AC| =|BD| = J130 
Hence given points form rectangle 
A(-6, -5) BG, -6) 
D(-6, -8) C(5, -8) 


As [AC|=|BD|= 
Hence diagonals are equal. 
Q9. Show that the points M (—1,4), 


N(-5,3), P(1,-3}and Q(5,-2) are the 


vertices of a parallelogram. 


SOL.|PQ|=,/(5—1)' +(-2+3)° 
= (ay “Oy = Vier =Vi7 


|MN| = (5 +1) +(3-4)° 
= (4) +(-1) =V16+1=Vi7 


|NP| = j(1+5) +(-3-3) 
= [(6)' +(-6y' = 36436 = 72 
\Mo|= /(5+1)' +(-2-4) 
= 6° +(-6) = 136436 = /72 
Since |PQ|=|MN|=<VI17 
‘and |NP| =|MQ| = 72 


So opposite sides, of quadrilateral MNPQ 
are equal. 


INQ| = ¥(-5~5"° +G+29 
= ¥(-10)" +(5)’ 
= ¥100+25 = V125 =5,/5 
|PN|’ +/PQ|’ =(V72) +(Ji7) 
=72+17=89 
|PN|’ +|PQ}’ #|NOl 


Qi. Find the mid point of the line 
segment joining each of the following 
pairs of points. 

a) A(9,2), B(7,2) 

If R(x, y) is the desired midpoint then, 


X+x, 9+7 16 
x= = = 


= a: 
2 2 2 
yt+y, 242 4 

= 
aa, 2 2 


. R(x, y) = R(8,2) 


Exercise 9.3 


The measure of angle at P # 90° 


Hence given points form a parallelogram. 
QI0. Find the ijength of the diameter 
of the circle having centre at C(-3,6) 
and passing through P(1,3). 

SOL. Length of radius= 


|Pc| = (3-1) +(6-3)" 


=\(-4) +6Y 
=V3 


=5 
Length of diameter = 2r = 2(r) =10 


b) A(2,6), B{3,-6) 
If R(x, y) is the desired midpoint then, 


If R(x, y) is the desired midpoint then 


Paes _~8+6_-2__) 


2 2 2 
y= th _itt_2_, 
2 7 rca 


» R(x,y)=R(-1,1) 
d) = A(-4,9), B(-4,-3) 
If R(x, y) is the desired mid point then, 


ath, _-4-4_ aim 
2 2 2 
y arity» _2-3_9 
2 2 Z 


R(x, y)= R(-4,3) 
e) ~—-A(3,-11), B(3,-4) 
If R(x, y) is the desired midpoint then, 


ca mths 338 _ OR 


Ww: 2-2 
yo dth Ud Wes 
2 2 2 


. R(x, y)=R(3,-7.5) 
 — A(0,0), B(0,-5) 
If R(x, y) is the desired midpoint then, 


x,+x, _0+0 
eee eran 


=0 
2 2 

uty 0-5 _—5_ 45 

ae", > 2. 


o R(x, y)} = R(0,-2.5) 
Q2. The end point P of a line segment 
PQ (-3,6) and its mid point is (5,8). Find 
the co-ordinates of the end point Q. 
Sol: (-3,6) 

If R(x, y) is mid point then, 


Gx, _3t% 
P) 
=> 10=-3+2, 


x, =10+3=13 


— 


=> 5 


and y= = uae 


=> ]6=6+y, 
y, =10 
:. Coordinates of the end point Q(13,10) 


Q3. Prove that midpoint of the 
hypotenuse of a right triangle is 
equidistant from its three vertices 


P(-2,5),Q(1,3) and R(-1,0) 
SOL.|PQ) =(1+2) +(3-5) =94+4=13 
lor =(-1-1)' +(0-3)' =4+9=13 
|PR! =(-14+2) +(0-5)’ =1+25= 26 
as (PO! +|oR[ =|PR/ 
Hence PR is the hypotenuse 
If M (x,y) is desired midpoint then, 


2 2 
Now |PM|= Ga +(3-5] 


4 —— +f{ —- = foe 

VA 2 2 (ie 
— [I+25 _ [26 
4 4 


As|PM| =|RM|=|QM| 

. M is equidistant from P, Q and R. 
Q4. O (0, 0), AG, 0) and B(3, 5) are 
three points in the plane, find M, and 
M2 as midpoints of the line segments 


AB and OB respectively. Find |M,.M,|. 
Sol: Let O (0,0), A(3,0), B(3,5) are three 
points in the plane. M;, is the mid point of 
OB and M is the mid-point of AB 


M(x yem( 12% 1s) 
cm, 2 > 9 


=m,(2*3,928) 


7 


2 2 


Mp is midpoint of AB therefore 


m,(22.245) am, (6.3) 
2 2 : 


we find | M, Mal 
d= (x,~x,)?+(y,-y,)” 


B(3, 5) 


0(0. 0) AG, 0) 
Q5. Show that the diagonals of the 
parallelogram having vertices 
A{1,2), B(4,2), C(-1,-3), D{-4,-3} 
bisect each other. 
Sol: If M, is desired midpoint of diagonal 


DB. 
ute 4-4 =0 
2 2 
Nt 2-3 -I 
2 Z 2 


1 | M xX, Y)= M ~2, 4) 
Mi(xy)=(0.-3) i ) . iC 
If M, is desired midpoint of line segment 
If M, is desired midpoint of diagonal AC OR. 
po a tee EL, pomte 72-8 _-10_ 
2 2 2 2 2 
ya lis. 2-3 ol Mile —t 2-2 _ 
2 2 f. 2 p 2 
Mm, (%9)=(0.-3) M,(x,y}=M,(-5,-1) 
M,M,|= j(-5 +2) +(-1-4)° 
.. As midpoints of the diagonals coincide | M,|= y(— (- ) 
hence diagonal bisect each other. = B3y +(-5)] 
Q6. The vertices of a triangle are 
P(4,6), Q(-2,-4) and R(-8, 2) show that = J9+25 = /34 
the length of line segment joining the 2 2 
ape | ase ae.0 
mid points of line segment PR, |POl vl a ) 
2 : 2 
QR is 5 PQ. = y(-6) +(-10) 
Sol. If M, is desired midpoint of line = V36+100 = v136 = v34x4 
segment PR, = 234 
eamthe 4-8 4 As 2|M,M_|=|PQ| 
Z 2 Z z 1 
yty, 642 8 Bena 5 
¥ =o = = bomen 4 
Z Z 2 
Review Exercise 9 
Q3. Find distance between pairs of Let P(7,5), Q(1,-1) 
points ; 
) (6,3), (3,-3) IPo|= y(7-1) +(5+1) 
Let P(6,3), O(3,-3) | = (6) +(6)° = 36+36 
|Po|= y(3-6)' +(-3~3) NBGA 
iii) (0,0),(—4,-3 
We me, (0.0),(-4,-3) 
Let P(0,0),Q(-4,3) 
= ¥9+36 = J45 


ii) (7,5),(L-1) |Po|=.y(-4-0)" +(-3-0) 


= y(-4)' +(-3)° 
= 16+9 = V5 =5 


Q4. Find the midpoint between the 
following pairs of points. 
SOL. (i) (6,6),(4,—2) sii) 
If R(x,y) be desired midpoint, 
then, 
Or? IV 
2 Z 
6-2 4 
=——__=—=7=7 
a eg 
R(x, y) =R(5,2) 
ii) (-5,— ).{-7,-5) 
If R(x,y} be desired midpoint, 
then, 
1. Diktance b between points (0, 0) and 5; 
(1, 1) is: 
(a) 0 (b) 1 
() v2 @ 2 
2. Distance between the points (1, 0) 6. 
and (0, 1) is: 
(a) 0 (b) 1 
() v2 @ 2 
3. Mid-point of the points (2, 2) and ‘ 
(0,0) is: 
(a) 61,1) (&) G0) 
(cy) (1) @ (C1,-1) 
4. Mid-point of the points (2, —2) and 


(—2, 2) is: 
(a) (2,2) (b) 
(c} (0,0) (dd) 


(-2, ~2) 
(1, 1) 


R(x, y) = R(-6,-6) 
(8,0),(0,-12) 
If R(x,y) be desired midpoint, 


oa hae ae 
R(x, y)=R(4,-6) 


A triangle having all sides equal is 
called 

(a) Isosceles (b) Scalene 

{c) Equilateral (d) None of these 
A triangle having all sides different 
is called: 

(a) Isosceles  (b) Scalene 

(c) Equilateral (d) None of these 
The points P, Q and R are collinear 


(a) [PQ|+{QR|=|PR| 
(b) —_ |PQ|~{QR|=|PR| 
(c)  PQ!+/QR|=0 
(d) None 


The distance between two points 
P(x1, yi) and Q (x2, ya) in the 
coordinate plane is: 


(a) d= ylx,—x,)? +(y2 9)", d>0 
b) d= (x, - x)? -y2”" 
(c) d=\(x,—-x,)’ ~(y2-y,)” 
(d) d= V(x; +x2)? -(y) +0)" 


A triangle having two sides equal 
is called 

(a) Isosceles 
(c) Equilateral 


(b) Scalene 
(d) None 


11. 


A right triangle is that in which 
one of the angles has measure 


equal to: 

(a) 80° (b) 90° 
(c) 45° (d) 60° 
In a right angle triangle ABC, 


Pythagoras’s theorem, 
(a) |AB|’=|BC? +|CA|’ where 


Z ACB = 90°. 
©) |ABP =Ipc)*-|caP 
(c) — |AB) +|BC} >|ca?’ 


@) —_|AB)’-[BC?’ >|cal? 


CONGRUENT TRIANGLES 


Congruent Triangle 
A ip) 


aes 


Let there be two triangles ABC and 
DEF. Out of the total six (1 — 1) 
correspondences that can be established 
between AABC and ADEF. One of the 
choices is explained below. 

In the correspondence AABC <> ADEF it 
means, 


B 


ZA@ZD (ZA corresponds to ZD) 
4B ZE (ZB corresponds to ZE) 
ZC ZF (ZC corresponds to ZF) 
AB <— DE (AB corresponds to DE) 
BC +> EF (BCcorresponds to EF) 
CA < FD (CAcorresponds to FD) 


Two triangles are said to be 
congruent written symbolically as, =, if 
there exists a correspondence between 
them such that all the corresponding sides 
and angles are congruent i.e. 


AB=DE ZAEZD 
If ; BC=EF and <ZB=ZE 
|CA=FD 4C=ZF 


Then AABC= ADEF 


A DD 
cat ee fe ia 7 


es 


(1) These triangles are congruent w.r.t. 
the above mentioned choice of the (1 — 1) 
correspondence. 

(ii) AABC = AABC 

(iii) AABC=ADEF < ADEF=AABC 
(iv) If AABC = ADEF and 


AABC=APQR , then ADEF= APQR 
In any correspondence of two 

triangles, if two sides and their included 
angle of one triangle are congruent to the 
corresponding two sides and their included 
angle of the other, then the triangies are 
congruent. 
In AABC <> ADEF, shown in the 
following figure. 

AB=DE 
If; ZA=2ZD 

AC=DF 


A D 
. aN | rt | 


Then AABC= ADEF (S.A.S. Postulate) 


Theorem 


In any correspondence of two 
triangles, if one side and any two angles of 
one triangle are congruent to the 
corresponding, side and angles of the 
other, then the triangles are congruent. 
{(AS.A=AS.A) 


4 0 


s. 
7 F ; Ps 


In AABC <> ADEF 


ZC= ZF 


AABC <> ADEF 


Construction 


Suppose AB #DE , take a point M 


on DE such that AB=ME . JoinM to F 


Statements 


Reasons 


In AABC <> AMEF 


AB =ME ......... (i) 
BC £EF .......... (ii) 
Ze Zoe s{iil) 

Fa AABC = AMEF 

SO, ZC = ZMFE 

But ZC=ZDFE 
ZDFE = ZMFE 


This is possible only if D and M are the 
same points, and. ME =DE 


So, AB =DE ......... (iv) 
Thus from (i), (iii) and (iv), we have 
AABC = ADEF 


Construction 
Given 

Given 

S.A.S. postulate 
(Corresponding 
triangles) 

Given 

Both congruent to ZC 


angles of congruent 


AB =ME (construction) and 
ME =DE (proved) 
S.A.S. postulate 


in any correspondence of two 
triangles, if one side and any two angles of 
one triangle are congruent to the 
correspondence side and angles of the 
other, then the triangles are congruent. 


(S.A.A = S.A.A.) 


a aN 


| Given | en 
In AABC & ADEFP 


BC =EF, ZA=ZD, 4B=ZE 


To Prove. 


AABC = A DEF 


Statements 


AABC © ADEF 
ZB= ZE Given 


BC =EF Given . 
LC= ZF ZA= ZD, ZB = ZE, (Given) 


AABC = ADEF A.S.A. = A.S.A 


Example A 


If AABC and ADCB are on the opposite 
sides of common base BC such that 


BC bisects AD. 
ve N M 
: 
AABC and ADCB are on the 
opposite sides of BC such that 
ALLBC,DM1BC,AL=DMand AD is 
cut by BC at N. 


To Prove 
Dp 


AALN © ADMN 

AL =DM Given 
ZALN = ZDMN 
ZANL = Z<DNM 
AALN = ADMN 


Hence AN = DN 


Each angle is right angle 
Vertical angles 

S.A.A. =S.A.A 
Corresponding sides of = As. 


Exercise 10.1 


1. In the given figure. 
AB =CB, l= 22. 
Prove that 
AABD =ACBE 
AB=CB 
Zi= 22 


‘bo Prove 


AABD = ACBE 


Statements 
In AABD <> ACBE 


AB =CB 
Zl=22 
ZABD = ZCBE 
ss AABD = ACBE 
(2) From a point on the bisector of an 
angle, perpendiculars are drawn to the arms of 
the angle. Prove that these perpendiculars are 
equal in measure. 

ZABC, BLhe bisector of ZABC, M any 
point on BL,MP perpendicular on AB, 
MOQIIBC. 

To Prove MP = MQ 


Given 
Given 


Common angle 
AS.AZ=AS.A 


ABMP<> ABMQ 


Zi BLbisects ZPBQ 


Each = 90° 
Common 
A.S.Az A.S.A 
Corresponding 
triangles. 


sides of the 


(3) In a triangle ABC, the bisectors 
of ZB and ZC meet in a point I. Prove 
that I is equidistant from the three sides 
of AABC, 

In AABC, BT,CS are the bisectors of the 
angles B and C respectively. 

To Prove 

{ is equidistant from the three Sides of 
AABC ic. IP=I1Q=IR 


Construction | 


IR.LAC,1Q LBC,IP 1 AB 


| Statements 


Reasons 


In AIPB <> AIQB 


41\2 22 

ZPj} = ZQ 

IB = IB 

AIPB = AIQB 

P= IQ As, 
Similarly AIRC = AIOC 

IQ = IR ...(ii) 

IP =1Q= RR 


Given 

Each = 90° 

Common 

AS.AZAS.A 

Corresponding sides of con gruent triangles 


Corresponding sides of congruent triangles 
By (i) and (ii) 


Theorem | 


If two angles of a triangle are congruent, then the 


sides opposite to them are also congruent. 
Given J 
In AABC, ZB = ZC 


AB =AC 


Construction | 


draw the bisector of LA, meeting BC at the point D. 


Statements 7 Reasons _ 
AABD © AACD ~ | 
AD =AD Common 
ZB= ZC Given 
ZBAD = ZCAD Construction 
; AABD = AACD S.A.A. =S.A.A. 
Hence AB =AC Corresponding sides of congruent triangles 


example | 

If one angle of a right triangle is of 30°, the a 
hypotenuse is twice as long as the side opposite to | 
the angle. 
In AABC, mZB = 90° and mZC = 30° 


To Prove 


mAC =2mAB 


Construction. 


At B, construct ZCBD of 30°. Let BD cut AC at the point D. 


Statements Reasons 


In AABD,mZA =60° | mZABC = 90°, m ZC = 30° 
mZABD =mZABC — mZCBD = 60° 
mZABC = 90°, m_Z CBD = 30° 


mZADB = 60° Sum of measures of Zs of aA is 180° 
AABD is equilateral Each of its angles is equal to 60° 
AB =BD =AD Sides of equilateral A 
InABCD, BD= CD ZC = ZCBD (each of 30°), 
Thus ; _ eae 
mAC=mAD+mCD AD=ABandCD=BD=AB 
=mAB+mAB 


= 2(mAB ) 


Example A 
If the bisector of an angle of a triangle bisects the side 
opposite to it, the triangle is isosceles. 


ray 


Given 
In AABC, AD bisects ZA and BD = CD 
pe 
oO Prove D: E 
AB = AC é 
Construction 


Produce AD to E, and take ED = AD. 


joint C to E E 
Proof 
Statements Reasons 
AABD © AEDC 
AD=ED Construction 
ZADB = ZEDC Vertical angles 
BD=CD Given 
es AADB = AEDC S.A.S. Postulate 
a AB=EC .............5888 (1) Corresponding sides of = As 
and ZBAD=ZE Corresponding angles of = As 
But ZBAD=ZCAD Given 
‘ ZE=/CAD : Each = ZBAD 
In AACE, AC=EC.......... (2) ZE = ZCAD (proved) 
Hence AB=AC From (1) and (2) 
Exercise 10.2 
Prove that a point, which is equidistant from the P 


end points of a line segment, is on the right bisector of 
the line segment. 

AB is a line segment, Point P is such that PA=PB 

To Prove 


Point P is on the right bisector of AB. 


Construction : A : B 


Join P to C, the midpoint of AB 


nr a ce ee nn ce 


Statements Reasons 
hh a ar I 

AACP<> ABCP | 

PA=PB Given 
| PC=PC Common 
| AC#zBC Construction 
ZACP = ZBCP A Corresponding angles of congruent 
| But mZACP + mZBCP= 180°...<i) | “anstes 
oe PC_LAB Gi From (i) and (3) 
| ey le mZACP = 90° (proved) 

Also CA=CB w.. (AV) 

—# construction 

PC is aright bisector 

Of ABi.e, the point P is on the from (iii) and (v1) 

right bisector of AB. 


In a correspondence of two {> 
triangles, if three sides of one iriangle are eS 
congruent to the corresponding three sides me : 


B ¥ E - 
of the other, then the two triangles are 
congruent. 
V- . 


(S.S.S, =S.8.8.) 
In AABC 4 ADEF 
AB=DE,BC=EFand CA=FD 
AABC = ADEF 
Construction 


Suppose that in ADEF the side EF is not smaller than any of the remaining two sides. 


On EF construct a AMEF in which, Z FEM = 2B and ME = AB. Join D and M. As shown 
in the above figures we label some of the angles as !,2,3 and 4. 


Statements 
AABC © AMEF 


BC=EF Given 
ZB= /FEM Construction 
AB=ME Construction 
 AABC-= AMEF S.A.S postulate 
and = CAEFM ooo... ccccsces i (Corresponding sides of congruent triangles) 
FD.......... ae ii Given 


From (i) and (ii) 


FM=FD (proved) 


PORE RTT Oe ew re eee ewe 


Pera we eeareseee’ 


m42+mZi=mZ4+mZ3 {from (iii) and (iv)} 


mZEDF = mZEMF 
Now, InADEF <> AMEF 
FD=FM Proved 
And mZEDF = m/EMF Proved 
DE=ME Each one = AB 
s ADEF = AMEF S.A.S postulate 
Also AABC = AMEF Proved 
Hence AABC = ADEF Each A = AMEF (Proved) 


E ncaetagoly: 
If two isosceles triangles are formed on the same 

side of their common base, the line through their vertices 

would be the right bisector of their common base. 

Cavan 

AABC and ADBC are formed on the same side of BC 

such that 


AB=AC,DB=DC, AD meets BC at E. 


BE=CE,AEL BC 


ar ae EH FR A en ee 


Statements 


In AADB <> AADC 


AB=AC Given 

DB=DC Given 

AD=AD Common 

AADB = AADC S.8.S =S.S8S. 
es 41222 Corresponding angles of = As | 
In AABE ¢>9 AACE 

AB=AC Given 

Z4=22 Proved 

AEZAE © Common 

AABE = AACE S.A.S. postulate’ 

BE=CE Corresponding sides of = As 

232244 eee I Corresponding angles of = As 

mZ3+mZ4 = 180"......... Wl Supplementary angles Postulate 

mZ3 = mZ4 = 90° From FT and I 


Hence AELBC 


Exercise 10.3 


Q!. In the figure, AB=DC : AD=BC. 
Prove that ZA = ZC, ZABC = ZADC. 


AB=DC 


AD=BC 
To prove LA=ZC 
ZABC = ZADC 


Statements Reasons 


AABD © ACBD 
AB=DC Given 
AD=BC 


| Common 


rr te eri 


= 


‘BD = BD | | 
AABD = ACBD $.S.$ =S.8.8 | 
pis oe iy Corresponding angles of congruent triangles 
i ex a. ii) Corresponding angles of congruent triangles 
41+ Z2= £3 +24 Adding (i) and (ii) 
ZABC = ZADC | 
2. In the figure, LN=MP, MN=LP. N P 
Prove that ZN=ZP, ZNML= ZPLM. 
Given 
LN=MP 
LP=MN + if 
ZN = Z2P, ZNML = ZPLM 
7 Statements Reasons | 
ALMN «> ALMP q ; | 
LM = MP Given 
LP=MN Given | 
LM=LM Common | 
ALMN = ALPM SSS=SSS | 
<N = <P Corresponding angles of congruent triangles 
ZNML = ZPLM | 
Corresponding —_ angles congruent 
= | triangles | 
T | Theorem | orem 


If in the correspondence of the two right-angled triangles, the hypotenuse and one 
side of one triangle are congruent to the hypotenuse and the corresponding side of the other, 


then the triangles are congruent. (H.S = H.S) 
A 


4B = 4E (right angles) 
CA=FD , AB=DE 


AABC = ADEF 


To Prove 
Construction 


In mZDEF + mZDEM = 180°...(i) | (Supplementary angles) 


= Statements 

Now mZDEF = 90°...........:0::0060 i 

; mZDEM = 90° 

In AABC <> ADEM 
BC=EM 

: ZABC = ZDEM 

: AB=DE 

| .  AABC = ADEM 

|And ZC=ZM 
CA=MD 

But CA=FD 

. MD=FD 

In ADMF 

| Z4f= ZM 

| But ZC=ZM 

| ZC = ZF 

In SABC <> ADEF 

AB=DE 

| ZABC = ZDEF 

| LC=ZLZF 


i Hence AABC = ADEF 


rexaniple 


If perpendiculars from two vertices of a triangle to the 
opposite sides are congruent, then the tangle is isosceles. 


Given: 
in AABC, BD.LAC, CEL AB 


ane 


Produce FE to a point M such that 
EM=BC and join the points D and M. 


Reasons 


(Given) 
{from (i) and (ii)} 


(construction) 
(each Z equal to 90°) 


(given) 

S.A.S. postulate 
(Corresponding angles of 
triangles) 


congruent 


(Corresponding sides of congruent triangles) 
(given) 


Each is congruent to CA 
FD=MD (Proved) 
(proved) 

(each is congruent to ZM) 


(given) 
{given} 
(proved) 


(S.A.A =S.A.A) 


Proof 


Reasons 


BD 1 AC,CE 1 AB (given) 
=> each angle = 90° 
Common hypotenuse 
Given 


H.S. = HLS. 
Corresponding angles of = As, 


ABCD = ACBE 
<BCD = ZCBE 
Thus ZBCA=/ZCBA 


Hence AB = AC In AABC, ZBCA = ZCBA 


P 
1. In APAB of figure, PQLABand PA = PB. 
prove that AQ = BQ and ZAPQ = ZBPQ. 
Gelveny 
In APAB, PQ.LAB and PA=PB 
| 
AQ=BQand ZAPQ= ZBPQ 
. @ : 
Statements | ~ Reasons | 
AAPQ «> ABPQ 7 ican 
PA=PB 
PQ=PQ Given 
“.  APAQ = APBQ Common 
Sy Sikes H.S=HS 
“ AQ=BQ Corresponding sides of congruent triangles 
ZAPQ = Z BPQ Corresponding angles of the congruent 
triangles. ee ree | 


2. In the figure, mZC = mZD = 90° and BC = AD. Prove that AG = BD 
and ZBAC = ZABD. 


A B 
mZC = mZD = 90° 
BC=AD 
Pin trove] 
AC=BD 
ZBAC = ZABD 


AABC «> AABD 
mZC=smZp 
BC=AD 
AB=AB 


AABC = AABD 
AC=BD Corresponding sides of congruent triangles 
BAC = ZABD Corresponding angles of the congruent 


3. In the figure, mZB = mZD = 90° and AD = BC. Prove that ABCD is a rectangle. 


mzB=m ZD=90, AD= BC 


ABCD is a rectangle 
: Statements _ * Reasons 
In AABC<} AADC ual _ a 
| mzB=mZD Each of 90° | 
AD=BC Given 
AGEzAG | Common | 
: AARC = AADC HLS = HLS 
AB=DC | 
Ll222 Gd | 
L4= 23 ...) | 
41+ 44= 72+m23 | 
LA = L0=90° | 
ABCD is a rectangle By (i) and (ii) t 

4. Which of the following are true and which are false? 


(i) A ray has two end points. 

(it) ‘In a triangle, there can be only one right angle. 

(iii) Three points are said to be collinear if they lie on saine line, 
{iv) Two parallel lines intersect at a point. 

(v) Two lines can intersect only in one point. 

(vi) A triangle of congruent sides has non-congruent M 


(i) False (ii) True (iii) True 
(iv} False (vy) True © (vi) False 
§, If AABC = ALMN, then 

GQ  MZM Si eciaas 
MN & oo. ecessees 
IN ZA = woe ccecccsseees 


Ty 


“@) mZM=emzZB.. » 
(i) mZN=mZC 
Gi) = mZA=mZ1, 


6. if AABC = ALMN, then find the unknown x. 
Cc h L 


7 ex 


SS 


N 


8. If APQR = AABC 
, then find the unknowns. 
cP Find the value of unknowns for the APQR = AABC 


given congruent triangles. PQ=AB 


AABD = AACD 
BD=DC 
= 5m-3=2m+6 
5m—2m=3+6 
 3m=9 


ce 
= = 


Also IB . si ~\ 
| ZACD = ZABD > vas \ 


Angles opposite to congruent sides are 


congruent 
5x +5= 55 
5x = 55-5 
5X = 50 
50 
fe > 5 


in a parallelogram 
(i) Opposite sides are congruent. 
(ii) | Opposite angles are congruent. 
(iii) | The diagonals bisect each other. 


us 


Given 
In a quadrilateral ABCD, 
ABIDC,BCIAD and the diagonalsAC, BD 
meet each other at point O. 
(i)  AB=DC AD=BC 
(ii) ZADCs ZABC, ZBAD= ZBCD 
(iii) OA= OC. OB= 0D 
Construction 
In the figure as shown, we label the angles as Z1, 22, 23, Z4, Z5 and 26. 


Proot 


( Statements Reasons 4 
()  InAABD © ACDB J 
Z4z21 Alternate angles . 
BD = BD Common 
22223 Alternate angles 
AABD = ACDB A.S.A. = A.S.A, 
So, AB= DC. AD= BC (corresponding sides of congruent triangles) 
and LA=LC (corresponding angles of congruent triangles) 
(it) Since 
41224 — ....,, (a) Proved 
and 22=73 8 ~~— (b) Proved 
: mZ1+m/2=mZ4+mZ3 From (a) and (b) 


or mZADC = mZABC 
ZADC = ZABC 


a 


and ZBAD = ZBCD Proved in (i) 
| (iii) In ABOC «+ ADOA | 
BC= AD Proved in (i) 
£5 = Lb Vertical angles 
Z£3=L2 Proved 
ABOC = ADOA A.A.S=A.AS 


Hence OC= OA, OB= OD Corresponding sides of congruent 


triangles) | 


Corothary 

Each diagonal of a parallelogram 
bisects it into two congruent triangles. 

The bisectors of two angles on the 
same side of a parallelogram cut each other 
at right angles. 

A parallelogram ABCD, in which 

AB II DC, ADI BC 

The bisectors of ZA and 2B cut each other at E. 
To prove 

mZE = 90° 

Construction 

Name the angles 41 and 22 as shown in the figure. 

Proof | 


Statements Reasons | 
Zi¢+mZ2 
~ i ut ; méI=—mZBAD, 
= —(mZBAD+mZABC) i 
2 mZ2=—mABC 
rl 2 
2 oe Int.angles on the same side of AB 


Which cuts |} segments AD and BC 


= are supplementary. 


Hence in AABE, mZE = 90° mZ1+mZ2=90° (proved) 


EXERCISE 11.1 


(1) One angle of a parallelogram is © c 
130°. Find the measures of its 
remaining angles. 


ABCD is a parallelogram that 130 


mZA = 130° 
. 5 


(Required) To find the measures of 7B, ZC, ZD 


Proof 
- Statements ea - Reasons ~ 
mZC = mZA | Opposite angles of parallelogram. | 
mZC |= B00" Given, mZA = 130° 
| mZB+mZA = 180° ADIIBC and AB is transversal. 
| “. sum of interior angles. 
| mZB+ 130° = 180° GivenmZA = 130° 
mZB = 180° —130° 
mZB = 50° 
mZD = mZB Opp. angles 
uZD = 50° AsmZB = 50° 
| mZB j=-50°.m<C—=136",— , 
| mZD = 50° 


(2) One exterior angie formed on producing 
one side of a parallelogram is 40°. Find 
the measures of its interior angles. 


ABCD is a parallelogram, side AB has been 
produced to p to form exterior angle mZCBP = 40° 


Statements Reasons 
mZ1+mZCBP = 180° Supp.angies. 
mZt+40° = 180° mZCBP = 40° given | 


 omZi = 180°—40° 
mZ1 = 140° Wi 
m/D = m/1 Opp.angles of Ilm 
mZD os 140°.....Gi) | From (i) 
mZA+m4] = 180° AD |i BC and AB is transversal. 

(Interior angles) 

mZA+ 140° = 180° From (i) 
mZA = 180° — 140° 
mZA = 40°”. Se (iii) 
mZC = mZA Opp. angles 
mZC = 40° From (iit) 

Thus mZ] = 140°, mZC = 40° 


If two opposite sides of a In a quadrilateral ABCD, 
quadrilateral are congruent and parallel, it | AB = DCand ABIi DC 
is a parallelogram. 


fs ABCD is a parallelogram. 


Construction | 

Join the point B to D and in the 
figure, name the angles as indicated: 

Z1, Z2, Z3 and Z 4 


Statements : _ Reasons ; 

In AABD © ACDB 

AB=DC Given 

22=231 Alternate angles 

BD = BD Common 

AARBD = ACDB 5.A.S. postulate 
Now 24223 ceee(i) (corresponding ang]es of congruent triangles) 

ADII BC .. Gi) Fronr) 


| and AD = BC ... (iii) Corresponding sides of congruent As 
| Also ABH DC iv) 


Given 
_Hence ABCD is a parallelogram From (ii) — (iv) 


EXERCISE 11.2 


() ~—- Preve that a quadrilateral is 2 parallelogram if its 
(a) Opposite angles are congruent. - 
{b) Diagonals bisect each other. 

¥ Given ABCD is a quadrilateral. 

mZA=mZC, 

mZB=mZD 


ABCD is a parallelogram. 
Tce See B 
A 


Statements Reasons = 
mZA=smZC (i) 7 Given 
mZB=mZD (ii) Given 
Now 
|mZA+mZB+mZC +mZD = 360° Angles of a quad. 
mZA +mZ B+ mZA + m2ZB = 360° From (i), (ii) ; 
mZA+mZA+mZB + mZB = 360° Rearranging 
| 2mZA + 2mZ B = 360° 
(mZA + mZ B) = 360° /2 = 180° Dividing by 2 


As mZA +mZB = 180° 
(sum of interior angles) 


AD IBC 
Similarly it can be 
Proved that AB! |CD 


Hence ABCD is a paratlelogram. | 
(2) prove that a quadrilateral is a parallelogram if its opposite sides are congruent. 
Given D EC 

Tn quadrilateral 


ABCD, AB = DC, 


AD =BC 
| 
ABCD is all gm A R 

AB IiCD, ADIBC 


Join point B to D and name the aneles 41. 42. 73 and / 4 


"Statements Reasons 


A ABD © ACDB 
AD =CB Given 
AB =CD Given 
BD = BD Common 
. AABD=ACDB S.S.S=S.S.8 
So 222Z) (i) Corresponding angles of Congruent triangles 
L4= 43 (ii) Alternate angles 
Hence ABIICD (iii) 22 and 21 are congruent 
Similarly BCHAD (iv) Alternate angles 23, 24 congruent 


e ABCD is a parallelogram. From iti, iv 


The line segment, joining the 
mid-points of two sides of a triangle, 
is parallel to the third side and is 
equal to one half if its length. 

In AABC, the mid- 
points of AB and AC are L and M 
respectively. 

LMIi BC and mLM “ mBC 

Join M to L and produce ML to N such that ML=LN Join N to B. and in the figures 
name the angles 21, 22, 23 and Z 4 as shown. 


In ABLN «<> AALM 
BL = AL, 
412 22 
NL = ML 


Given 


Vertical angles 
Construction 


“ ABLN=AALM  ——*(|SAS.postulate “| 
ZA2LB sate (i) 


(corresponding angles of congruent triangles) 
and NBs AM veel) 


(corresponding sides of congruent triangles) 


From (i), alternate 7s 


6 ee. | 
But NBILAM 

| Thus. NB MC - ii) — ail 
ee | (M is a point of AC) 

MC= AM .. (EV) 

Nii= ME ent 
| ne ee — Aa {from (ii) and (iv}} ! 

BCMN ts a paraliclogram PD and (v) 
| BCILM or BC li NL (Opposite sides of a parallelogram | 
| BC=2NM —_..... (vi} BCMN) 
| — )| —- 7 (Opposite sides of parallelogram} 
| mLM=-- mNM --(Vii) Constavi@tion | 
| 

a 1 = 
| Hence mLM=— mBC {from (vi) and (vii)} 
= = amen | 


The line segments, joming the mid-points of the sides of a quadrilateral, taken in 


order, form a parallelogram. D R c 


A quadrilateral ABCD, in which P is 
the mid-point of AB, Q is the mid-point of 
BC , Ris the mid-point of CD, S is the mid- 
point of DA. 

P is joined to Q, Q is joined to R. R is 


joined to S and S is joined to P. 


Construction 
Join A to C. 


Proof 


Statements 


ADAC , 


S is the mid-point of DA 
R is the mid-point of CD 


SR il AC 
mSR => mAC 


ABAC, 


PQ tt AC P is the mid-point of AB 
mPQ=— mAC Q is the mid-point of BC 
SR Il PQ | Each Il AC 
= oa td 
mSR = mPQ Each =, mAg 
Thus PQRS is a parallelogram SRI PO, mSR =m PQ (proved) 


EXERCISE 11.3 


(1) ‘Prove that the line-segments joining the mid-points of the opposite sides of a 


quadrilateral bisect each other. Cc 


Ti D R 
ABCD is a quadrilateral. 
P, Q, R, S are the mid-points of AB, BC,CD, D . 
respectively. 
C 
R 


Wt 


P- is joined to R, Q is joined to S. SQ, PR . 
intersect at point “O” 
OP =OR,OS = 0Q 


eo eeasiGue Join P,Q, R, S in order, join A to C. A 


| Statements Reasons __ 
| SRII AC (i) In AADC. S, R are mid-points 
| Of AD,DC. 


mSR =+mAC (ii) 


POWAC Giiy) | IN AABC; P, Qare mid-points 
of AB,BC 


mPQ= 5mAc (iv) 


POISR (v) 
PO=mSR P from (i), and (211) 
eo om From (ii) and (iv) 
Similarly PSHQR 
mPS= mOR 


Hence PQRS is a parallelogram 

Now PR, SQ are the diagonals 

Of PQRS that intersect at point O. 
OP=OR 


Os =O0 


Diagonals of a parallelogram 
_| Bisect each other. 


(2) Prove that the line-segments joining the Aa of the spree sides a a 
pha are the right-bisectors of each other. 


ABCD is a rectangle. Ct] 
and P, Q, R, S are the mid- “points of sides 
AB,BC, CD and DA, respectively. Ws 
P is joined to R, S to Q These interséct at “O” ma 
: | 
OQ =OS,OR = OP and RPiSQ 


Proof 


Statements ai Reasons 
ABI CD opposite sides of rectangle 
AP=DR (i) 
mAB=mCD 


1 AB «i.mCD 
2 2 


mAP= mDR (ii) 
APRD is rectangle 


.  OR=OP As mZA = mZD = 90° 


Similarly OQ=0S 
Now In rectangle APRD 
mDA=mRP 
DA = RP 
mDS=mRO 
DSIRO, 
Hence SORD is rectangle. 
« mZSOR= 90°, RPLSQ. 
We: Diagonals of a rectangle are congruent.] 


i) Prove that the line-segment passing through the mid-point of one side and 
‘another side of a triangle also bisects the third side. -’ 


In AABC, D is mid-point 
HiB DEIBC which meets AC at B. 
E is mid-point of 


' Statements [ ~ Reasons e 
[Now BDEF is parallelogram DEH BF given, EF|[DB const. 
/  BR=DB (i) Opposite sides of parallelogram 
EF= AD (ii) Given 
Z1=2ZB Corresponding angles. 
f= ZB (iii) Corresponding angles. 
Bie ele 29 (iv) Form (iii) 
Now In AADE © AEFC 
41=22 
43=ZC Form (iv) 


| AD=EF Corresponding angles. 
| Form (ii) 


H DE = i 
peor scat AAS = AAS 


<r 


pore 


rr 
Corresponding sides of 


congruent triangles. 


The medians of a triangle are concurrent 
and their point of concurrency is the point of 
trisection of each median. 

AABC 

The medians of the AABC are 
concurrent and the point of concurrency is the 
point of trisection of each median. 


\ 


B= eet nmr Oo 
ee bp x ve 
Te we 
nae \ 


a, \ 
ae 
tH 


Draw two medians BE and CE of the AABC which intersect each other at point ¢ 


Join A to G and produce it to point H such that AG = GH. join H to the points B and C. 


AH Intersects BC at the point D. 


| 
| 
| 


Statements L | Reasons : 
in AACH , 
GE ki HC : G and E are mid-points of sides AH and | 
AC respectively . 
or BEI HC ae (i) G is a point of BE 
Similarly CFll HB mea) 
BHGG is a parallelogram from (i) and (11) 
and mGD -5mGH Ai) (Diagonals BC and GH of a 
a parallelogram BHCG intersect each other 
ame =CD at point D). 
AD is a median of AABC 
Medians AD, BE and CF pass through | (G is the intersecting point of BE and 
the point G ea CF and AD pass through it.) 
Now GH =AG wooo 1V) Construction 


peewee. 


a eo —_—. 


‘ and G ts the point of trisection of AD —(v} 
similarly it can be proved that G is also 
| the point of trisection of CF and BE. 


from (iit) and (iv) 


(I) The distances of the point of 
concurrency of the medians of a triangle 
from its vertices are respectively 1.2cm; 
1.4 cm and 1.5 cm. Find the lengths of 
its medians. 


B P 2 
Let ABC be a triangle with 
where 


center of gravity at G 


mAG=].2cm ; BG=1.4em : mCG =1.5em 
To find the length of AP, BQ, 


CR 
mAP = =x(mAG) 
= 3431 8Gn 
aa, 3 —— = 
3 


—x 1.4=2.lcem 
2 


EXERCISE 11.4 


B 
Q? 
a 
i 


Sx(mCG) 


ox 1.8=2.25cem 


Q) Prove that the 
concurrency of the medians of a triangle 
and the triangle which is made by 


point of 


_jeining the mid-points of its sides is the 


same. 


In AABC, AQ,BR,CP are its 
medians that are concurrent at point G. 
APQR is formed by joining mid-points of 


AB, BC, CA 


Point G is point of concurrency of 
triangle POR. 


Statements 
| PRIBC 
=>  PRI[BQ 
RQUAB 
=> RQIIPB 


L 


| a PBOR is a parallelogram. 
BR, PO are its diagonals, that bisect each other at T. 


T is mid-point PQ, similarly 
S is mid-point of PR R and U is mid-point of PQ. 


Reasons 
P, R are mid-points of ABand AC 


(i) 


P, Q are mid-points of AB and BC 
(ii) 


If three or more parallel lines make _ ABIICDITEF 


congruent segments on a transversal, they 
also intercept congruent segments on any. 


other line that cuts them. 


The transversal LX intersects 
AB,CDand EF at the points M, N and P 
respectively, such that MN=NP. The 


transversal QY intersects them at points 
R, S and T respectively. 


RS=ST 
From R, draw RUW LX which 
meets CD at U. From S, draw SVII LX 


which meets EF at V. as shown in the 
figure let the angles be labeled as 
241, 22, Z3 and 24 


aes Statements | Reasons 
| MNUR is a parallelogram RUII LX (construction) 
ABH CD (given) 
MN=RU i. (i) (opposite sides of a parallelogram) 


Similarly, — 


NP= SV fii) 
oy ee Given 
But ie ane ---) | (from (i), (ii) and Gii)} 
. RUS eas Each is LX (construction) 
Also RUISV Corresponding angles 
Ee 41222 Corresponding angles 
jand £3 =24 
In ARUS GASVT, Proved 
RU= SV Proved 
ee Proved 
3= 
a. ahneen S.A.A.&S.A.A. 
ie a (corresponding sides of a congruent 
Hence RS= ST triangles) 
Corollaries ©. (Q) A line, through the mid-point Naan ae 


of one side, parallel to another side of a triangle, 
bisects the third side. 
In AABC, D is the mid-point of AB. 
DE! BC which cuts AC at E. 

AE= EC 
Construction 

Through A, draw LM 1! BC. 


Proof 
Statements i Reasons 
Intercepts cut by LM ‘ DE , BC on 
AC are congruent. {Tseroeps cut by parallels UM , DE, 
ie; ACES EC BC on AB are congruent (given) 


(it) | The parallel line from the mid-point of one non-parallel side of a trapezium to the 
parallel sides bisects the other non-parallel side. 
(itt) If one side of a triangle is divided into congruent segments, the line drawn from the 


point of division parallel to the other side will make congruent segments on third side. 


Exercise 11.5 


Ce en ee 


1. _ In the given figure. AXII BY IICZHDU IIEV and AB=BC=CD = DEif m MN=lem then 
find the length of LN and LQ 


In given figure AXIIBYNCZIDU IIEV , 
AB= BC = CD=DE, mMN =Icem 


To find mLN and mLQ 


| Statement et Reasons 
AXIBYHCZIIDUNEV Given 
AB=BC=CD=DE Given 
BC=MN “tT lines through A, B, C, D, E cut LQ in 
NP =PQ points L, M, N, P, Q. 
LN=2MN & 
=2(1) * ~ MN = lem 
_ = 2m 
=4x]1 
= 4cm 
OE nes — = 
2: Take a line segment of length Sem and 


divide it into five congruent parts. 
{Hint: Draw an acute angle ZBAX. On AX take 
AP = PQ = QR = RS =ST. 

Joint T to B, Draw line parallel to TB 
from the points P, Q, R and S.} 


Construction: 


(i) Take a line segment AB of 5cm long. 
(ii) Draw an acute angle ZBAX. 

(iii) | Mark 5 points on AX at equal distance Starting from point A. 

(iv) Join the last point (mark)T to B. a 
(v) Draw SF,RE, OD, PC parallel to TB these line segments meet AB at F,E,D,.C points. 


ISM: AB has been divided into five Gi) mZ1 = ...mZ3...... 
equal points (iv) mZ2= ...mZ4...... 
AC= CD=DE=FB ‘ a 
3. Fill in the blanks. 
(i) In a parallelogram opposite sides 
are..... (Parallel / Congruent) bs 
Gi) ‘In a parallelogram opposite angles a C 
rn ee (Equal / Congruent) 5. Find the unknowns in the given figure. 
(iii) Diagonals of a parallelogram D GS 
sade each other at a point. 
(Intersect) 
(iv) Medians of a triangle are 
oeere ne (Concurrent) 
{v} Diagonal of a parallelogram 
divides the parallelogram into two A 
cre oe triangles. (Congruent) Given: Let ABCD be the given figure with 
4, 7 parallelogram ABCD —_ AB= CD 
@) mAB gg BS Rca 
(ii) mBC...=...mAD To Find: m°, n°, x°, y° 
Proof: 
Statement Reasons 
ABCD is a Parallelogram AB=CD 
AD=BC 
Z£n= 75° Opposite interior angles 
m° + 75° = 180° supplementary angles 
m° =180°-75° =105° 
ae 1 
x” = 105° 
x° + y° = 180° supplementary angles 
y° = 180° x° 
y° = 180° — 105° 
y° = 7q5° 


6. If the given figure ABCD is a 
parallelogram, then find x, m. 

Giveng ABCD is a parallelogram with 
angles as shown To Find x° and m° 


Statement 


| (Sm + 10) + 55° = 189° 
| (Sm + 10)° = 180° 55° 
| Sn? + 10° = 125° 

Sm” = 125° _@@ 


Vamigeiaeee 


Reasons 
Opposite angles of parallelogram 


Int. supplementary angles | 


Sm* = 115° 
| m® = 23° : 
Vs The given fi gure LMNP is a 


urallelogram. Find the value of m, 7. 
Givenk The parallelogram LMNP with lengths 
and angles as shown to find: m° and n° 


Proof 


Sm - 47 M 


Statement _ 


Reasons 


8m ~4n = 8 -- +. (li) 


Opposite sides of gm 
Opposite side of || gm 


J 


Multiplying () by 4 
l6m + 4n = 40 (iii) 
Adding (i) and (iii) . 
bm Afi =8 8. In the question 7, sum of the 
16m $48 =40 Opposite angles of the parallelogram is 
24m=48 110°, find the remaining angles, 
mnie ES: ~=LMNP js a parallelogram with 
24 angles 55°, 55° as shown 
Put in (i) To Find: All angles 
4(2)+n=10 
8+n=10 


n=10-8 > n=2 


Statement 


Reasons 


Z LPN+55°= 189° 
LPN = 125° 
Also 

4m= 7P 
Z m= 125° 


Interior angles 


Opposite angles 
2 P= 125° 


LINE BISECTORS AND ANGLE 
BISECTORS 


Right Bisector of a Line Segment: 
A line ¢is called a right bisector of a line segment if ¢is perpendicular to the line 

segment and passes through its mid-point. 

Bisector.of-an Angle: 
A ray BP is called the bisector of ZABC if P is a point in the interior of the angle and 

ZABP = ZPBC, 

Theorems: 
Any point on the right bisector of a line segment 4S 

equidistant from its end points. 

: 


A line LM intersects the line segment AB at the point C 
such that LM 1 ABand AC =BC.P is a point on LM. 
To Prove: BEB =PB 


Join p to the points A and B. 


ne Statements a Reasons 

In AACP <-> ABCP | 
AC =BC Given 
ZACP = ZBCP given PC 1. AB, so that each Z at C = 90°. 
PC= PC common 

s AACP = ABCP S.A.S. postulate 

Hence PA =PB (corresponding sides of congruent 

~ triangles) 


Theorem I P 
Any point equidistant from the end points of a line segment 
is on the right bisector of it. 


{ Given | 
ABis a line segment. Point P is such that PA=PB. 
The Point P is on the right bisector of AB. A C B 


PC is a right bisector of 


| PA =PB Given 
| PC=PC Common 
AC=BC Construction 
| AACP = ABCP SSS = SSS 
| (corresponding angles 
| ZACP = ZBCP (i) | Ulangles) 
But m<ACP + mZBCP=180° — .....4ii)_ | Supplementary angles 
”  mZACP = inZBCP=90° From (i) and (ii) 
ie,  PCLAB . (iii) | MZACP = 90° (proved) 
Also CA=CB ..Civ) 
Le., 


the point P is on the right bisector of 


AB construction 


from (iii) and (iv) 


of congruent 


Lr ere. 


AB. | 
Exercise 12:1 
1, Prove that the centre of a circle is on the right bisectors 


of each of its chords. 


| 


chords 
Construction 


Draw any chord AB. Draw OC_LAB join O with A and B. 


Circle with centre O 
genre Centre of the circle is on right bisectors 


of each of its 


Ls. 


| 


Line Statements | Reasor's 
In AGAC <> AOBC | | 
OA=OB Radii of same circle 
OC=0C Common 
ZACO = ZBCO eee 
‘ AACO = ABCO Corresponding sides of the congruent 
“ AC = BC triangles. 
”. OC isthe right bisector of AB ih 


Zs Where will be the centre of a 
circle passing through three non- 
collinear points and why? 


B 


Circle is the locus of a point which 

moves so that its distance from a fixed 
point O remains same. Otherwise no circle 
will be formed. 
3: Three villages P, Q and R are 
not on the same line. The people of these 
villages want to make a Children Park 
at such a place which is equidistant 
from these three villages. After fixing 
the piace, of Children park, prove that 
the Park is equidistant from the three 
villages. 


P C C 
Three villages P, Q, R not on the 
same line, 


To Prove 
Park is equidistant from P, Q and 
R. 


Construction 
Complete the triangle PQR, draw 


the right bisectors of the sides PQ and 


OR cutting each other at O. Join O with 
P, Q and R. let O be the park. 


-  OP=0Q = OR 


Statements Reasons 

AOPC <> AOQC 

CP =CQ Construction 

OC = OC Common 

4le72 Each of 90° 

AOCP = AOCQ S.A.S 2S.A.8 
si OP = 0Q .... @ Corresponding sides of congruent triangles 
Similarly 

OQ =OR.... (ii) 


Theorem. 


The right bisectors of the sides of a triangle are concurrent. 
Given 

AABC 
To Prove 

The right bisectors of AB, BC and CA are 


concurrent. 


SOGUSioEe Draw the right bisectors of AB and 


BC which meet each other at the point O. Join O to 6B : 
A, B and C. 
Proof: 
Statements Reasons 
7 OA=OB = a (i) | (Each point on right bisector of a segment 
is equidistant from its end points) 
OB =OC siamo (ii) aaa) 
OA=OC (li)=) Prom (i) and (ii) 
Point O is on the right bisector of | (O is equidistant from A and C) 
CA. (iv) construction 


But point O is on the right bisector of ; 
as nae {from (iv) and (v)} 
ABandof BC.  — (v) 


Hence the right bisectors of the three sides of 
atriangle are concurrent at O. 


Note: 7 : | 

{a) The right bisectors of the sides of an acute triangle intersect each 
other inside the triangle, 

(b) The right bisectors of the sides of a right triangle intersect each 

other on the hypotenuse. 

The right bisectors of the sides of an obtuse triangle intersect each 

other outside the triangle. 


(c) 


Fheorem 


Any point on the bisector of an angle is 
equidistant from its arms. 
A point P is on OM, the bisectors of ZAOB. 


To Prove 


PQ=PR ie., P is equidistant from OA and OB. 
Construction 
Draw PR LOA and PQLOB : 


Statements Reasons 
in APOQ <-> APOR . 
OP=OP Common 

| ZPQO = ZPRO 
| ZPOQ = ZPOR Roperucies 
| Given 

. S.AA.=S.AA. 

Hence PQ=PR (corresponding sides of congruent 


_{ wiangles) 

theorem | Any point inside an angle, equidistant from its arms, is on the bisector of it. 
Any point P lies inside ZAOB such that PQ=PR, 

where PQ.LOB and PR LOA. . 

Point P is on the bisector of ZAOB. 

Join P to O. 


Statements Reasons 

Tn APOQ «<—» APOR 

ZPQO = ZPRO Given (right angles) 

PO=PO Common 

ees Given 

PQ=PR HS. =HS. 
APOQ = APOR (corresponding angles of congruent triangles) 
Hence “POQ = ZPOR 
| Le.,  P is on the bisector of ZAOB. 


1. In a quadrilateral ABCD, AB =BC and the 
right bisectors of AD, CD meet each other at 


A 
BN vas p 
point N. prove that BN is a bisector of ZABC. A 
C 


Quadrilateral ABCD in which ee 
AB = BC. Right bisectors of AD and CD meet 8 ae 


each other at point N. 


BNis a bisector of ZABC 
Join N with A, B, C, D 


os Statements Reasons 
NC=ND a, N is on the right bisector of CD 
NA=ND .... (ii) N is on the right bisector of AD 
NA=NC ... Gii) By (i) and (ii) 

In AABN © ACBN 

AB=BC Given 
BN=BN Common 
NA=NC Proved 
AABN = ACBN S.S.S = S.S.S 
ZABN = ZCBN Corresponding angles of congruent 
BN is a bisector of ZABC. triangles. 


2. The bisectors of ZA, ZB and ZC of a quadrilateral ABCP meet each other at point 
O. Prove that the bisectors of ZP will also pass through the point O. 
Bisector of the angles A, B, C meet at O. 


To, Prove 


Bisector of ZP will also pass through O. 


Construction 


From O draw L on the sides of quadrilateral BCP. 


Statements 
OE=OL _@ 
OL=OM 


rent) 
OM=ON .... (iii) 
OE=ON 

O is on the bisector of ZP. 


The bisectors of the angles of a 
triangle are concurrent, 


pe 


B D =C 
Proot: 
Statements 
ID=IF 
Similarly, 
ID=IE 
IR=IF 


Also the point I is on the bisectors of ZABC 
and ZBCA. 


Thus the bisectors of ZA, 7B and ZC are 
concurrent at I. 


| Reasons 


O is on the bisector of ZA 


O is on the bisector of 7B 
O is on the bisector of ZC 
By (i) and (ii), (iii) 

OE = ON 


AABC 


The bisectors of ZA, 7B and 2C 


are concurrent. 
Draw the bisectors of ZB and ZC 
which intersect at point I. From 1, draw 


IF LAB, D1 BC and IELCA. 


(Any point on bisector of an angle is 
equidistant from its arms) 


Each = ID, proved. 


Construction 
{from (i) and (11)} 


1. Which of the following are true 


and which are false? 
(i) Bisection means to divide into two 
equal parts. (True) 


(ii) Right bisection of line segment 

means to draw perpendicular which passes 

through the mid-point. (True) 

(iii) Any point on the right bisector of a 

line segment is not equidistant from its 

end points, (False) 

(iv) Any point equidisiant from the end 

points of a line segment is on the right 

bisector of it. (True) 

{v) The right bisectors of the sides of a 

triangle are not concurrent. (Faise) 

(vi) The bisectors of the angles of a 

triangle are concurrent. (True) 

(vii) Any point on the bisector of an 

angle is not equidistant from its arms 
(Faise) 

(vill) Any point inside an angle, 

equidistant from its arms, is on the 

bisector of it. (True) 


2. If CDis right bisector of line segment 
- AB, then: 


(i) mOA = «.. OB. 


(ii) mAQ=.....™BQ_ 


3. The given triangle ABC is 
equilateral triangle and AD is bisector 


- Of angle A , then find the values of 


unknowns x°, y° and z’, 


B D Cc 
ABC is an equilateral triangle. 
Its each angle = 60° 


Z = 60° 
X+y = 60° 
Buty = x 

X+X = 60° 
2x = 60° 
60° 

" 7. 2 
x = 30° 
rel y = 30° 
Hence z = 60° 


4. CD is right bisector of the line 
segment AB. 
(i) if mAB= 6cm, then find the 
mAL and mLB, 
(ii) If mBD=4cem , then find mAD. 


Given 


the line segment AB. 
Yo tind [fy mAL, mLB when mAB = 6cm 


CD is a right bisector on 


(ii) mAD when mBD =4cm 


Join B with D. 


a 


swe 


Statements ee Reasons 
(i) mAL = mLB CD isa right bisector of AB 
mAL =~ 
2 
Z i (6) a 
2 mAB = 6cm 
= 3cm 
mLB = mAL 
= 3cm. 
Gi) = mAD = mBD LDis a tight bisector of AB 
mAD = 4cm i mBD = 4em 
1. Bisection means to divide into —— of it: 
equal parts (a) Right bisector (b) Angle 
(a) Two (b) bisector 
Three (c) Median (d) Altitude 
{c) Four (d) Five 5. The bisectors of the angles of a 
2. o f line segment means to triangle are: 
draw perpendicular which passes (a) Concurrent (b) Congruent 
through the mid-point of line (c) Parallel (d) None 
segment. 6. Bisection of an angle means to 
(a) Right bisection (b) Bisection draw a ray to divide the given 
(c) Congruent —(d) mid-point angle into___ equal parts: 
3, Any pointonthe____ ofa line (a) Four (b) Three 
segment is equidistant from its end (c) Two (d) Five 
points: 7. If CD is right bisector of line 
(a) Right bisector (b) Angle segment AB then: (i) 
bisector — 
(c) Median (d) Altitude sie 
4. ° Any point equidistant from the end 


points of line segment is on the 


(a} MOQ (b) mOB 9. 
(c)mAQ — (d) mBQ 


8 If CD is right bisector of line il. 


segment AB , then mAQ= 
{a) mOA (b) mOB 
(c) mBQ ss (d) MOD 


The right bisector s of the sides of 
an acute triangle intersects each 
other __ the triangle. 

(a) Inside (b} Outside 

(c) Midpoint (d) None 


. The right bisectors of the sides of a 


right triangle intersect each other 
onthe 

(a) Vertex (b) Midpoint | 
(c) Hypotenuse (d) None | 
The right bisectors of the sides of | 
an obtuse triangle intersect each 
other ____ the triangle. 

(a) Outside (b) Inside 

(c) Midpoint (d) None 


If two sides of a triangle are 
unequal in length, the longer side has an angle 
of greater measure opposite to it. 


In AABC, mAC>mAB 
mZABC > mZACB 


On AC take a point D such that 


isosceles triangle. Label 21 and 22 as shown in 
the given figure. 


Statements 


Reasons 


In AABD 

mZ1=mZ2 
In ABCD, mZACB < mZ2 
ie, mZ2>mZACB 


mZ!1>mZACB 


mZABC =mZ1+mZDBC 
mZABC > m4!1 
as mZABC > mZ1 >mZACB 
Hence mZABC > mZACB 


rm 


Prove that in a scalene triangle, 
the angle opposite to the largest side is of 
measure greater than 60°. (i.e., two-third of a 
right-angle), 

emo In AABC, mAC > mAB, mAC > 
mBC. 


Angle 
(construction) 
(An exterior angle of a triangle is greater 
than a non-adjacent interior angle). 

By () and (ii) 


Postulate of addition of angles. 
By (iii) and iv) 


(Transitive property of inequality of real 
number) 


opposite to congruent — sides, 


mZB > 60°. 
Proof 
Statements ij Reasons 
In AABC 1% 
mZB >mZC mAC>mAB (given) 
mZB>mZA mAC>mBC (given) 


But mZA+mB+mZC = 180° 
z, mB +m2ZB + mZB > 180° 
Hence mB > 60° 


ZA, ZB, ZC are the angles of AABC 
mB >m<C, mZB > mZA (proved) 
i} 180°/3 = 60°. 


Example 


In a quadrilateral ABCD, ABis the A 


longest side and CDis the shortest side. Prove that 


mZBCD > mZBAD. 
Given 
and CDis the shortest side. 


To Prove 


mZBCD > mZBAD 


Join AtoC. 


In quad. ABCD, AB is the longest side 


Va 


Cc B 


Name the angles 21, 72, 23 and 24 as shown in the figure. 


Statements 


Tn AABC,mZ4> 22... (1) 
In AACD, m73>mZ1 ...... (it) 


m74+m/43>m/2+m/1 


Hence mZBCD > mZBAD 


Reasons 

| mAB>mBC (given) 

mAD>mCD (given) 

From I and I 
mZ4+m2Z3 = mZBCD 

a 


m/2+m/l=mZBAD 


If two angles of a triangle are unequal in C 
measure, the side opposite to the greater angle is 
longer than the side opposite to the smaller 


angle. 


Given 


To Prove 


In AABC, mZA>m/ZB 


mBC>mAC 


Proof 


Statements 
If mBC}¥ mAC, then 


either (i) mBC=mAC 
or (4) mMBC<mAC 


From (i) if mBC=mAC, then 
mZA=m2ZB 


which is not possible 
From (ii) if mBC <mAC, then 
mZA <mZB 


This is also not possible. 
mBC#mAC 
mBC ¢mAC 
Thus mBC>mAC 


a 


Reasons 


(Trichotomy property of real numbers) 


(Angles opposite to congruent sides are 
congruent) 


Contrary to the given 


(The angle opposite to longer side is 
greater than angle opposite to smaller side) 


Contrary to the given 


Trichotomy property of real numbers. 


{1) The hypotenuse of a right angle 
triangle is longer than each of the 
other two sides. 

(i) In an obtuse angied triangle, the 
side opposite to the obtuse angle is 
longer than each of the other two 
dies. 

ABC is an isosceles triangle with 
base BC. On BC a point D is taken away 
from C. A line segment though D cuts 


AC at L and ABat M. Prove that 
mAL>mAM. 


In AABC, AB=AC. 

D is a point on BC away from C. 

A line segment through D cuts 
AC and L and AB at M. 


mAL>mAM 


Statements in Reasons 
In AABC ie 
LB= 22 .I | AB = AC (given) 
In AMBD 
m<1>m2B eed “BI is its intemal 
Opposite Z) 
mZ1>mZ2 -- JIE | From I and I 
In ALCD, 
mé2>mZ3 |... IV | (22 is an ext. 4 and 73 is its internal 
opposite Z) 
mZi>mZ3 »-V 7 From IN and IV 
But 4£3= 24 --. VI_| Vertical angles 
mI >mZ4 From V and VI 
Hence mAL > mAM j In AALM, m1 > mZ4 (proved) 
The sum of the lengths of any two sides of a triangle is greater than the length of the 
third side. 
D 
BS. G) mAB+mAC>mBC 
\ aa : Gi) | mAB+mBC >mAG 
‘oe (ii) mBC+mCA>mAB 
\ 
\ Take a point D on CA such that 
\ AD=AB. Join B to D and name the 
ie angles. £1, 22 as shown in the given 
\ .e figure. 
B aio 
AABC 
Proof | 


In AABD, 


4£1= 22 


“eel 


— 


AD=AB (construction) 


mZDBC > mZ1 
2 mZDBC > mZ2 
In ADBC, 

mCD>mBC 
Le., mAD +mAC>mBC 
Hence mAB+mAC >mBC 
Similarly, 

mAB+mBC >mAC 
And mBC+mCA >mAB 


henene 


mZDBC = mZ1 + mZABC | 
From (i) and (ii) 
By (iii) 


mCD=mAD-+ mAC 


mAD=mAB (constriction) 


Which of the following sets of 
lengths can be the lengths of the sides of a 
triangle. 

(a) 2cm, 3cm, 5cm 
{b) 3cm, 4cm, 5 cm é 
(c) 2cm, 4cem, 7cm 
(a) o. 243=5 
. This set of lengths cannot be 
those of the sides of a triangle. 
(b) «. 34+4>5,345>4,445>3 
. This set can form a triangle. 
(c) . 24+4<7 
". This set of lengths cannot be the 
sides of a triangle. 
Prove that the sum of the 
measures of two sides of a triangle is 


Proof 


greater than twice the measure of the 
median which bisects the third side. 


A 
B DN, y, C 
\ Pa 
ay 4 
E 
Given 
In AABC, 


median AD bisects side BC at D. 
mAB+mAC>2mAD. 
On AD take a point E, 
_ such that DE= AD. Join C to E. Name the 
angles 41, 22 as shown in the figure. 


AABD = AECD 


Statements | Reasons ] 
AABD <)> AECD 
BD=CD Given 
£12 22 Vertical angles 
AD=ED 


Construction 


AB= EC S.A.S. Postulate _ | 


mAC+mEC> mAE Tt Corresponding sides of = As 
———g re Sa 1 3 ii 
mAC+mAB>mAE pCR sa pianele 
From I and If | 
Hence mAC+mAB>2mAD ee iol ; 
mAE=2mAD (construction) | 


Prove that the difference of measures of two sides of a triangle is less than the 
measure of the third side. 


A 
AABC 


mAC~ mAB<mBC 
mBC— mAB<mAC B ¢ 
mBC -- mAC< mAB 


| 


E : Statements >. q ; a R 7 Reasons 
mAB+mBC>mAC | ABC is a triangle 
(mAB +mBC-—mAB) >(mAC—mAB) Subtracting mAB from both sides, 
mBC>(mAC~mAB) | 
Or  mAC-mAB<mBC -I—jaszbob<a | 
Similarly 


mBC—mAB<mAC Reason similar to I 
mBC—mAC<mAB 


lL. Two sides of a triangle measure 10 cm and 15 cm. Which of the following measure 
is possible for the third side? 
(a) Sem (b) 20 cm 
(c)} 25cm (d) 30 cm 

Ans. 20cm. 

2. Ois an interior point of the ABC. Show that 


mOA+m0B-+mOC>— (mAB-+-mBC+mCA) 


Given: 0 is the interior point of AABC 


Vo Prove: 


mOA+mOB+mOC> | (mAB+mBC+mCA) 


Construction: 


Join O with A, B and C. 


Statements | Reasons 


AOAB 


mOA+mOB>mAB...............8 (i) Sum of two sides > third side 
Similarly 
mOB+mOC> MBC ...........00.e. (Gi) Sum of two sides > third side 
and 

| mOC+mOA>mCA...........0. (iii) 


2mOA+2mOB+2mOC>mAB+mBC+mCA | Adding (i), (ii) and (iii) 
2(mOA +mOB+mOC}) >mAB+mBC+mCA 


mOA+mOB+mOC> > (mAB+mBC+mCA) 


3. In the AABC, mZB = 75° and mZC = 55°. Which of the sides of the triangle is 
longest and which is the shortest? 
Ans: Given a AABC in which 
m ZB=75° 
mZC=55° 
As mZA+mZB+mZC=180" 
m Z A+ 75° + 55° = 180° 
m ZA + 130° = 180° 
m Z A = 180°-130° 
m Z A= 50° 
As we know in a triangle, the side opposite to greater angle is longer than the side 
opposite to smaller angle 


So mAC >mBC 
Hence longest side is AC 


and shortest side is BC 
4. Prove that in a right-angled triangle, 
the hypotenuse is longer than each 
of the other two sides. 
Ans. 


> 


GIy AABC is a right angle triangle. 5. In the triangular figure, AB>AC. 
Hence AB is hypotenuse of AABC. BD and CD are the bisectors of ZB 


| d r tively. Pr that 
mAB>mAC and mAB>mBC pais ze espectively ove tha 
o0f:. BC>DC. 


As AABC is a right angle triangle. 
So mZC = 90° is the largest angle and the 
remaining angles ZA and ZB are acute. 
SomZC>mZA and mZC>mZB ; F ma COUN 
As the side opposite to the greater — sa 
angle is longer than the side opposite to i 
the smaller angle. 
Hence mAB > mAC and mAB > mBC 


Cc 
AB>BC, BD and CD 


To prove = BD > CD 


| . Statements a Reasons 
Ba im AABC aan. 
Z ACB > Z ABC a AB > AC 
| ; ZACB> ; Z ABC | | 
z ZBCD > Z DBC CD,BD are bisectors of ZC, ZB. The 
BD >CD bigger sides is opposite the bigger angle 
L sacl 


From a point, outside a line, perpendicular is the 
shortest distance from the point to the line. 


A line AB and a point C (not lying on AB) and a point D 
on AB such that 
CD 1 AB. 


mCD is the shortest distance from the point C to AB. 


Construction 


Take a point E on AB. Join C and E to form a ACDE 


(An exterior angle of a triangle is greater 


Statements 


mZCDB > mZCED 


But mZCDB=mZCDE 

mZCDE > mZCED 
or mZCED < mZCDE 
or mCD<mCE 


But E is any point on AB 


to AB. 


Hence mCD is the shortest distance from a 


than non adjacent interior angle). 


—o_.] 


Supplement of right angle. 
a>b>b<a 


Side opposite to greater angle is greater. 


@ 


line segment from the point to the line. 


(i) 


The distance between a line and a point not on it, is the length of the perpendicular 


The distance between a line and a point lying on it is zero 


Exercise 13.2 


1. in the figure, P is any point and 
AB is a line. Which of the following is the 
shortest distance between the point P and 
the line AB. 


(a) mPL (b) mPM 
(c) mPN (d) mPO 
Ans, (c) 


2. In the figure, P is any point lying away 
from the line AB. Then mPL will be 
the shortest distance if: 

(a) mZPLA = 80° 

(b) mZPLB = 100° 

{c) mMZPLA = 90° 
P 


Ans. (c) 
3. In the figure, PL is perpendicular to 
the line AB and mLN > mLM. Prove 


that mPN>mPM. 
Pp 


M N B 
Here it is given mPL is 
perpendicular to line AB and 
mLN > mLM 
Here mPN > mPM 
As PL is the shortest distance 
from P to line AB. So 
PL. AB 
As we go away from point L, the distance 
from points to L increases Hence 
mPN > mPM 


A L 
Ans. 


4. Which of the following are true and 
which are false? 

(i) The angle opposite to the longer 
side is greater. TRUE 

(ii) In a right-angled triangle greater 
angle is of 60°. FALSE 

(iii} In an isosceles  right-angled 
triangle, angles other than right angle are 
each of 45°. TRUE 

(iv) A triangle having two congruent 
sides is called equilateral triangle. FALSE 
(v} A perpendicular from a point to t 
line is shortest distance. TRUE 

(vi) Perpendicular to line form an angle 
of 90°. TRUE 

(vil) A out-side the line is 
collinear. FALSE 
(viii) Sum of two sides of triangle is 
greater than the third. TRUE 

{ix) The distance between a line and a 
point on it is zero. TRUE 

(x) Triangle can be formed of lengths 
2cem,3 cm and 5 cm. FALSE 

5. What will be angle for shortest 

distance from an outside point to 
the line? 

Ans. 90° 


point 


OBJECTIVE 


L. Which of the following sets of 

lengths can be the lengths of the 
sides of a triangle: 
(a) 2cm, 3cm, 5cm 
(b) 3em, 4cm, Sem 
(c) 2cm, 4em, 7eom 
(d) None 


AnS. 


Ans: 


Ans. 


2. 


If 13 cm, 12 cm, and 5 cm are the 
lengths of a triangle, then verify that 
difference of measures of any two 
sides of a triangle is less than the 
measure of the third side. 


: @)13-1221<15 


(ii) 12-4=7< 13 

(iii) 13-5 =8< 12 

So verified 

If 10 cm,6 cm and 8 cm are the 
lengths of a triangle, then verify that 
sum of measures of two sides of a 
triangle is greater than the third 
side. 

(i) 10+6= =16>8 

(ii) 6+8=14> 10 

(iii) 10+8 =18 >6 

3.cm, 4m and 7 are not the lengths 
of the triangle. Give the reason. 

3+47 
If 3 cm and 4 cm are lengths of two 
sides of a right angle triangle then 
what should be the third length of 
the triangle. 


Third length = V3? +4? 
- ¥25=5cem 


Two sides of a triangle measure 
10cm and 15cm. Which of the 
following measure is possible for 
the third side! 


(a) 5cem 
(b) 20cm 
(c) 25cm 


(d) 30cm 


3. 


In the figure, P is any point and 
AB is a line. Which of the 
following is the short distance 
between the pom F and line AB. 


(bo)  mPM~ 
{c) mPN 
(d)  mPO 


In the figure, P is any point lying 
away from the line AB. Then 
mPL will be shortest distance if: 


A B 
(a) m < PLA = 80° 
(b) m<PLB= 100° 
(c) m<PLA=90° 
(d) None 
The angle opposite to the longer 
side is: 


(a} Greater 
(b) Shorter 
(c) Equal 
(d) None 


In right angle triangle greater angle 
of: 


ANSWER KEY 


10, 


11. 


(a) 60° 


(b) 30° 
(c) 75° 
(d) 90° 


{n an isosceles nght-angied 
triangle angles other than right 
angle are each of: 


(a) 40° 

(b) 45° 

(c) 50° 

(d) sa 

A triangle having two congruent 
sides is called ___ triangle. 


(a) Equilatera! 

(b) Isosceles 

{c) Right 

(d) None 

Perpendicular to line form an angle 


(a) 30° 
(b) 60° 
(c) 90° 
(d) 120° 
_ Sum of two sides of triangle is ____ 
than the third. 
(a) Greater 
(b) Smaller 
(c) Equal 
(d) None 


The distance between a line and a 
point on it is 


(a) Zero 
(b) One 
(c) Equal 
(d) None 


We defined ratio a:b=— as the 


comparison of two alike quantities a and 
b, called the elements (terms) of a ratio. 
(Elements must be expressed in the same 
units). Equality of two ratios was defined 
as proportion. 

That is, if a:b=c:d, then a,b,c and d 


are said to be in oo 


Equally important are the similar shapes. 
In particular the similar triangles that have 
many practical applications. For example, 
we know that a photographer can develop 
prints to different sizes from the same 
negative. In spite of the difference in size, 
these pictures look like each other. One 
Photograph is simply an enlargement of 
another. They are said to be similar in 
shape. Geometrical figures can also be 
similar. e.g., if 
In AABC > ADEF 


ZA=ZD, ZB=ZE, LC=ZF, 


then AABC and ADEF are called similar 

triangles which is symbolically written as 

AABC ~ ADEF 

It means that corresponding angles of 

similar triangles are equal and measures of 

their corresponding sides are proportional. 
APQR = ALMN means that in 


P 


R M N 


APQR<—> ALMN 
ZP = ZL, 
LR= LN, 
OR = MN, 
Now as PQ. a QR- — RP = 
LM MN NL 
APQOR ~ ALMN 


Two congruent triangles are 
similar also. But two similar triangles are 
not necessarily congruent, as congruence 
of their corresponding sides is not 
necessary. 


Theorem! A line parallel to one side of a triangle and intersecting 
the other two sides divides them proportionally. 


3% 


| Statements  -F 


macs i 


ie triangles BED and AE D, ELI is oT 
| common perpendicular. 


ee Seer 
is . ABED = 5X mBDXmEL... 


(i) 


and AAED = —xmADXMEL.....0... (ii) 
| 
| Thug ABED pe Se (iii) 
AAED mAD 
| Similarly 
ACDE _ mEC 
ee ctee, (iv) 
AADE MAE 
But ABED=ACDE 
From (iii) and (iv), we have 
mBD z mEC 5 mAD 7 mAE — 
mAD mAE  mBD  mEC 


Hence mAD:mBD=mAE: mEC 


te 


From the above theorem we also have 


mBD _ _mCE qd. mAD _mAE 
~ mAC AC 


mAB ‘mAB mAC 


. Reasons 1 . > | 

I 132s 

| Area ofa A= ri (base) (height) 
Dividing (i) by Gi) 


i 
f 


Areas of triangles with common base and 
same altitudes are equal. Given that 


ED \{ CB s0 altitudes are equal. 


Taking reciprocal of both sides. 


F oroilaries 
a) pad = mAE 
mAB mAC 
py 1¢ TAB [MAC en DENBC 
mDB mEC 
i) Two points determine a line and three non-collinear points determine a plane. 
ii) A line segment has exactly one midpoint. 
iii) If two intersecting lines from equal adjacent angles, the lines are perpendicular. 
(Converse of Theorem) A 
If a line segment intersects the two sides of a triangle 
in the same ratio then it is parallel to the third side. 


Given In AABC, ED intersects AB and AC such E D 
that mAD: mBD = mAE : mEC 


Bich 


lf ED{(CB, then draw BF || DE to 


then DE |{ BC 


meet AC produced at F. . eo Uae 
ve Statements Reasons 
In AABF | 


DE {| BF Construction 
AD _ mAE i ide of a triangl 
mAD _ mAE (A line parallel to one side of a triangle 


wees Sn i divides the other two sides proportionall 
aan Cue (i) propo y) 


But ——— = en (ii) Given 
mBD mEC 

mAE_ mAE 

mEF mEC From (i) and (ii) 
or mEF =EC 
which is possible only if point F is 
coincident with C. 

Our supposition is wrong. 


Hence ED | CB 


(Property of real numbers) 


B 
1) AD =1.5cm, BD =3cem, 
AE =1.3cm then find CE. 
i If AD=2.4cm, AE =3.2cm, 
EC =4.8cm, find AB 
wy A223 AC =480m, find 
DBS 
AE 
iv) If AD=2.4cm, AE =3.2cm, 
DE =2cm, BC =5cm, find 
AB, DB, AC,CE 
v) If AD =4x-3, AF =8x-7, 
BD =3x—1, and CE=5x—3, find the 
value of x 
In AABC, DE||BC 
mAD__mAE 


; a 
@) mBD mEC 


=2.6cm 
(ji) In AABC, DEIBC 
mAB =mAD+mBD 


Let mDB= xem 


mAB = 2.4+3.6=6em 


iy TAP .3 AC =4.8cm 

mDB 5 

In AABC, DEWBC 

mAD mAE 

mDB mEC 

mAD _ mAC —mCE 
mDB mCE 

3 4.8-mCE 

5 mCE 


3mCE = 5(4.8-mCE) 

3mCE = 24—SmCE 

3mCE + 5mCE = 24 
8mCE = 24 


mCE = 2+ =3em 
8 


mAE = mAC —-mCE 
=48-3 
mAE =1.8cem 


(iv) mAD = 2.4cm, 
mAE= 3.2m, mDE = 2cm, mBC = Sem. 
mAB =? mDB -- ? mAC = ?mCE = ? 


A 


EP|/AB 
DEPB isa parallelogram, then 
mPB = mDE = 2cm. 
mCP =5-—2=3cm 
In AABC, EP {IAB 


mCE = 3x1.6 =4.8em 
Now DEINBC,inAABC 


mAB =mAD+mDB 


mAC. =mAE+mEC 


=3.2+4.8 


= 8.0cem. 
vy) If AD=4x-3, AE=8x—7,BD=3x-1 


In 


So 


and CE=5x —3, Find the value of x 


A 


B Cc 
mAD _mAE 
mBD  mCE 


(4x —3)(5x —3) = (8x —7)(3x -1) 
20x? ~27x +9 = 24x? 20x 4.7 
20x* ~ 24x? ~27x +29x4+9-7=0 
4x7 42x42=0 


2x2 —x-j=0 


2x? —2x+x41=0 
2x(x—D+1(x-D=0 


 («-1 2x4) =0 


x-1=0 or 2x4+1=0 
x=l or 2x =-1 


x=I or. a. 
2 


But x= e not possible 


x=! 


2. If AABC is an isosceles triangle, ZA 
is vertex angle and DE intersects the 


sides AB and AC as shown in the 
figure so that. 

Prove that AADE is also an isosceles 
triangle. 


ra 
In AABC, ZA is vertical angle and 
AB = AC 
mAD _mAE 
‘mDB mEC. 


IXReeoee = Find all angles of AADE 


mAD mAE 
Now mAB= mAC 
mAD =mAE 


‘A ADE is an isosceles triangle. 


3. In an equilateral triangle ABC 
shown in the figure. 

mAE:mAC =mAD:mAB 
Find all three angles of AADE and name 
it also, 


Statements o> 
| _ mAE 7 mAD : Given 
mAC mAB 
| Then DEH BC Prdved 


AABC is equilateral triangle 

Then mZA=m2ZB=mZC = 60° 
| DEN BC 

| mZi=mZ4B = 60° 


mZ2 = mC = 60° 
mZA = 60° 


Corresponding angle 


4 ‘Prove that the line segment drawn through the mid- 
point of one side of a triangle and parallel to another side 


bisects the third side. 


Given in AABC, DE is such that mAD = mDB and DE IBC 
mAE =mEC 
Statements . Reasons a 
in’ = =AABC” 7 : 
DENBC Given 
mAD _mAE ay (i) 
mBD mEC 
mAD = mDB Given 
mDB_ mAE = 
mDB  mEC Put mAD = mDB in (i) 
, MAE 
mEC 
mAE = mEC 
5. Prove that the line segment joining the mid-points 


of any two sides of a triangle is parallel to the third side. 


KS en: 


in AABC, points D, E are such that mAD=mDB 


mAE=mEC 


Ta Prove: 


DENBC 


Statements 


if DEK BC 
Then suppose DEIBK 


Now [= S 


mDB mEC 
mEK mEC 
mEK = mEC 


Given 


From (i) and (ii) 


a ee 


| 


P—— —.-  e 


point C. 
Thus DEIIBC 


It is possible only when point K lies on the 


wet 
The internal bisector of an angle of a triangle Pe! 
divides the side opposite to it in the ratio of the we } 
lengths of the sides containing the angle. Ay } 
Given: 40) AABC internal angle bisector of <A i 


meets CB at the point D. 
nD :mDC = AR 


Construction: 


Draw a line segment BE || DA to meet CA 


produced at B. 


Again AD|j EB 


and AB intersects them, 


mZ3= MLA esrsereee (ii) 
But mZl=mZ3 
mZ2=mZ4 


and AB = AE or AE = AB 


Now AD || EB 
mBD _ mEA 
mDC mAC 
mBD mAB 

or —<_£__ =. 
mDC mAC 


Thus mBD:mDC =mAB: AG 


Statements Reasons 
AD }| EB and EC intersects them, [(Constcton 
mZi=ba Af. (i) Corresponding angles 


Alternate angles 

Given 

From (4) and Gi) 

In a A, the sides opposite to congruent 
angles are also congruent. 


Construction 


By Theorem 


mEA = mAB (proved) 


proportional. 
AABC ~ ADEF 


If two triangles are similar, then the measures of their corresponding sides are 


A D 


<A= 40, ZR = ELE, and ZC = /F 


mAB_ mAC _ mBC 
mDE mDF omEF 


i) Suppose that mAB > mDE 
ii} mAB < mLE 
On AB take a point L such that mA = mDE 


On AC take a point M such that mAM — =mDF 


Join L and M by the line segment LM. 


— Se ~. ar eee Lk, ee ee ee 


L as aon _ Statemenis : 
i} fa AALM — > ADEF 
LA= ZD 
AL= TF 
AM = 


Thus a | = ADEF 

and 2L= 4F, LM = ZF, 

Now 4E = ZB, and “F = LC 
4L=ZB, ZM = Le 

Thus LM || BC 


mAL mAM 
Hence —2a= 
mAB mAC 

mDE  mDF 

or [eS ONS —“— ( i) 
mAB mAC 


Similarly by intercepting segments on 
BA and BC, we can prove that 


oie (ii) 
MAB mBC 
Thus mDE _mDF _mEF 
mAB mAC mBC 
mDE mDF mEF 
ii) If mAB<mDE, it can similarly be 


[ S-A.S. Postiiate 

| (Corresponding angles 
triangles) 

t 


Transitivity of con grucnce 
| Corresponding angles are equal. 


; Given 
' Construction 


camer | 

Reasons i 

| 

| Construction | 
| 


of con gr vent | 


Given 


By Theorem 


mAL = mDE and mAM = mDF 
(construction) 


by (i) and Gi) 


i 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
i} 
| 
by taking reciprocals 
| 


| 


ae ee 
proved by taking intercepts on the } 


sides of ADEF 
if mAB = mDE ; 


and AB = DE 
Xe) AABC = ADEF 
mAB _ mAC _ mBC _ 


mDE lmDF mEF 


| u nce the result is true for all the cases. 


Given 
Given 


ASA ASA 
AC = DF, BC = EF 


i, In AABC as shown in the figure, 
CD bisects ZC and meets AB at D, 


mBD is equal toa) 5 b) 16 ©) 10 
a) 18 
A 
q 2 
C 
10 
mBD _mBC 
Ans, 
mDA ~ mCA 
mBD _ 10 
6 12 
mBD=Ox6- 5 


2. In AABC as shown in the figure, 
CPD bisects ZC. If mAC =3, 
mCB=6 and mAB=7, then find 
mAD and mDB. 


Ans. mAD=x 
mBD=7 —x 
mAD | __mAC 
mDB mCB 
_x _3 
T-x § 

_x it 
fi 

24=1(7~x) 
2x =7-x 
3x =7 > 
— 7 
mAD =— 
3 


D A 
— 7 _-— 
3 
_ 21-7 14 
a ae 
3: Show that in any correspondence om F c 
of two triangles if two angles of one waht In AABCand A DEF 
triangle are congruent to the m<B=m<E 
corresponding angles of the other, then mZC=mZF 
the triangles are similar. AABC ~ ADEF 
‘i Statements Reasons 
mZB+m ZC +mZA =180° ---(i) ‘| Sum of interior angles of triangle is 180° 
mZE+mZF+mZD = 180°....(ii) Given 
m4B+mZC+mZD = 180°...(iii) Shbtracting a) {ohn Git) 
mZA~-~mZD=0 
mZA=mZD 
All Angles of ADEFand AABC are 
congruent 
Thus AABC~ADEF. 


= Senin 


4. If line segments AB and areCD intersecting at point X and mAX = Cx 


mXB ~ mXD 


show that AAXC and ABXD are similar. 
Given: 

ABandCD intersect each other at point x and 
mAX _mCX 


mXB mXD 


AAXC ~ ABXD 


Statements 


AAXC and ABXD 
Vertical angles 


Given 


Alternate angles 


mAX mCX _ mAG 
mXB mXD mDB 
Hence AAXCand ABXD are similar. 


Thus 


5. Which of the following are true and which are false? 


i. Congruent triangles are of same size and shape. True 
it, Similar triangles are of same shape but different sizes. True 
iil. Symbol used for congruent is ‘~’. False 
iv. Symbol used for similarity is ‘=’. False 
v. -Congruent triangles are similar. True 
Vi. Similar triangles are congruent. False 
vii. A line segment has only one mid point. True 
viii. One and only one line can be drawn through two points. True 
ix. Proportion is non-equality of two ratios. False 
Xx, Ratio has no unit. True 
L 


6. In ALMN show in the figure, MN || PO 3 

i) If mLM =Scm, mLP=2.5em, mLQ =2.3cm, then find mLN.. 
ii) If mLM =6cm, mLO = 25cm, mON = 5cem, then find mLP. 
In ALMN, MNilPQ 

mLM =5em, mLP= 2.5cm, mLQ = 2.3cm 


mLN =? M = 


Reasons 
PQIIMN (Given) 


(ii) 
ALMN, MNIIPQ 
mOQN = 5em, mLQ = 2.S5cm, mLM = 6cm. 


‘0 prove: mLP =? 
Proof: 


mLP _mLQ 

miM mEN _ 
mip mlQ 
mLM mLQ+mQN 
mLP 25 _ 

6 2.545 
mLP=4" x6 
mLP=—x6 
=?cm 


7, In the shown figure, let mPA= 8x—7 , 


mPB = 4x3, mAOQ = 5x-3, mBR =3x-1. 


Find the value of x if ABI|QR. 


P 


\, B 
Q R 
AB Il OR then 
mPA _ mPB 


mAQ ~ mBR 


Putting Values 


Putting values 


8x-7  4x-3 
5x-3 3x-l 

(8x ~7)(3x -]) = (5x —3)(4x -3) 
24x* ~8x —21x +7 = 20x? -15x—12x +9 
24x? —29x +7 =20x? -27x +9 
24x? ~ 20x? —29x +27x+7-9=0 
4x? —-2x-2=0 

2x? -x-1=0 

2x*—2x+x-1=0 

2x(x --D4+1(x-)=90 

(2x +(x -1) =0 

2x+1=0 or x-l1=0 

2x=-l x=! 

ak 


x= 
2 


In ALMN shown in the figure 


mMN =8, then find mMA and mAN. 


inALMN,LAis angle bisector of 


mLM 


PA 


= 6cm, mLN = A4cm, mMN = $cm. 


Putting values 


mMA 


8-x _6 
x 4 


“Ae 4 


32—4x = 6x 
32=6x+4x 
10x = 32 


mAN = 3.2cm. 

=8-~-x 

=§—-3.2 

= 48cm. e 
In Isosceles APOR shown in the 
figure, find the value of x and y. 


bisects ZC and meets AB at Dia 


mBD is equal to: 


A 


(a) 5 é 12 

(b) 16 

(c) 10 

(d) 18 3 ae 


In AABC shown in figure, CD 


bisects ZC, if mAC =3,mCB =6 
and mAB =7 then 


Q 


In APQR,PQ=PR and PLLOR. 


xe 7 


yee 


In APRLand APQL 


mZPLQ=m2ZPLR 
mPL =mPL 
APQL = APRL 
mQL=mLR 

ag Pi 

=> y= 6cem. 


From (1) x=10em. 


(i) AD 
(a) 
(c) > 
Gi) mBD=__ 
7 
(a) zs 
. 15 
O > 


lsosceles triangle 
Each of right angle 
Cominon 

H.S. = H.S 


14 
(b) = 
i] 
(d) = 
14 
(b) = 
11 
(d) = 


One and only one line can be drawn (c) concurrent 


through __ points: (d) None 
(a) Two (b) Three 7. In ALMN shown in the figure 
(c)} Four (d) Five MN |! PQ if mLM = 5cm, 


The ratio between twoalike 2 fe 
quantities is defined as: 


(a} a:b mLN=_ 
(b) b:a (a) 4.6cm 
‘(c) a:b=c:d (b) 4.5cm 
(d) None {c) 3.5cm 
If a line segment intersects the two (d) 4.0 
sides of a triangle in the same ratio L 


then it ts parallel to the __ side: 

(a) Third (b) Fourth 

(c) Second (d} None . Q 
Two triangles are said to be similar if 
these are equiangular and their 
corresponding sides are ___ 

(a) Proportional 

(b) congruent 


ANSWER KEY 


PYTHAGORAS THEOREM 


Pythagoras Theorem 


In a right angled triangle, the Be, _ 
square of the length of hypotenuse is equal 
to the sum of the squares of the lengths of 5 Cs Cc 
h 


the other two sides. ‘ 
(ii)-b 


AACB is a right angled triangle in 
which m ZC = 90° andmBC= a, mAC= 


band mAB=c. 
¢ =a +b" 


Construction 


Draw CD perpendicular from C on AB. 
Let mCD = h, mAD=.x and mBD =y. 
Line segment CD splits AABC into two As 
ADC and BDC which are separately 
shown in the figures {ii)-a and (it)-b 
respectively. 


Proof ¢Using similar As) 
Statements 
In AADC <«—> AACB 


Reasons 
Refer to figure(i1)-a and (i) 


ZAZ=zLA Common — self congruent 
ZADC = ZACB Construction — given, each angle = 90° 
ZC = ZB ZC and ZB, complements of ZA. 


Congruency of three angles 
(Measures of corresponding sides of 
similar triangles are proportional) 


AADC ~ AACB 


meow ereanae 


i By (i) and (i) 


Multiplying both sides by c. 


Again in ABDC —-» ABCA | Refer to figure (ii)- b and (i) ] 
| £Bz ZB Common-self congruent 

ZBDC = “BCA | Construction —given, each angle = 90° | 
! LC = LA ZC and ZA, complements of 2B | 
| ABDC ~ ABCA ; Congruency of three angles. | 
| yaa | (Corresponding sides of similar triangles | 
a oc , are proportional). | 
| ae 

| OF YS ee it) | | 
| Supposition, | 
. | 
| 


| 


jm a right angled AABC, risht 
Cc 


sci any 1S er a Ee 
ms s— 2? ,” 

i) AB = =BC “A 7 = 

QQ —€ | “yi era inet MENG 


C 

ie 3 in a AABC, mAB = C mBC =a 
and mAC=b such that a? + b? =: rg 

Biweaered AACB is a ri ght angled 


If the square of one side of a 


tnangle is equal to the sum of the squares {| triangle. 
of the other two sides then the triangle is a eee Draw CD perpendicular 


right angled triangle. to BC such that CD = CA. Join the 
points B and D. 


mine F ee Statements Reasons | 
| ADCB is a aright eae triangle, Construction ] 
(m BD) 97 + h2 Pythagoras theorem 
| But a? +b? =e? Given 
| (mBDY =? Taking square root of both sides. 
| or mBD =c 
| Now in ADCB <> AACB 
(Satie _CD=CA _ of Construction 


DB=AB 
 ADCB = AACB 
. ZDCB = ZACB 


But mZDCRB = 90° 
& mZACB = 90° 


ta Let c be the longest of the 
sides a, b and c of a triangle. 
e Ifa’ +b’ =c’, then the triangle is right. 


BC =BC | Common 
Bach side = c. 
8.8.8. =S.8:8. 
(Corresponding angles of congrueni triangles) 
Construction 


°® Ifa’ +b? > c’, then the trtangle is acute. 


: 4 3 *% . * 0 
@ If a + b° < cy, then the triangle is 
obtuse. 


1. Verify that the As having the following 
measures of sides are right-angled. 
f)} a=Sem, b= 12cm, c=13cm 
Ans. (Hyp) = (Perp.)’ + (Base) 
(13) = (12) +6 
169 = 144 + 25 
169 = 169 
. The triangle ts right angled. 
@Gi)a=15¢em,b=2cm, c=2.5cm 
Ans. (Hyp) = (Perp.)° + (Basey” 
(2.59 = (1.5) + (2) 
625 =2.25 +4 
6.25 = 6.25 
“. The triangle is right angled. 
(iii) a=9cm,b=12cem, c=i15cem 
Ans. (iHyp)” = (Perp.)’ + (Base)? 
(15) = (12) + YF 
225 = 144+ 81 
225225 
. The triangle is right angled. 
{iv)a= l6cem,b=30cm, ¢= 34cm 
Ans. (Hyp)? = (Perp.)° + (Base)” 
(34)? = (30)? + (16) 
1156 = 900 + 256 


1iS6= 1156 
. The triangle is right angled. 
2. Verify taat a? + bh’, a” — b? amd 2ab 
are the measures of the sides of a right 
angied triangle where a and b are any 
twe real numbers fa > b). 

Ans, In right angle triangle. 
He =P +B’ 


(a° + bY = ah +b’ + 2a. (i) 
(aby ea +b 29... (ii) - 
(Zab)? = 4a7b? oo eee (iii) 


Adding (ii) and (iit) we get 
(a°*-b” )’ + (2ab)’ =a"+ bt — 2a’b? +4a’b? 
sat tb? + 2a7b? .....eccceeesees (iv) 
Comparing (i) aud {iv) , we get 
(a ~ b’)? + (2ab)? = (a* +b’? 

Hence a* + b’, a? — b* and 2ab are 

measures of the sides of a right angled 

triangle where a” + b? is Hypotenuse. 

3. The three sides of a triangle are of 
measure 8, x and 17 respectively. For 
what value of x will it hecome base of 
a right angled triangle? 

Ans: 


A x B 
Consider a right angled triangle 


With AB=x 
BC =8 
and = AC =17 
If x is the base of right angled AABC then 


we know by Pythagoras theorem that 
(hyp)? = (Base)? + (perp)” 


(17 = x?+(8) 
289 = x*+64 
x°+64= 289 

x’ = 289-64 

x = 225 

x = ¥225 


AS xX is measure of side 
So x = 15 units 


4. In an isosceles A, the base BC = 28 
cm, and AB = AC=50cm. 
If AD 1 BC, then find: 
(i) Length of AD 
(i) Area of AABC 
Given 
mAC=mAB=50cm 
mBC=28cm 
AD LBC 


mAD= ? 
Area of AABC =? 


50 cm 50cm 


Reasons 


: ____ Statements 

| In right angled triangle 

imCD = l4cm 

! mAC = 50cm 

(mAD)? = (mAC)* -(mCD)” 

(mAD)? = (50)? —(14)? 
= 2500-196 
= 2304 

(mad = J2304 

mAD a 18 om 


(ii) Area of AABC= 5) 


28 x 48 
ae. 
= 14x 28 
= 672 sq.cm 


_ Base x Altitude 


CD=1 mBe 
2 
Given 
(mAC)? = (mAD)? ~- (mCD)? (by 
Pythagoras theorem) 


Taking square root of both sides 


In a quadrilateral ABCD, the diagonals AC and BD are perpendicular to each other. 
Prove that: 


——2 ——2  ——~2 
mAB +mCD° =mAD +mBC. 
Mais Quadrilateral ABCD diagonal AC and BD are 
aaron. | to each other. 


n(xb)?+ (C5)? (50) 


Proof: 


Reasons _ 


Statements 


in right ae AOB 
m(AB)°=m{AO) +m(OB)” 4 


By Pythagoras theorem 


tn right triangle COD 


m (<p)? = m(0C)" + m{OD} as. By Pythagoras theorem 
jin right triangle AOD 
m(Ab)* = m(AO} es m(OD} vaafill) By Pythagoras theorem 


tn right triangie BOC 


2 Te By Pythagoras theorem 


m(BC}" = m(OB)” +m{ C} waeap(iV) 


m(AB)* +m (cD) = = m(AO)” + m(OB) +m (oc) = m(OD (¥) | By adding (i) and (ii) 


m(AB)"+m(B¢)” =m(AO)’ +m(OD] +m(OB)” +m(OC} (vi) | By adding (ii) and (iv) 


(mAB) +(mCD) =(mBC)’ +(mAD)’ By adding (v) and (vi) 


6. (i) In the AABC as shown in the figure, mZACB = 90° B 
andCD 1 AB. Find the lengths a, h and b if 5 
mBD =5 units and mAD =7 units. 


Given: A AABC ass own D 
m ZACB= 90” a 


and CD 1 AB 7 
To prove: a, h and b. 
In right ang! ed ABDC 
e=8+h on (i) A D c 
in right angled AADC 
bP =494P a, (ii) 
in right angled AABC adding (1) and (ii) 
ath? = 144 (iii) a+b? = 7442h? 00... (iv) 


from (iii} and (iv) 
74 + 2h* = 144 
2h? = 144-74 
2h? = 70 
h’ = 35 
h= 35 
Now we will find a and b 
Put h* = 35(in Eq. 1) 
a’ = 25435 
a’ = 60 
a= ¥60 
= 4x15 
a= ws 


now put h’ = 35 (in Rg. 2) 
b = 49435 
b? = 48 
b= V84 
b= J4x21 ~ 
b= 2/21 
SO a= 215 
h= ¥35 
be220 
(ii) Find the valuc of x in the shown in 


the figure, 
A 


15cm 13cm 


B 
oy D 5m 


In right angled triangle ADC 
m(AC) = m(AD)” + m(pey’ 
(13)’= (AD)? + (5 

169 = (AD) + 25 


(AD) = 169 - 25 


(AD) = 144 
AD = V144 
AD = i2cm 


In right angled triangle ABD 


(AB)” = (AD) + (BD) 

(15° = (12)? + x? 

Lae 

x’ = 225-144 

x?=8} 

x=9cm 
a A plane is at a height of 300 m 
and is 500 m away from the airport as 


shown in the figure. How much distance 
will it travel to land at the airport? 
A 


300 cm 


B c 
Airport 500 cm 


Here A be the position of plane and B be 
the position of airport. 
mAC = 500m 
mBC = 30072 
. mAB = ? 
Applying Pythagoras theorem on 
right angled triangle ABC 


/AB) =[Ac} +/Bc] 
= (500)" + (300)" 


= 250006 + 90000 
= 34000 


[aB} ~34%10000 
so AB = 434x 10000 
= ¥34x100x100 


= 100V34m 


So required distance is 100/34 
8. A ladder 17 m long rests against a 
vertical wall. The foot of the ladder is 
8m away from the base of the wall. How 
high up the wall will the ladder reach? 
Ans, Let the height of ladder = x m 

in right angled trianele 


e 
va / 
71 re 
dit Vy xr 
a 
Va 4 
A 
va 
(a el 
a Rin R 


ET pr = (Perp. + (Basey” 
C7 = txt 8P 

289 =\° +64 

x = 289 6d 


x” = 235 
i= 235 = 15m 
9, A student travels to his school by the 
route as shown in the figure. Find 
mAD, the direct distance from his 
house to school. 
According to figure, mAB=2km 
mBC = 6km 
mCD = 3km 


Here mAB and mCD are perpendicular 


Perpendicular = AB + CD 
=2+3 
= $km 
According to Pythagoras theorem 
(HY? = P+ Be 


Bus S 


School 
D 


Skr - 


top 


House 


(m AD)’ = (5)? + (6 = 25 +36 
(mADY = 61 
mAD = V6lKm 


10. Which of the following are true and 
which are false? 


$c 


(i) 

(ii) 
(iii) 
{iy) 


{v) 


(vi) 


In a right angled triangle greater 
angle is 90°. (T) 
In a right angled triangle right 
angle is 60°. (F) 
In a right triangle hypotenuse is a 
side opposite to right angle. (T) 
If a, b, ¢ are sides of right angled 
triangle with ¢ as longer side 
thence’ =a’ +b’. (T) 
If 3. cm and 4 cm are two sides of 


a right angled triangle, then 
hypotenuse is 5 cm. (T) 


If hypotenuse of an_ isosceles 
right triangle is V2 em then each 
of other side is of length 2 cm.(F} 
Find the unknown value in each of 


the following figures. 


38cm 


By Pythagoras theorem 


(Hyp)? = (Perp.Y + (Base)’ By Pythagoras theorem 


x’ = (4% + BY | (Hyp) = (Perp.)’ + (Base) 
x = 1649 (13) = (xy + 2) 
225 > x=J/25 169 = x* + 25 
ere x’ = 169 — 25 
(ii) x? = 144 
x= V144 


6 om Pe x = 12cm 


ee (iv) 


By Pythagoras theorem e V2 cm 
(Hyp)’ = (Perp.)’ + (Base)* 
(10)" = 6)" + (xy | Tem 
100. = 36 +x’ ; By Pythagoras theorem 
x? = 64 
xaV64 (Hyp.)’ = (Perp.) + (Base) 
X=8em (V2 P= (x)? + (1)? 
(i) | | W2)? =~? +0) 
+1 
x =2-1 
x 13cm 
= icm 
5cm 
In a ight angled triangle, the 2. if the square of one side of a 
square of the length of hypotenuse triangle is equal to the sum of the 
is equal to the ___ of the squares . squares of the other two sides then 
of the lengths of the other two the triangleisa___ triangle. 
sides (a) Right angled 
(a) Sum (b) Acute angled 
(b) Difference (c) Obtuse angled 
(c) Zero (d) None 


(d)} None 


Let ¢ be the longest of the sides a, 
b and c of a triangle. If a’ +b? = c. 
then the triangle is: 


(a) Right 
(b) Acute 
{c) Obtuse 
(d) None 


Let c be the longest of the sides a, 
b and c of a triangle. If a” + b’ > c” 
then triangle is: 


(a) Acute 
(b) Right 
(c) Obtuse 
(d) None 


Let c be the longest of the sides a, 
b and c of a triangle of a7+b? < c’, 
then the triangle is: 

(a) Acute 

(b) Right 


ANSWER KEY 


(c)  Obtuse 

(d) None 

If 3cm and 4cm are two sides of a 
right angled triangle, then 
hypotenuse is; 


(a) Scm 
(b) 3cm 
(c) 4cm 
(d) 2cm 


In right triangle is a side 
opposite to right angle. 

(a) Base 

(b) Perpendicular 

(c) Hypotenuse 


(d) None 


TEBE essen 


region caclosed by — the 
bounding lines of a closed figure is called 
the area of the figure. 


The 


The area of a closed region is 
expressed in squarc untls (say, sq. m or 


Wing oe. 
m”) Le. 4 positive real nuinber. 


The mlenor of a triangic is he part 
of the piane eaclosed by the triangle. 
A triangular region is the union of 


a triangle and its interior i.c., the three line 
segments forming the triangle and its 
interior. 
By area of a triangle, we mean the 
area of its triangular region. 
A 


if AABC = APOR, then area of 
(region AABC) = area of (region APQR) 


The imterior of a rectangle is the 
part of the plane enclosed by the rectangle. 

A rectangular region is the union 
of a rectangle and ifs interior. 


ed 


A rectangular region can be 
divided inte two or more than two 


triangular regions in many ways. 
rote: 


If the length and width of a 
rectangle and >) units 
respectively. then the area of the rectangle 


are aout 


is equal to a x b square units. 
Tf @ ts the side of a square, its area 


2 BR 
HG, squere units, 


5 nic: Pavallels. 

a) Two paralielogramts are sald to be 
between the same paralleis, when their 
bases are in the same straight line and their 
sides opposite to these bases are also ina 
siraight ine: as the paraliclograms ABCD, 
EFGH in the given figure. 


A {> ik It 
ieee ke te 


(ii) Two 


triangles are 
said to be 
between the 
same peraliels, 


when their bases arc in the same straight 
line aod the iine Joining their vertices is 
paralici to their bases: as the A ARC, 
A DEF in the given figure. 

(iii) 


said io be between the same parallels, 


A tangle and a parallelogram are 


when their bascs are in the same straight 
line, and the side of the parallelogram 
opposite the base, produced if necessary, 
passes through the vertex of the triangle as 
are the AABC and the parallelogram 


DEFG in the given figure. 
A 1D G 


“Aldtude of Parallelogram 
If one side of a parallelogram is 
taken as its base, the perpendicular 
distance between that side and the side 
parallel to it, is called the Altitude or 
‘3 Height of the parallelogram. 
“A Hitude of the triangie 
If one side of a triangle is taken as 
its base, the perpendicular io that side, 
from the opposite vertex is called the 
asebiaite or Height of the triang!e. 


“Triangles or parallelograms 
having the same or cqual altitudes can be 
placed between the same parallels and 


conversely.” 
A I> 


i iY 


Place the triangles ABC, DEF so 


that their bases BC, EE are in the same 


| Area of Sas ABCD) _ 


= _= Area of of (quad. ABE ABED) + area | of (ACBE). Ai) LA 


straight line and the vertices on the same 
side of it and suppose AL, DM are the 
equal altitudes. We have to show that AD 
is parallel to BCEF. 

AL and DMare parallel, for they 
are both perpendicular to BF. Also 
mAL= mDM. (given) 

AD is parallel to LM. A similar 
proof may be given in the case of 
parallelograms. 


A diagonal of a parallelogram 
divides it into two congruent triangles 
(585) and pence of equal area. 


Parallelograms on the same base 
and between the same parallel lines (or of 
the same altitude) are equal in area. 


Two paraliclograms ABCD and 
ABEF having the same base AB andDE 
between the same parallel lines AB and 
DE. 


Aiea of parallelogram ABCD = 
area of parallelogram ABEF 


Reasons 


| 
[Arca addition axiom] — 


. 
A a a, 


Area of (parallelogram ABEF 


In As CBE and DAF 
mCB=mDA 
mBE=mAF 
ZCBE = /DAF 
-. ACBE = ADAF 
.area of (ACBE) = area of (ADAF)......... (iii) 


Hence area of (parallelogram ABCD) = area 
of (parallelogram ABEF) 


= area of (quad. ABED) + area of (ADAF)..(ii) | [Area addition axiom] 


{opposite sides of a parallelogram} 
[opposite sides of a parallelogram] 
[" BCIAD, BEI AF] 

[S.A.S. cong. Axiom] 


[cong. Area axiom] 
From (i), (ii) and (iii) | 


(i} The area of a parallelogram is 
equal to that of a rectangle on the same 
base and having the same altitude. 
(ii) Hence area of parallelogram = base 
x altitude 

Let ABCD be a parallelogram. AL 
is an altitude corresponding to side AB. 
(i) Since parallelogram ABCD and 
rectangle ALMB are on the same base 


AB and between the same parallels, 
L 


D M C 


To Prove 


by above theorem it follows that 
area of (parallelogram ABCD) = area of 
(rect. ALMB) 
Hence 
Area of (parallelogram ABCD) = ABxAL 
Parallelograms on equal bases and 
having the same (or equal) altitude are 


equal in area, 
A E i 


B Cor G 
Paralielograms ABCD, EFGH are on the 
equal bases BC, FG, 
altitudes. 


having equal 


Area of (parallelogram ABCD) = area of (parallelogram EFGH) 


Construction 


Place the parallelograms ABCD and EFGH so that their equal bases BC, FG are in 


the straight line BCFG. Join BE and CH. 


‘Proof 


Statements 
The given [[?"* ABCD and EFGH are 
between the same parallels 


Hence ADEH is a straight line Il to BC 


mBC = mFG 
=  mEH 
Now mBC = mEH and they are [{ 


BE and CH are both equal and Il 
Hence EBCH is a parallelogram 


Now |?" ABCD =ItP" EBCH ...(i) 


But [" EBCH = ([®" EFGH .« (it) 


Hence area (il"" ABCD) = area (ll°™ EFGH) 


Reasons 


Their altitudes are equal (given) 
Given 


EFGH is a parallelogram 


A quadrilateral with two opposite sides 
congruent and parallel is a parallelogram 
Being on the same base BC and between 
the same parallels 

Being on the same base EH and between 
the same parallels 

From (i) and (ii) 


Exercise 16.1 


(1) Show that the line segment joining 
the mid-points of opposite sides of a 
parallelogram, divides it into two equal 
parallelograms. 

D 


P 


(fire ABCD is parallelogram. point p is 
midpoint of side DC ic. DP=PCand 
point Q is midpoint of side AB ie. 
AQ=QB. 
To Prove 


Parallelogram AQPD = parallelogram 
QBCP 


Construction: 


Join P to Q and Q to C. 
Proof 
( Statements . Reasons 7 
mAB =mDC | 
IT —~- 14> 
| —mAB = ices Dividing by 2 
se aes i 
mQB =mPC | 


eseeeed 

APQC& AQBC 

QC = aC 

| QB = PC 

[Aa 24 

APQC= AQBC 

| PO = CB..|. «ci (i) 
AD = CB.l.......... “= (ii) 
| PQ = AD =CB 

| Zr 22 


jm l+mY%3=m 22+ foe 
| 2POB = ZPCB 
| ZA=ZPCRB 


LA = ZPQB 
| Now 


| ||gm AQPD and |[gm QBCP 


ease 
ZA = ZPQOB 


j Thus llgm AQPD = |jgm QBCP 


—S —_--_——- ——- —  _ L.. 


t 


Common 


Proved 


Alt. Angles AB | DC 


S.A.S =S.A.S 


Corresponding sides of congruent iriangles 


Corresponding angics of congruent triangics 


Corresponding angles of || gin 


Given 


Proved 


(2) In a parallelogram ABCD, mAB= 10cm. The 


and AD are respectively 7 em and 8 cm. Find AD. 


pa ‘. -_— i 
SR Paratictogram ABCD, m AB =10cm altitudes. Corresponding 
to the sides AB and AD ate 7em and 8em. 


Meue The area of parallelogram = ba 


se X altitude 


Statements 
Area of parallelogram ABCD = 0x7... (1} 
| Also area of the ligm ABCD = AD x Bias seeds (it) 


| MAD x8= 10x7 


i 


the given altitudes DE 


Reasons 


altitudes corresponding to sides A 
D 


LE fGem B 


ee 


B 
C 


AD = — 
8 
as 
mAD = Eas = Peon 
zs — — — 
3) Hf two parallelograms of equal areas H G D C 


have the same or cqual bases, their altitudes are 
equal. 
E M ; A i. BR 


EFGH. Draw DL 1 AB and HM 1 EF 


Proof: 


Area of the figm ABCD = area of the lem EFGH 
base x altitude = base x altitude 

mAB xmDL =mEF xmHM Area = base x altitude 

| But mAB =mEF 

mEF xmDL =mEF x mHM Dividing by mEF we get 


Reasons 


Triangles on the same base and of the ™ cM 
same (i.e., equal) altitudes are equal in arca. 

As ABC, DBC on the same base BC 

and having equal altitudes. 

Area of (AABC) = area of (ADBC) 


Draw BM Il to CA, CN Il to 


BD meeting AD produced in M, N. 


- Statements ~~ Reasons — 

“A ABC and A DBC are between the same I ~~) Their altitudes are equal — 
| Hence MADN is parallel to BC 
-. Area (i®” BCAM)=Area (IP" BCND)....4) | These i’ are on the same base BC and 


|| 


‘ between the same li’ | 
But AABC= — ve" BCAM) —_..... (ii) | Each diagonal of a IP" bisects it into two 
congruent triangles 


and ADBC = 5 (lam BCND) 


Hence area (A ABC) = Area (A DBC) From (i), (ii) and (iii) 
| , 


Theorem: 


Triangles on equal bases and of equal altitudes are equal in area. 


X A D 


As ABC, DEF on equal bases 


Area (A ABC) = Area (A DEF) 


‘Construction 


Place the As ABC and DEF so that their equal bases BC and EF are in the same 
straight line BCEF and their vertices on the same side of it. Draw BX Il to CA and FY il to 
ED meeting AD produced in X, Y respectively 


‘Proof 

= Statements | | A Reasons i : 
A ABC and A DEF are between the same | Their altitudes are equal (given) 

parallels 


XADY is Il to BCEF 
. Area (I@ BCAX) = Area (Il? EFYD) .....(i) | These IP" are on equal bases and between 
the same parallels 


But AABC = ce BCAX) _...i) | Diagonal of a I bisects it 
land ADEF= 5 EFYD) ~~ = Gii) 


“. area (AABC) = area (ADEF) From (i), (ii) and (ili) 


Corollaries_ 


(1) Triangles on equal bases and between the same parallels are equal in area. 


(2) Triangles having a common vertex and equal bases in the same straight line, are equal 


in area. 


Exercise 16.2 


(1) Show that a median of a triangle divides it into two triangles ; 
of equal area. 
(RPO Median of the triangle 
LR exOss Median divides the triangle into two triangles of equal area. i oa . 
Make A ABC, with CD as median and GE as altitude 
Statements Reasons 
mAD =mDB seeeeee(1} | Dis midpoint of m AB 
Area of the AACD = 5 .mAD.mCE ...(ii) 
Area of the ABCD = ; . mBD.mCE 
l —_— => ; 
5° mAD.mCE By (i) 
AACD = A BCD By (ii) and (iii) 
(2) Prove that a parallelogram is divided by its diagonals into - . 
four triangles of equal area. Xo ET 


se 
mal divided by its diagonals into four triangles a 


A B 
Areas of the four triangles arc equal 


Make the Ilgm ABCD with diagonals mAC,mBD intersecting each other at 
O. Draw BEL AC. 


= Statements __ Reasons 
Area of ROBC= | mOAmBE 


2 
=5 mOC.mBE OO oeeeeeaee (i) 


The diagonals of the llgm bisect each other 

mOA =mOC 

In AOAB <— AOCD 

mOB = mOD 

mOA =mOC 

<l= <2 

AOAB= AOCD kee (ii) 


AOAD=AOBC 2 2 2 2 2 haeeeeeaee (iii) 
.. Area A OAB = Area A OBC = Area AOCD = Area AODA | By (i), (ii) ,Gii) 


opposite angles 


(3) Which of the following are true and which are false? 


(i) Area of a figure means region cnclosed by bounding lines of closed figure. TROE 
(ti) Similar figures have same area. FALSE 
(ii) Congruent figures have same area. TRUE 
(iv) A diagonal of a paraliclogram divides it into two non-congruent triangles. FALSE 
(v) Altitude of a triangle means perpendicular from vertex to the opposite side (base). TRUE 
{vi} Area of a parallelogram is equal to the product of base and height, TRUE 


(3.4 Find the area of the following. 


 aamnenneee 
| | 3cm 
L ee 


Ree eae] 


(i) oc 
Area = 6x 3 = 18m? 


dem 


(ii) 4com 
Area =4x 4 = |6cm? 
Som 
dem 
(f11) 


Area = 8 x 4 = 32en/° 


(iv) 16cm 


Area = ; x 16x 10 = 80cm? 


OBJECTIVE 


The region enclosed by the 
bounding lines of a closed figure 
is called the ___ of the figure: 
(a) Area (b) 
Circle 
{c) Boundary (d) None 
Base x altitude = | 
(a) Area of parallelogram 
(b) Area of square 
(c) Area of Rectangular 
(d) None 
The union of a rectangular and its 
interior is called: 
(a) Circle region 
(b) Rectangular region 
(c) Triangle region 
(d) None 
If a is the side of a square, its area 


ANSWER KEY 


(a) a square unit 

(b) a” square units 

(c) a° square units 

(d) a’ square units 

The union of a triangle and its 
interior is called as: 

(a) Triangular region 

(b) Rectangular region 

(c) Circle region 

(d) None of these 

Altitude of a tnangle means 
perpendicular distance to base 
from its opposite:___ 

(a) Vertex (b) Side 
(c) Midpoint (d) None 


[i [a[2]la/3j[b[4[o]5.[alela] 


mBC = a es mCA = 5.2¢m of 
AABC 


To construct the AABC 


WOZ'p 


A 3.2cm B 


Construictioy 


(i} Draw a line segment mAB= 
3.2cem 

(ii) With centre B and radius 4.2cm, 
draw an arc. 

(ili) With centre A and radius 5.2cm, 
draw another are which meet 
previous arc at point C. 

(iv) Jone C to Band A, 

Then ABC is the required A. 


(ii) mAB = 4.2cm,mBC = 3.9cm, 


The sides mAB = 4.2m, 
mBRC = 3.9cem, mCA = 3.6cm of AABC 


(i) Draw a line segment mAB = =4.2cm 

(ii) With centre B and radius 3. 9em, 
draw an arc, 

(di) With centre A and radius 3.6cm, 
draw another arc which meet 
previous are at point C. 

(iv) Join Ato Cand Bie. 

Then ABC is the required A. 


(ii) mAB=4.8em, mBC=3.7em. 


m 2B = 60° 
The sides mAB = 4.8cm, 


mBC =3.7cm and M ZB = 60° of 
AABC 


equired 


To construct the AABC 


A 480m B 


() Draw a tine segment mAB =4.8cem 

(i) At the end point B of AB make 
mZB = 60°. 

fii) Cut off mBC=3.7em from the 
terminal side of 2 62". 

fiv} Join AC 

Then ABC is the required A. 

(iv) mAB=3cm, mAC = 3.2em, 


mZA = 45°, 


The sides mAB = 3cm, 


mAC =3.2cm and mZA = 45° of AABC 
To construct the AABC 


4} Draw a line segment mAB = 3cm. 


(ii) At the end point A of AB make 
mZA = 45°. 
(ii) Cut off mAC =3.2cmfrom the 


terminal side of 245°. 
(iv) Join BC 
Then ABC is the required A. 


(v) mBC = 4,2cin, mCA =3.5cm, 
mZC = 75° 


The sides mBC = 42cm, 
mCA =3.5em and mZC = 75° of 


A 


(i) Draw a line segment mBC =4.2cm. 


(ii) At the end point C of BC make 


Gii) Cut off mAC=3.5cm from the 
terminal side of 275°. 

(iv) Join AB. 

Then ABC is the required A. 

(vi) mAB=2.5cm,mZA = 30°, 
mB = 105°. 


mZA = 30°,mZB =105° of AABC 


Required 
To construct the AABC 


2.5cm 


Construction 
(i) Draw the line segment 

mAB = 2.5cim, 
(ii) At the end point A of AB make 
LAA. 


mZB = 105°. 


(iv) The terminal sides of these two angles 


meet in C. 
Then ABC is required A. 


(vii) mAB = 3.6cem,mZA = 75°, 
m2ZB = 45°. 
Given 
The side mAB = 3.6cm and angles 
mZA = 75°, mZB = 45° of AABC 


To construct the AABC 


Gi) 


(ai) 


(iu) 


(iv) 


Draw the line 
mAB =3.6cm. 

At the end point A of AB make 
mZA = 75°. 

At the end point B of AB make 
mZB = 45°, 

The terminal sides of these two 
angles meet at C. 


segment 


Then ABC is the required A. 


Q.2. 


(i) 


Construct a A xyz in which 
mYZ = 7.6cm,mXY = 6.lem, 


Gi 


(ii) 


(iii) 


(iv) 


Required 


‘The sides 


mYZ = 7.6cm,mX¥ =6 Jem and 
m = 96° of AXYZ. 


6.1 cm 


Draw the line 


mxXY —6. tom 


scament 


mZX = 90°, 

With Y as centre and radius 
76cm, draw an are which cut 
terrainal side of 290° at point 7. 
Jota ZY. 


Then XYZ is the required A. 
m ZX =6.4cm, mYZ = 2.4cm, 
m ZY = 90° 


The sides 


(ii) 


(ii) 


(2) 


(iv) 


Draw the line segment 
mYZ=2.4em 

At the end point Y of YZ make 
mZY = 90°. 


With Z as centre and radius 6.4cm 
draw an arc which cut terminal 
side of 290° at point X. 

Join XZ. 


Then XYZ is the required A. 


(itt) 


mXY = 5.5cm, mZX = 4.5em, 
m2ZZ = 90° 


The sides 
mXY = 5.5cm, mZX = 4.5cmand 
mZZ = 90° of AXYZ. 


Required 


To construct the AX YZ 


ft a 4.5 em xX 


(i) 
(ii) 


(iti) 


(iv) 


Draw a line segment mZX =4.5em 
At the end point Z of ZX make 
mZZ= 90°. 

With X as centre and radius 5.5cm 
draw an arc which cut terminal side 


of 290° at point Y 
Join XY. 


Then XYZ is the required A. 


Q.3. Construct a 


‘right angled A 
measure of whose hypotenuse is 


5cm and one side is 3.2cm. 


In right angled A hypotenuse is Sem 


and one side ts 3.2cm 
Required 


To construct the AXYZ 


(i) 

(ii) With AB as diameter, draw a semi 
circle. 

Gii) With A as center draw an arc of 
radius 3.2cm cutting the semi circle 
inC, 

Gv) Join C with A and B. 

Therefore ABC is required triangle with 

£C=90° 

Q.4 Construct 2 right angied isosceles 

triangle. Whose hypotenuse is: 


2 “oo 3.2cm long 


In right angicd isosceles triangle 


Rene is 5.2 cm. 
' 


To construct right angled isosceles 
iriangle 


(i) Take mAB=5.2cm. 


(ii) Find mid-point M of AB. 
(iii) With centre as M_ and radius 
mAM =mMB draw a semi circle 
which intersects the bisector in C. 
(iv) Join AtoC and BtoC. 
Then AABC is the required right angled | 
isosceles triangle with <C = 90° 
(ti) Hypotenuse 4.8 cm 
Given 
In right angled isosceles triangle 
hypotenuse is 4.8 cm. 
To construct right angled isosceles 
irlangle. 


(i) Take mAB=4.8cm. 
(ii) Find mid-point M of AB. 
Gii) With centre as M and _ radius 
which intersects the bisector in C. 
(iv) JoinAtoCandBtoC, 
Then AABC is the required right angled 
isosceles triangle with zC = 90° 
(ti) Hypotenuse 6.2 cm 
| 
In right angled isosceles triangle 
hypotenuse is 6.2 cm. 


To construct right angled isosceles 
triangle. 


(i) Take mAB =6.2cm. 
(ii) Find mid-point M of AB. 


(iit) With centre as M and radius 
mAM =inMB draw a semi circle 
which intersects the bisector in C. 
(iv) Join Ato C and B to c: 


Then AABC is the required right angled 
isosceles triangle with 2C = 90° 
(iv) Hypotenuse 5.4 em 
| 
In right angled isosceles triangle 


hypotenuse is 5.4 cm. 
To construct right angled isosceles 
triangle. 


Gi) Find mid-point M of AB. 


(ii) | With centre as M and rachis 
mAM = mMB draw a seni circle 
which intersects the bisector in C. 
(iv) Join A to C and B to C: 


Then AABC is the required right angled 

isosceles triangle with 2C = 90° 

Q.5. (Ambiguous case} construct a 
AABS in which 


{i) mAC= 4.2em,mAB = §,.2em, 


Given 
In AABC mAC = 42cm, MAB = 3.2m, 
mZB = 45". 


To construct 


AABC 


(i) Draw a line segment mAB =5.2cm. 
(ii) At the end point B of BA make 

mZB = 45°. 
Gii)With centre A and radius 4.2cm draw 


an are which cuts BD in two distinct 
points C andC’. 
(iv)Join AC and AC’. 


“. AABC and A ABC’ are required 


triangles, 
(ii) mBC = 2.5cm, mAB = 5.0cm, 
mZA = 30°, 


In AABC mBC = 2.5cm, 
mAB =5.0cm, mZA =30° 


Required 


To construct AABC 


(i) Take mAB = Sem. 

(ii) At the end point A of AB make 
mZA = 30°. 

(ili) With centre B and radius 2.5em draw 


ed 
an arc which touches AX at point C, 
(iv) Join BC. 
-. AABC is required triangle. 


1.Construct the following A’s ABC, 
Draw the bisectors of their angles and 
verify their concurrency. 


@)  mAB=4.5em, mBC = 3.lem, 
mCA = 5,2cm. 

Given 
The sides mAB =4.5cm, 


mBC = 3.lem, andmCA =5.2cm, Const 4.5m B 

(i) To construct AABC. (i) Take mAB =4.5em. . 

Gi) To draw its angle bisectors and (ii) With A as centre and radius 5.2em 
verify their concurrency, draw an arc. 


(iti) With B as centre and radius 3.1cm 
draw another arc which intersect 
the first arc at C. 
(iv) Join ACand BC to complete the 
AABC, 
(v) Draw bisectors of ZA, ZB and 
<C meeting each other in the 
i point I. 


Hence angle bisectors of the AABC are 
concurrent at I which lies within the 
triangle. 
(ii) mAB = 4,.2cm,mBC = 6cm, 
mCA = 5.2cm 
The sides mAB = 4.2cm, 
mBC =6cm, mCA =5.2cm of a AABC. 


Required 
(i) To construct AABC, 
(ti) To draw its angle bisectors and 
verify their concurrency. 
Cc 


5.2 cm 
~~ 


A 4.2 em B 
Gj) Take mAB=4.2cm. 


Gi} With A as centre and radius 5.2cm 
draw an arc. 

Gii}) With B as centre and radius 6cm 
draw another arc which intersect 
the first arc at C. 

(iv) Join BC and AC to complete the 
AABC, 

(v) Draw bisectors of ZA,2ZB and 
ZC meeting each other in the 
point I . Hence angie bisectors of 
the AABC are concurrent at I 
which lies within the triangle. 


(iii) mAB=3.6cem, mBC = 4.2cm, 
mZB = 75°, 


mBC = 4.2cm and mZB =75° of AABC 
(i) To construct AABC. 


(ii) To draw its angle bisectors and 
verify their concurrency. 


Gj) Take mAB=3.6cm. 
(ii) At B draw angle of 75° 
(iii) With B as centre and radius 4.2cm 
draw arc which intersect terminal 
arm of 75° in C. 
(iv) Join AC to complete the AABC. 
(v) Draw bisectors of ZA, ZB and 
ZC meeting each other in the 
point I. 
Hence angle bisectors of the AABC are 
concurrent at I which lies within the 
triangle. 


(2.2. Construct As POR. Draw their 
altitudes and show that they are 
concurrent. 


) mPQ = 6cem,mQR = 4.5cm, 


mPR = 5.Sem, 


The — sides mPQ = 6c, mOR = 4 Sem 

and mPR == 5.5m of a APOR. 

Bequireyy 

Ci} To construct A POR, 

(i) To draw its altitudes and verify 
thetr concurrency, 


Xe 


s 


SR 


(1) Take mPO = 6cm 

(1) With P as centre draw an arc of 
tadius 5.5 em, 

Gi) With Q as centre draw an arc of 
radius 4.5em, cuttin & the first in R. 

(iv) Join R with P and Q. 

{y) Draw the altitudes on, PR, QR and 
PO which cut each other in I. 

(vi) All altitudes are concurrent, 


(ii) mPQ =4,5em, mQR = 3.9em, 
mZR = 45°, — 


The sides mPQ = 45cm, mOR =3.9¢em 

and mZR = 45° of APOR 

Reguired 

(i} To construct A PQR. 

Qi) Te draw its altitudes and verify 
their concurrency. 


(i) Draw OR = 3.9cm. 
(ii) Make 7R =:35° 
(iii) Cut QP = 4.Sem join PQ, APOR is 


formed, 
(iv) Draw altitudes onPR : QR and 
PQ they cut each other in J. 


The altitudes are concurrent. 


Gii) AtR draw an angle of 45°. 
(iv) Terminal arms of both angles meet 
in point Q. It form A PQR. 


(v) Draw the altitudes, of PQand QR 


Gi) = mRP = 3.6em,mZQ = 30°, 


mZP = 105°. 


and RP cutting each other in I. 
The altitudes are concurrent. 
Q.3. Construct the following triangles 
ABC. Draw the perpendicular bisectors 
of their sides and verify their 
concurrency. Do they meet inside the 
triangle. 


@)  mAB=5.3cem, mZA =45°, 
mZB = 30° 


mRP = 3.6cm,mZQ = 30°, mZP = 105°. 


Required 
i} To construct A PQR. 
(ii) To draw its altitudes and verify their 


concurrency. 


Give 
} — 
Side MAB =5.3cm and mZA = 45° | 
m2ZB = 30° of a AABC. 
(i) To construct the AABC. 
Gi) To draw perpendicular bisectors of 
its sides and to verify that they are 


concurrent. 


mZP +mZQ+m2ZR = 180° 


105° +30° +mZR =180° 
135° +mZR =180° 
mZR =180° —135° = 45° 


Gj) Take mRP=3.6em. 
(ii) At P draw an angle of 105°. 


(Gj) Take mAB=5.3cm 
Gi) At the end point A of AB make 
mZA = 45°. 


At the end point B of ABmake 
mZB = 30°, 
{iv) The terminal sides of these two 
angles meet at C. 
Then ABC is required A, 
(vy) Draw perpendicular bisectors of 


AB,BC and CAmeeting each 
other in the poini O. 
Hence the three perpendicular bisectors of 
sides of AABC ure concurrent at O. 


(ii) mBC = 2.9em, mZA = 30°, 
mZ B=60° 


(11) 


The side mBC =2. Som, mZA = 30° and 
ma B= 60° of AABC, 


(i) To construct the AABC, 

(it) To draw perpendicular bisectors of 
its sides and to verify that they are 
concurrent. 


mZA+mZB+mZC = 180° 
30° + 60° + mZC =180° 
90° +mZC =180° 


mZC = 90°, 
(i) Take MBC =2,9cm 
(ti) At the end point B of BC make 


mB = 60°, 
(ili) At the end point C of BCmake 
mZC = 90° 


(iv) The terminal sides of these two 
ungles meet in A. 


Then ABC is required A. 
({v) Draw perpendicular bisectors of 
AB.BC and CA meeting each 


other in the point O. 
Hence ihe three perpendicular bisectors of 
sides of AABC are concurrent at O. 
(iii) mAB =2.4em,mAC = 3.2cm, 
mZA =120° 


The sides mAB =2. 4om, MAC =3.2cm 
mZA = = 120° of aAABC 


1) Z To construct the AABC. 
(ii) To draw perpendicular bisectors of 
its sides and to verify that they are 


concurrent. 


B 


Construction 


Gj) Take mAB=2.4cm 


(il) At the end point A of AB make 


mZA =120°. 
(itt) With centre A, draw an arc of 
radius 3.2cm which cut terminal 


arm of ZA at C. 
tiv) JomBtoC 
Then ABC 1s required A. 


(¥) Draw perpendicular bisectors of 
AB, BC and CA meeting each other 
at the point O. 

Hence the three perpendicular bisectors of 

sides of AABC are concurrent at O. 

Q.4. Construct following A’s XYZ. 

Draw their three medians and show 

that they are concurrent. 


(i) mYZ =4.1lem, mZY = 60° and 
mZX = 75° 


Given 
The side mYZ=4.lcm, mZY = 60° and 


= 75° 
Required 


(i) Construct the AXYZ. 
(ii) Draw its medians and verify their 
concurrency. 


mZX+mZY +mZZ, = 180° 
75° + 60° + mZZ = 180° 
135° +mZZ = 180° 


mZZ =180° —135° 
mZZ = 45°. 
(i) Take mYZ=4. lem. 
(ii) At the end pomt y of YZ make 


TAY S60". 
(ii) At the end point Zof ZY make 
mZZ,= 45° 


(iv) The termina] sides of these angles 
meet at X. Then XYZ is required A. 

{v) Draw perpendicular bisectors of 
the sides YZ, ZX and XY of 
AXYZ and make their midpoints 
A, B and C respectively. 

(vi) Join Y to midpoint B to get median 
YB. 

(vii) Join Z to midpoint C to get median 
FO 

(vill) Join X to mid point A to get median 
AX.The medians of AXYZ pass 
through the same point G. 

All medians intersect at point G. 

Hence medians are concurrent at G. 

Gi) mXY=4.5em,mYZ =3.4em. 


mZX =5.6em 


The sides mXY¥ = 4.5em, mYZ =3.4cem 
and mZX =5.6cm of aAXYZ. 


(i) Construct the AX YZ, 
(ti) Draw its medians and verify their 
concurrency. 


Gj) Take mXY =4.5em, 

(ii) With Y as centre and radius 3.4 em 
draw an arc. 

(iii) = With X as centre and radius 5.6cm 
draw another are cutting first in Z 
Join Z to Y and X to Z. 

(iv) Draw perpendicular bisectors of 
the sides XY, YZ and XZ of 
AXYZ and make their midpoints 
A,B and C respectively, 

(v) Join X to mid point B to get 
median XB. . 

(vi) Join Y to midpoint C to get 
medians YC. 

(vi) Join Z to midpoint A to get median 
ZA. 

All medians intersect at point G. 

Hence medians are concurrent at G. 

ii) =mZX=4.3em,m/X = 75° and 


mZY =45°, 


The side mZX = 4.3cm, mZX = 75° and 
mZ = 45° of AXY7Z. 

Required 

{i} Construct the AXYZ. 


(11) 


(i) 
(ii) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 


Draw its medians and verify their 
concurrency. 


mZX+mZY +mZZ=180° 

75° + 45° +mZZ =180° 

mZ7Z,+ 120° =180° 

mZZ = t80° —120° 

mZZ = 60° 

Take mZX =4.3cm. 

At the end point Z of ZX make 
[1 AE 6:0 ae 

At the end point X of XY make 
mZX = 75° 

The terminal sides of these angles 
mect at Y. Then XYZ is required A. 
Draw perpendicular bisectors of 
the sides IN XY and YZ of 
AXYZ and make their midpoints 
A,B and C respectively. 


Join Z lo the midpoint B to get 
median ZB. 


tees 


(viii) Join X to the midpoint B to get 
median XC. 


Ali medians intersect at point G. 
Hence medians are concurrent at G. 


1.(i) Construct a quadrilateral 
ABCD, having 


mAB =mAC = 5.3cm, 
mBC =mCD=3.8em and 
mAD = 2,8cm. 

(ii) On the side BC construct a A 


equal in area to the quadrilateral — 


ABCD. 
C 


P A §.3cm 


Sides of quadrilateral ABCD 
mAB=mBC =5.3 cm 
mBC=mCD =3.8 cm 
mAD =2.8 cm 


i) To make the quadrilateral ABCD. 


ii} On the side BC construct a A equal in 


area to the quadrilateral ABCD. 

Construction| 

(i) Take mAB =5.3cm. 

(ii) With centre A and B draw arcs with 
radii 5.3 cm and 3.8 cm respectively 
cutting each other in C. 

Git) With C as centre draw an are of 


radius 3.8cm, then with A as centre draw 


an arc of radius 2.8cm cutting the first in 
D. 

(iv) Join AD, DC, BC 

ABCD is the required quadrilateral. 

(ii) 

{i) Draw AC 

(ii) Through D draw a line ti AC 


(iii) Produce AB which meet parallel 
line in P. 

(iv) Jom P withC 

PCB is the required triangle equal in area 
to quadrilateral ABCD. 

2. Construct a A equal in area to 
the quadrilateral PQORS, having 


mOR = Jom, mRS = é6écm, 


mSP = 2.75em, mZQRS =60" 
and mZRSP=90°. 


Given 

Parts of the quadrilateral PQRS are given. 
Regiliréd 

(i) To make the quadrilateral PORS. 
(ii) Tomake a A equal in area to the 
quadrilateral PORS. 


Construction 

(i) Take mQR =7em 

(il) Make ZORS = 60° 

(iti) With R as centre draw an arc of 
6 cm radius which cuts terminal 
arm of 260° in S. 

(iv) Make ZRSP = 90° 

{v} With S as centre draw an are of 
2.75 cm radius which cuts terminal 
arm of 90° in P. 

(vi) = Join QP. 

PQORS is required quadrilateral. 

(vil) Join PR 

(viii) Through S draw a line parallel to 
PR which meet QR produced in A. 

Gx) Join AP. 

AAPQ is the required triangle equal in 

area to quadrilateral PORS 

3. Construct a A equal in area to 


the quadrilateral ABCD, having 
mAB = 6cm, mBC = 4cm, 
mAC = 7.2cm, mZBAD=105" 


and mBD=8cm : 


Parts of the quadrilateral ABCD are given 


(i) To make the quadrilateral ABCD. 
(ii) | To make aAwith area equal to that 


of quadrilateral ABCD. 

(i) Take mAB=6cem 

(ii} Make ZA=105". 

(iit) With B as centre draw an are of 
radius scm, cutting the arm of ZA 
in D. 

(iv) With A as centre draw an arc of 
radius 7.2cm, with B as centre 
draw an arc of radius 4cm, cutting 
the first in C. Join C with B and D. 

ABCD is the required quadrilateral. 

(v) Join AC. 

{vi) Join DB. Draw a line parallel to 
DB which meet AB produced in P. 

(vil) Join PD. 

AADP is the required triangle equal in 

area to the quadrilateral ABCD. 

4. Construct a right-angled triangle 


equal in area to a given square, 


Requirec 


To make a right-angle Aequal in area to 


the square. 


Construction 


(i) Bisect CD at E. 


A D F Gi) Join BE and produce it to meet 


AD produced in F. 


Given 


AABF is the required triangle equal in area 


Square ABCD 

to square ABCD. 
1, Construct a A with sides 4 cm, 5 Construction 
cm and 6 cm and construct a rectangle (i) Draw AB=4 


having its area equal to that of the A. 
Measure its diagonals. Are they equal? 


(ii) Draw an arc of radius 5cm with centre 
B and an other arc of radius 6cm with 
centre A cutting the first in C. 

(iii)Join CA, CB 

(iv) ABC is the required A. 

(v)  Drawa line é through C AB. 

(vi} Draw the bisector of ABin D 

and cutting the line é at P. 
(vii) Draw BQ Lon the lineé. 
PQDB is the required rectangle. 
Ze Transform an isosceles A into a 


rectangle. 


: 
4cm, Scm, 6cm the sides of the 
triangle A. + 
To make a rectangle with area B 
equal to that of the A. 


(i) Take aline BC 

(it) Draw the 1 bisector of BC take 
any point A on it. 

Gii) Join AB and AC. 

(iv) AABC is the isosceles A with 
mAB = mAC, 

(Vv) Through A draw a line ¢ II BC. 

(vi) Draw CD 1 ¢ 

CDAE is the required rectangle equal in 

area to AABC 

3, Censtruct a AABC such that 

mAB=3cm ,mBC=3.8cm, mAC=4.8cem. 

Construct a rectangle equal in area to 

the AABC, and measure fts sides. 


L. Construct a rectangle whose 
adjacent sides are 2.5 cm and 5cm 
respectively. Construct a square having 
area equal to the given rectangle. * 


Three sides of the AABC 
To construct a rectangle with area 

equal to that of the AABC. 

{1) Take m AB=3cm 

(ti) With B as centre draw an arc of 
radius 3.8cm, with A as centre 
draw another are of radius 4.8cm, 
cutting the first in C. 

(i) Join B with C and A. 

(iv) ABC is the required A. 

(v) Through C draw a line? Il AB. 

(vi) Draw the 1 bisector of AB cutting 
the line # in P. 

(vii) PCDB is the required rectangle. 

Measures of sides of rectangle PCDB are; 


mPD = 3.8cm , mDB = 1 J5cm 


(4) Make the rectangle ABCD with 
given lengths of sides. 

(ii) Produce BC and cut mCE=mCD 

(iii) Bisect BE at O. 

(iv) With O as centre and OB radius 


draw a semicircle cutting DC 


produced in M. 

(v) With CM as side compleie the 
square CMNL. 

2. Construct a square equal in area 


io a rectangle whese adjacent sides are 
4.5 cm and 2.2 em respectively. Measure 
the sides of the square and find its area 
and compare with the area of the 


rectangle, 


(i) Make the rectangic ABCD with given sides. 
Gi) Produce AD and cutmDE=mDC. 
(iii} Bisect AE at O. 


(iv) With O as centre and OA radius draw a 
senucircle cutting cD produced in M. 
square DFLM. 

(vi) Side of the square (average) = 3. 15cm 
Area = 3.15X3.15= 9.9cem° 
Area of the rectangle =2.2 x 4.5 

=9 9em’ (equal to area of square) 

3. In Q.2) above’ verify by 

measurement that the perimeter of the 

square is less than that of the rectangle. 


Solution 


(i) Side of the square = 3.1 5¢m 
Perimeter P; =4x 3.15 
= 12.60 cm 


Sides of the rectangle are 4.5cm, 2.2cm 
P2= 2(4.5 + 2.2) 
= 2(6.7) 

_= 13.4cm 


Perimeter 


4. 


P, < P) verified . 
Construct a square equal in area 
to the sum of two squares having 
sides 3 cm and 4 cm respectively. 


Construction 


(i) 


(ii) 


(it) 


(iti) 


Make a right angled AABC with 
AC = 3cm, BC= 4em. 
Using Pythagoras theorem 


|Acf +1Bc? = {ABI 


(3) + (4) =VIABP 
Scem=|AB| 
With AB as side make square 
ABDE. 
ABDE is the required area of 


square equal in area to the sum of 
the areas of two squares. 


5. Construct a A having base 3.5 cm 


and other two sides equal to 3.4 cm 


and 3.8 cm respectively. Transform 
it into a square of equal area. 


{i} Make the AABC with the given 
sides. 

(ii) Draw the 1 bisector of AB and a 
line ¢@ through C ll AB cutting 
each other in E. 

(iii) Draw BDL ¢. 

(iv) BDEF is a rectangle. 

(v) Produce ED, cut DH=DB. 

(vi) Bisect EH at O. 

(vii) With O as centre and OE radius 
draw a semicircle cutting BD 
produced in M. 

(viii) With DMas side, complete the 

square DNLM. 

This is the required square equal in area to 


AABC. 


6. Construct a A having base 5 cm and other sides equal to 5 cm and 6 em. Construct a 
Square equal in area to given A. 


Constructhon 


(i) 
(ii) 


(iii) 
(iv) 


(v) 


Draw BC = 5cm. 

Draw an arc of radius 6cm with 
centre C and another arc of radius 
Sem with centre B cutting first in 
A. 

Through A draw a line ¢ IBC. 
Draw the Lbisector of BC cutting 
the line ¢ in E. 

Draw CF 1 on @£. CDEF is the 
rectangle. 


A triangle having two sides congruent 


is called: ___ 
(a) Scalene (b) Right angled 
(c) Equilateral (d) Isosceles 


2. A quadrilateral having each angle 


equal to 90° is called 
(a)Parallelogram (b)Rectangle 
(c)Trapezium 


(d) Rhombus 


(vi) 


(vii) 


(viii) 


Produce DE and cut EL=EF, 
bisect DL at O. 

Draw a semicircle with centre O 
and radius OL =OD, cutting / in 
M. 

Draw a square EMNR with side 
EM. 


This is the required square equal in area to 
AABC. 


3. The right bisectors of the three sides 
of a triangle are __. 


(a)Congruent (b) 
(c)Concurrent (d) 


Collinear 
Parallel 


4, The _ altitudes of an isosceles 


triangle are congruent: 


(a)Two (b) 
(c)Four (d) 


Three 
None 


5, 


i0. 


enn 
A point equidistant from the end 
points of a line segment is on its Bie 
(a)Bisector (b)Right bisector 
(c)Perpendicula (d) Median 
—— Congruent triangles can be made 
by Joining the mid Points of the sides 
of a triangle: 
(a)Three (b) Four 
(c)Five . (d) Two 
The diagonals of a paral lelograim bere 
each other: 
(a)Bisect (b) 
(c)Bisect at night angle 
(d) None of these 
The median Of a triangle cyt each 
other in the ratio: 
(a)4:] (b) a: i 
(c)2:] {d) ist 


Trisect 


One angle on the base of an isosceles . 


triangle is 30°. What is the measure of 
its vertical angle: 

(a)30° (b) 60° 

(c)90° (d) 120° 


If the three altitudes of g triangle are 
congruent then the triangle ig _ 

Right angted 
Acute angled 


(a)Equilateral (b) 
(c}Isosceles (d) 


11, 


12, 


13. 


14, 


iS: 


If two medians of a triangle are 
congruent then the iniangle wil] ber 
(a)lsosceles (b) Equilatera] 
(c)Right angled (d) Acute angled 
A line Segment joining a vertex of a 
iviangle to the Hudpoint of its Opposite 
Side is called a —_. of the irlangle: 
(a)Altitude (b) Median 
(c)Angle bisector (d) Right bisector 
A line segment trom a vertex of 
ttlangle Perpendicular to the fine 
containing the ©pposite side, is called 
an__ of the triangle: 
(a)Altitude (b) Median 
(C)Angle bisector (d) Right bisector 
The point of concuitency of the three 
altitudes of a A is Called its 
(ajOrthe centre (b) In centre 
(c)Circum cenire (d) None 
The internal bisector of the angle of a 
wiangle meet at 4 Point called the 
of the triangle: 
(a)In centre (b) 
()Circum centre (c) 


Ortho centre 
None 


- The point of concurrency of the three 


Perpendicular bisectors of the sides of 
a triangle is called the of the 
triangle. 

(a) Circum centre (b) In ceptre 

{c) Ortho centre (d) None 


